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Thermal modeling of planar and cylindrical biomedical
multilayers structures in frequency domain

Abstract

Planar and cylindrical thermal models of biomedical multilayer structures
with perfusion are presented in this paper. For each layer the models are
solved analytically in frequency domain using the Laplace transform.
Modeling the multilayer structure allows formulating the set of linear
equations with unknown integral constants. As a result, the thermal
impedance Zy(jw) is calculated. Next, the poles of thermal impedance are
estimated using Vector Fitting (VF) method. Finally, distribution of
thermal time constants allows evaluating the temperature response T(t) of
the modeled structure.

Keywords: Thermal models, Vector Fitting, perfusion, Pennes model,
Foster network.

Symbols:
k — thermal conductivity of i-th layer (W/m-K)
= piCpi — specific heat (Im3K)

q\,I — dissipated power density (W/m°)
Qypi — dissipated power density including perfusmn (Wim®)
qi— heat flux at the interface between layers (W/m?)
j — the imaginary unit
w=2xf—angular frequency (rad/s, f in Hz)
L; — diffusion length of i-th layer (m)

— perfusion coefficient (1/s)
Cy, — thermal capacity of blood per volume unit (J/m3K)
h — heat transfer coefficient (W/m?K)
A,, Bj — integration constants
lo, Ko — modified Bessel functions of first and second kind (zero
order)
Ty, — temperature of blood (K)
CAD - Computer Aided Design
FEM — Finite Element Method

1. Introduction

Nowadays, there are CAD tools available with implemented
numerical multidimensional FEM for thermal modeling of
complex multilayer objects [1-3]. Depending on the model’s
complexity and time resolution, such modeling requires long
simulation time to get the satisfactory results. In addition, they do
not implement perfusion and thermal impedance in frequency
domain directly.

Actually, there is a need of tools for thermal characterization of
multilayer objects, in medicine, in electronics and other fields of
applications [4-9]. There are different methods of multilayer
thermal object identification [10-17]. There is a system
commercially available for thermal characterization of multilayer
structures in electronics [18].

The problem of thermal characterization of multilayer structures
is an inverse heat transfer problem, which is in general case very
ill-conditioned one. In order to validate such thermal
characterization of a measured multilayer structure, we first
propose to perform similar characterization by modeling. One of
the possible approaches is a simplified thermal modeling in
frequency domain, using analytical solutions of partial differential
equation for each layer [6, 8, 9]. Relatively short execution time of
such modeling in contrast to 3D FEM simulations using general-
purpose CAD packages is an important advantage.

2. Planar n-layer thermal model with
perfusion

The presented model (Fig. 1) consists of n-planar layers with
different thermal parameters and power dissipated q,;. Convective
heat exchange (hy, h,) or constant temperature boundary
conditions can be defined at front and bottom surfaces. Perfusion
defined by Pennes model is included as well [6, 8, 9]. Geometry of
samples is in form of stacked parallel layers of thickness d;. It
corresponds to the practical medical diagnosis known as the cold
stress using relatively large cooling device and measuring
temperature in the middle of a cold spot. In addition, the arbitrary
heat fluxes q; can be defined at any interface between the layers —
Fig. 1.
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Fig. 1. Planar multilayer structure for thermal modeling with perfusion

Due to the symmetry of heat transfer, the thermal model with
perfusion (based on Pennes model [1,7]) in time domain can be
reduced to 1D case for each layer and it takes the form:

92T (x,t) AT (x,t)
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Applying Laplace transform for s=jw, one can rewrite egn. (1):

92 T( ) _ L(w)
Lz(] ) qu T(] ) qu Cvai (2)
where power density q,,; and diffusion length L; are expressed as:
Qupi = Qi + WippCpTp (3)

ki
Jweyi+Wippcp

Li(j) = @

Analytical solution of (2) in frequency domain for i-th layer can
be presented as:

T(x, jw) = Aie i + B; el + q,,pl (5)

In order to get the final solution, the boundary conditions have
to be defined as in egs. (6-9).
Temperature continuity at interfaces between the layers.

Ti(x) = Ti1 (%) (6)
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Flux continuity at the front surface (convective cooling).

dTy(0)
dx

—kq + hoT1(0) = qo )

Flux continuity at the interface between the layers.

dTi(x)

darT; i
—k D 4 g = ey, T ®

dx
Flux continuity at the bottom surface.

