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Generalized hyperbolic processes autocovariance
functions

Abstract. Generalized hyperbolic processes are Levy processes which allow an
almost perfect fit to financial data. Autocovariance functions of generalized
hyperbolic processes such as the normal inverse Gaussian process, the variance
gamma process and the hyperbolic process are deduced at this paper.
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1. Generalized hyperbolic process moments

Generalized hyperbolic (GH) distributions are defined in [1] through its
characteristic function

P (U, 03,8, 1) =

A2
az_ﬂz Kﬂ.(é‘\)az_(ﬂ’*’u)z),u eR(1)

a? (B +u)? K, (5\a? - %)

=exp(iu)

where X ~ GH(A, o, 3,8, 1) is a random variable
following the generalized hyperbolic distribution,

K, (z) = %J. u*texp (— % z(u+ u‘l)jdu is the modified Bessel function of
0
the third kind, Z > 0, peER
8>0,|p|<a,if A>0,
8>0,p|<a,if L=0,
8>0,B<a,if A<0.
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The generalized hyperbolic distribution depends in five parameters: « determines

a shape, [} determines a skewness, O is a scaling parameter, L determines a

location and A characterizes certain sub-classes.

Definition 1. A stochastic process H :(Ht)

b~ With the parameters

A, o, 3,6, on some filtered probability space (2,F,(F »q),P) having values

a.s.
inR,suchas Hy = 0, is called the generalized hyperbolic process if

1) H has independent and stationary increments;

2) H increments H;,  —H, follow the generalized hyperbolic law with the

t+s

parameters A, ., 3,0, 1, i.e.

D
H,,, —H,=H, —H,~ GH(}, o, B,8t,ut), s=0,t >0,
3) H is stochastically continuous, i.e. for every t >0 and € >0
Iith(| H,—H;|>¢€)=0.
s—

Theorem 1. The generalized hyperbolic process mean and variance are given by the

following equations
pt_ Kualoda?—p?)
P Kb )
DH. = §2t2 Kx+1(5\/ o’ —p? ) i
t styfo? —BK, loy/a® —p? )
B’ Kx+2(8\/0‘27_l3?2)_ Ki+2(5 o’ _BZ)
of B K, l5a? -p?)  K2ls\a?-p?)

Proof. According to the infinitely divisible property of the generalized hyperbolic
distribution [1] one has

Prr (U; %, 0, B, 8t pit) = (o (Us %, 0,B,8, 1)), 4)
where @y (U3, @, B, 8, ) is defined by (1).

Having used the cumulants method [2] one has

EH. = ¢ :i—laln(Pat'(um,(x,ﬁ,&,ut”
C ou

EH, =put+

+ G3)

u=0
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From (1) and (4) one gets

(08! (ui2. 01 B, 3t )|
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Having differentiated the modified Bessel function of the third kind and taking into
account its following properties

K0 = =21, 00 = K, 400K, 100 =K, (0= 25K, (0.9
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one gets
EH. =it (aZ—BZY”Z _( it exp (iupt)
t K;(S\/OLZ—BZ (OCZ—([3+iU)2yM2
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The generalized hyperbolic process variance is found to fit

&% In gt (us 1, o, B, 8t, ut)|

DH, =c,(t) =i

au®
u=0
From (1) and (4) one gets
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Having differentiated (6) and taking into account (5) one gets (3).

2. Generalized hyperbolic processes autocovariance functions

The generalized hyperbolic process H = (Ht)

> With the parameters A, a, 3, 8, b

can be equated [3, 4]
Ht=Mt+BZt+WZt’ (7)

where Z = (Zt) —the generalized inverse Gaussian process with the parameters

>0
A, a=8, b=+a®—p* w=(W,)

>0
independent of Z = (Zt )tzo.

— the standard Brownian motion,

Theorem 2. The generalized hyperbolic process autocovariance function is given by

enp Ot Km(és,/oc2 - 52)
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L [KM(SW) Kiﬂ,(sm)} )

of B2 K, (5’ —p?)  KZloyo?—p?)

—%[M(t—8)2+l38(t—8)2( Koo ) )] s (®)

o ~B2K, oo — B

K, (z) — the modified Bessel function of the third kind, Z > 0.
Proof. Because of (7) the generalized hyperbolic process H = (Ht)tzo mean and

variance can be achieved as

2 2
EH, = E(ut+BZ, + W, ). DH, = EH? - (EH, /.
where Z = (Zt )tzo
the standard Brownian motion.
Hence the generalized hyperbolic process autocovariance function is of the form

EHtHS:%[EHf+EH§—E(Ht —Hsﬂ, ©)

— the generalized inverse Gaussian process, W = (Wt )t>0 -

where Eth =DH, + (EHt)2 . The generalized hyperbolic process
H= (Ht)tzo mean EH; and variance DH, are defined by (2), (3).
When t > S one gets

EH? = §2t2 Kx+1(6t\/ o’ —BZ ) n
t stya’ — 2K, lotyfa? - p?
LB [Kw(zswaz 8) k2 bifer—p)

of B2 K, botfo?—p?] Kot —p?)

N

(10

Kx+1(6t'\/ o’ - BZ )
+(Mt + ot (az —BZ)K}L(S'[\/OLZ —[32) ,
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+ uHBSS(aZ—BZ)Kk(SS\/T—Bz) , (11)

According to the generalized hyperbolic process definition

d d
Ht - Hs :Ht—s - HOZHt—sa

then

E(H, —H,)? =EHZ _ =8%(t—s) x

Kpoalolt—5F o —p? )
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Having substituted (10), (11), (12) to (9) one achieves the generalized hyperbolic

X

+| u(t—s)* +Bs(t—s) .(12)

process autocovariance function when t >S.
The case t <S is analogical. Then one has (8) for any {,S,t#S.

Corollary 1. The hyperbolic process Y = (Yt )tzo with the parameters oL, 3, d, 1)
autocovariance function is given by (8) when A =1.

Proof. The proof of the corollary 3 follows from the theorem 2 proof because of the
hyperbolic process is a special case of the generalized hyperbolic process when

A=1.
Corollary 2. The VG-process V=(Vt )tzo with the parameters o, Vv, 0O

autocovariance function is given by

EV,V, = min(t,s)(6*v + o® max(t,s)(0 + n)?).
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Proof. The proof of the corollary 2 follows from the theorem 2 proof because of the
VG-process is a special case of the generalized hyperbolic process when

Ar=c2/v,8 0.

The autocovariance function of a VG-process is presented at the figure 1.

a)o=1v=050=1u=0t>s b) o=1v=050=1u=0t<s

Figure 1. The autocovariance function of a VG-process

Corollary 3. The normal inverse Gaussion process N =(Nt)t20 with the

parameters O, §, 0, W autocovariance function is given by

EN,N, =

A_FE (ﬁ+utJ2+[M+MSJZ+
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Proof. The proof of the corollary 1 follows from the theorem 2 proof because of the
normal inverse Gaussion process is a special case of the generalized hyperbolic
process when A =—1/2.

The autocovariance function of a normal inverse Gaussian process is presented at
the figure 2.

a)a=14=056=Lu=0t>s b)a=14=056=Lu=0t<s

Figure 2. The autocovariance function of a normal inverse Gaussian process

The autocovariance functions of the generalized hyperbolic process, normal inverse
Gaussion process, VG-process, hyperbolic process are achieved at the paper. The
generalized hyperbolic processes autocovariance functions building are carried out
in MATLAB® 7.6.0 (R2008a).
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