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ON THE DEFORMED BESOV–HANKEL SPACES
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Abstract. In this paper we introduce function spaces denoted by BHp,r
κ,β (0 < β < 1,

1 ≤ p, r ≤ +∞) as subspaces of Lp that we call deformed Besov–Hankel spaces. We provide
characterizations of these spaces in terms of Bochner–Riesz means in the case 1 ≤ p ≤ +∞
and in terms of partial Hankel integrals in the case 1 < p < +∞ associated to the deformed
Hankel operator by a parameter κ > 0. For p = r = +∞, we obtain an approximation result
involving partial Hankel integrals.
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1. INTRODUCTION

In [2] the author introduced a new transform Fκ called deformed Hankel transform
which is a deformation of the Hankel transform by a parameter κ > 0. Namely, for
κ > 1

4 and f ∈ L1(R, dµκ) (dµκ(x) = 2−1Γ(2κ)−1|x|2κ−1dx), the integral transform
Fκ is defined by

Fκ(f)(λ) =
∫

R

Bκ(λ, x)f(x)dµκ(x), λ ∈ R,

where the kernel Bκ(λ, x) called deformed Hankel kernel is given by

Bκ(λ, x) = j2κ−1(2
√
|λx|)− λx

2κ(2κ+ 1)j2κ+1(2
√
|λx|). (1.1)

Here jα is the modified Bessel function of the first kind and order α.
The same author established a product formula for the kernels Bκ(λ, x), which

induces a translation operator Tκy (see [2, §1] for more details).
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In this paper we are concerned with the characterization of the deformed Besov–
–Hankel spaces. Our aim is to show that we can characterize the deformed Besov–Hankel
spaces by means of Bochner–Riesz means and partial Hankel integrals.

Let 0 < β < 1, 1 ≤ p, r ≤ +∞. We say that a measurable function f on R is in
the deformed Besov–Hankel space BHp,r

κ,β if f ∈ Lp(R, dµκ) and

+∞∫

0

(
wp(f, t)
tβ

)r
dt

t
< +∞, 1 ≤ r < +∞,

ess sup
t>0

(
wp(f, t)
tβ

)
< +∞, r = +∞,

where
wp(f, t) = ‖Tκt f + Tκ−tf − 2f‖κ,p, t ∈ R,

denotes the modulus of continuity of second order of f and ‖ · ‖κ,p denotes the norm
of the Lebesgue space Lp(R, dµκ).

Note that the modulus of continuity has been used to characterize Sobolev spaces
(see [6]).

The space BH∞,∞κ,β is called the deformed Lipschitz–Hankel space denoted Λκ,β ,
defined by

Λκ,β =
{
f ∈ L∞(R, dµκ) : ess sup

t>0

(
w∞(f, t)

tβ

)
< +∞

}
.

We introduce the deformed Bochner–Riesz means σγT , where T > 0 and γ ≥ 0, as
operators on L1(R, dµκ) defined by

σγT f(x) =
T∫

−T

Bκ(λ, x)
(

1− |λ|
T

)γ
Fκf(λ)dµκ(λ), x ∈ R.

ST = σT,0 is called the deformed partial Hankel integral.
The contents of this paper are as follows.
In Section 2, we collect some results about harmonic analysis associated with the

deformed Hankel transform.
In Section 3, by using the deformed Hankel transform Fκ, we define the

Bochner–Riesz mean σγT , where T > 0 and γ ≥ 0 as an operator on L1(R, dµκ).
Whenever γ > 2κ− 1

2 , σ
γ
T is a convolution operator on L1(R, dµκ). Next, we extend

the definition of σγT on Lp(R, dµκ), 1 ≤ p < +∞ provided that γ > 2κ− 1
2 . Similarly,

we define the partial deformed Hankel integral ST , T > 0 on Lp(R, dµκ), 1 ≤ p < 8κ
4κ−1 .

In Section 4, we introduce the deformed Besov–Hankel spaces BHp,r
κ,β , 0 < β < 1

and 1 ≤ p, r ≤ +∞. We provide their characterizations. Firstly, for 0 < β < 1 and
1 ≤ p, r ≤ +∞, we give equivalent properties in terms of the deformed Bochner–Riesz
mean ensuring that a function f ∈ BHp,r

κ,β . Next, for 0 < β < 1 and 8κ
4κ+1 < p < 8κ

4κ−1 ,
we derive equivalent assertions involving the deformed partial Hankel integrals. Finally,
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for p = r = +∞ we obtain equivalent results and also an approximation result involving
partial Hankel integrals.

Analogous results were obtained by Giang and Móricz in [9] for the classical Fourier
transform on R, by Betancor and Rodríguez-Mesa in [3–5] for the Hankel transform
on (0,+∞) and by Kamoun in [11] and Kamoun and Negzaoui in [12] for the Dunkl
transform on the real line. Characterizations of other functions like Orlicz–Sobolev
and Sobolev spaces has been studied by Rădulescu et al. (see [6, 13] and [15]).