ATn (Xn)

—k
n dx

+qn = hnTn(xn) (9)
Boundary conditions lead to formulate the set of linear equations
with unknown integration constants A;, B;.
Q-[AB] = P (10)
where Q is a (2n x 2n) transform matrix, [AB] is the column
(2n x 1) of integration constants, and P is the column of power
excitations (2n x 1). Once we know the integration constants
[AB] = Q7*P, temperature in each layer can be easily calculated.

Finally, thermal impedance graphically represented by the
Nyquist plot takes the form:

T(x,jw)

P(jo) (11)

Zth (xrjw) =

where P(t)=P, 3(t) is the total power dissipated in the structure.

Py = Xi=1(qupidi + 1) (12)
where S is the cross-sectional surface of the object perpendicular
to Ox axis.

Table 1 shows values of thermal parameters of an exemplary
tissue structure used for simulations [19].

Tab. 1. Values of parameters of a skin tissue for thermal modeling [19]

ki, W/m-K di, m w;, 1/s Cuniy, JIKM?
0.24 0.0008 0 4308000
0.45 0.001 0.00125 3960000
0.19 0.003 0.00125 3960000

3. Cylindrical-symmetry n-layer thermal
model with perfusion

The cylindrical multilayer model (Fig. 2) is similarly defined as

the planar one mentioned above. Obviously, there is no convection
cooling in the first inner layer of the structure.

Fig. 2. Cylindrical multilayer structure for thermal modeling with perfusion

Due to the cylindrical symmetry, 3D model can be reduced to
1D one expressed in the cylindrical coordinates:

33

kiV2T;(r, jw) — jwcy Ty(r, jw) = —{qy; + wippcp[Tp —

T(r,jw)l} (13)
The general solution of (13) is:
20
T;(r) = Aily (Lll) + BiK, (Lll) + Ll(kjiw) Qupi (14)

One should notice that for the first layer eq. (14) is expressed as:

L(w)
1) = Audo (1) + 522 v (14)

As before, the boundary conditions have to be defined.
Temperature continuity at the interface between the layers.

Ti (1) = Tipa (1) (16)
Flux continuity at the interface between the layers.
ar;(r;) ATits(ri
e T gy = gy 20 17)
Flux continuity with convection at the outer surface.
AT (rn
ey T = g+ by T (1) (18)

ar

Cylindrical structure can model a vessel in the tissue. The first
layer contains blood, the second one refers to a blood vessel wall
and the last one corresponds to muscles. Typical values of thermal
parameters are in Table 2 [19].

Tab. 2. Values of parameters of a vessel surrounded by muscles [19]

ki, W/m-K di, m wi, 1/s Ciniy JIKM®
0.52 0.002 0.05...0.00125 | 3797850
0.46 0.0022 0.00125 3643212
0.49 0.005 0.00125 3728890

4. Ry, Cy, Foster network approximation

The models presented above generates thermal impedance
Zy(jw) in frequency domain. In order to determine the temperature
vs. time T(t) as a response for any possible excitation, N-order
Foster network approximation is used.

Zp(s) = ZN R

i=1 1+ST;

(20)

At first, in order to get the Foster approximation of thermal
multilayer structure, the VF method is used [14,15]. It allows
estimating the poles of (20) using LSM. VF ensures the high
convergence of numerical estimation of poles distribution. The
thermal resistances R; in (20) are also calculated using LSM as one
can formulate the linear set of equations where R; are the unknown
variables.

Having thermal time constants distribution (the Foster network)
Ri(7), for i=1,2,...,N, the impulse temperature response h(t) of
a thermal structure can be defined.

t

h(t) =Y Rie @ (21)

At last, temperature T(t) can be calculated for any given power
P(t).

T(t) = h(t) * P(t) (22)

where * denotes the convolution.
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5. Program for simulation biomedical
structures

The program FTOI_models (Frequency domain Thermal Object
Identification) implementing different kind of thermal models
were written in Matlab environment. It shows the structure of each
model and the set of parameters. Model’s parameters have default
values but can be changed by the user.

The number of model’s layers and time constants for Foster
network can be defined independently. The Nyquist plot of thermal
impedance is the main result of the heat transfer model. Next, Ry,Cy,
Foster network approximation is calculated using VF method. In
order to get the satisfactory results, the user can define frequency
range and number of discrete frequency points for inverse problem
solution using VF. Program can create a few graphical diagrams:
Nyquist plots of thermal impedance and its approximation by Foster
network, discrete time constant distribution and temperature
evolution in time for different excitations. Fig. 3 presents the
entrance window of FTOI_models program.
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Fig. 3. Main window of the FTOI_models simulation program

6. Examples of the simulation results
Planar model

Two exemplary simulations were performed. At first, the
influence of perfusion was investigated for a planar multilayer
structure — Table 3. The model parameters are in Table 1. These
parameters are very typical for a skin tissue. The similar
simulations confirmed the impact of natural convection on the
upper surface of the structure on thermal time constants
distribution R(z) — Table 4.

Tab. 3. Differences of thermal time constants for 3-layer planar model for x=0,
with and without perfusion

With perfusion
Ri, KIW 0.33 112 15.04
,S 3.85 13.85 144.70
Without perfusion, w;=w,=w3;=0
Ri, KIW 0.44 1.60 19.01
%,S 3.85 14.00 163.74

Tab. 4. Differences of thermal time constants for 3-layer planar model with perfusion
for different convection on upper surface

ho = 15 W/m?K
Ri, KIW 0.33 1.12 13.14
, s 3.81 13.69 130.95
ho = 30 W/m?K
Ri, KIW 0.33 1.11 10.26
d, s 371 13.36 110.13

Measurement Automation Monitoring, 2019, no. 02, vol. 65, ISSN 2450-2855

One can see that the highest time constant strongly depends on
heat transfer coefficient hy. The higher the convection, the lower
the time constant z;. Fig. 4 exhibits the thermal characteristics of
the 3-layer planar structure: thermal impedance (Nyquist plot),
discrete thermal time constant distribution and step-function
temperature response.
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Fig. 4. Thermal impedance Zu(jw). a) Thermal time constants distribution R(z), b)
Temperature response on upper layer, c) for 3-layer planar model for x=0 mm,
with perfusion, area of tissue $=9 cm?, power dissipated in the upper layer
(model’s parameters in Table 1), hy=8 W/m?K h,=100 W/m?K

Cylindrical model

A cylindrical multilayer structure simulates a vessel. The highest
value of perfusion is for the first inner layer. Fig. 5 exhibits the
thermal characteristics of the modeled structure. In Table 5
simulation results for different values of perfusion (0.01 -0.05) 1/s
are presented.
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Fig. 5. Thermal impedance Zy(jw). a) Thermal time constants distribution R(z),
b) Temperature response on upper layer, c) for 3-layer cylindrical model
for r=5 mm, with perfusion, length of the structure L=10 cm, power
dissipated in the first inner layer, perfusion w;=0.05 1/s, h,=20 W/m’K

Tab. 5. Differences of thermal time constants for 3-layer cylindrical model with
different perfusion

w; =0.05 1/s
Ri, KIW -0.017 0.14 -0.54 2.84
d, s 1.50 3.38 9.35 105.04
w; =0.01 1/s
Ri, KIW -0.0129 0.1321 -0.7114 6.8444
a,s 1.3924 3.5911 11.7500 210.3794

The negative values of amplitudes of time constants are
necessary to model transfer impedance where temperature is
measured far away from the heat source. It is impossible to get
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a delay in temperature evolution in time having the positive
amplitudes of time constants only.

7. Conclusions

Heat transfer modeling combined with Foster network
approximation of biological multilayer structures seems to be an
effective tool for inverse thermal problem investigations. In
practice after measurement the temperature evolution in time, we
use optimization to identify the parameters of the model. This
process is ill-conditioned in general case. Therefore the modeling
and RyC,, Foster network approximation could be an initial stage
of the research. Knowing the expected values of the model’s
parameters can be helpful for more precise inverse thermal
problem solutions.

For such a scenario of investigations of bioheat transfer we
propose semi-analytical modeling in frequency domain which is
fast and accurate enough for multilayer structures with additional
assumption of their symmetry. Simulation program of heat
transfer in multilayer structures was prepared in Matlab
environment and chosen examples were presented. The program
will be upgraded by new models soon.
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