Note that throughout the paper, C is a positive constant that can change from
one line to another.

2. HARMONIC ANALYSIS ASSOCIATED
WITH THE DEFORMED HANKEL TRANSFORM

2.1. PRELIMINARIES ON BESSEL FUNCTIONS

In this subsection we recall some properties of the Bessel functions and the normalized
Bessel functions of the first kind and order α.

Let α ∈ R such that α > − 1
2 . The Bessel function of the first kind and order α is

defined on ]0,+∞[ by

Jα(x) =
(x

2

)α +∞∑

n=0

(−1)n
n!Γ(n+ α+ 1)

(x
2

)2n
.

The function Jα possesses the following asymptotic behavior:

Jα(x) ∼ xα

2αΓ(α+ 1) , when x→ 0+ (2.1)

and

Jα(x) =
√

2
πx

cos
(
x− (2α+ 1)π4

)
+ θ

(
1

x3/2

)
, when x→ +∞. (2.2)

We also recall some useful integrals involving Jα. For a ∈ R∗+, we have (see [7, p. 49])

+∞∫

0

Jα(at)tρ−1dt = 2ρ−1a−ρ
Γ
( 1

2α+ 1
2ρ
)

Γ
(
1 + 1

2α− 1
2ρ
) . (2.3)

For x, y ∈ R and T > 0, we have (see [18, §5.1(8)])

T∫

0

Jα(λ|x|)Jα(λ|y|)λdλ = T |x|Jα+1(T |x|)Jα(T |y|)− T |y|Jα+1(T |y|)Jα(T |x|)
x2 − y2 . (2.4)
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For the normalized Bessel function jα of the first kind and order α, we recall that

jα(u) = 2αΓ(α+ 1)Jα(u)
uα

= Γ(α+ 1)
+∞∑

m=0

(−1)m
(
u
2
)2m

m!Γ(α+m+ 1) . (2.5)

Its representation integral formula is the following:

jα(λx) = Γ(α+ 1)√
πΓ(α+ 1

2 )

1∫

−1

(1− t2)α− 1
2 eiλxtdt, λ, x ∈ R. (2.6)

Now we recall Sonine’s integral formula. Let α, β ∈ R be such that α > β > −1
2 ,

then

jα(λx) = 2Γ(α+ 1)
Γ(β + 1)Γ(α− β + 1)

1∫

0

(1− t2)α−β−1jβ(λxt)t2β+1dt, x ∈ R, λ ∈ C.

(2.7)
The product formula for jα is given by

jα(λx)jα(λy) =
∞∫

0

jα(λz)Wα(x, y, z)z2α+1dz, x, y ∈ R∗+, (2.8)

where

Wα(x, y, z) = Γ(α+ 1)
22α−1Γ(α+ 1

2 )
√
π

[
((x+ y)2 − z2)(z2 − (x− y))2]α− 1

2

(xyz)2α 1]|x−y|,x+y[(z).

(2.9)
Here 1A is the characteristic function of the set A.

We conclude this subsection by the derivative and the three-term recurrence formula

d

du
jα(u) = − 1

2(α+ 1)ujα+1(u),

u2jα+2(u) = 4(α+ 1)(α+ 2)(jα+1(u)− jα(u)), u ∈ R+. (2.10)

2.2. THE DEFORMED HANKEL CONVOLUTION

In this subsection, we investigate a convolution product associated the deformed
Hankel kernel.

For x, y ∈ R∗ fixed, we denote by Kκ the function defined by

Kκ(x, y, z) = 2Γ(2κ)W2κ−1(
√
|x|,
√
|y|,
√
|z|)∇κ(x, y, z), (2.11)
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where W2κ−1 is the positive kernel given by (2.9) with α = 2κ− 1,

∇κ(x, y, z) = 1
4

{
1 + sgn(xy)

4κ− 1
[
4κ∆(|x|, |y|, |z|)2 − 1

]

+ sgn(xz)
4κ− 1

[
4κ∆(|z|, |x|, |y|)2 − 1

]

+ sgn(yz)
4κ− 1

[
4κ∆(|z|, |y|, |x|)2 − 1

]}
.

and
∆(u, v, w) = 1

2
√
uv

(u+ v − w), u, v, w ∈ R∗+.

Remark 2.1.
(i) The function z → Kκ(x, y, z) is supported on

(
√
|x| −

√
|y|)2 < |z| < (

√
|x|+

√
|y|)2.

(ii) The kernel Kκ(x, y, z) is not well-defined as a function if x or y is zero; in this
case Kκ(0, y, z)|z|2κ−1dz (resp. Kκ(x, 0, z)|z|2κ−1dz) can be considered as dδy(z)
(resp. dδx(z)), δx being the Dirac measure.

Theorem 2.2 (see [2]). Let κ > 1
4 . Then the following assertions hold.

(i) For any λ ∈ R and x, y ∈ R, the product formula for the kernels Bκ is of the
form

Bκ(λ, x)Bκ(λ, y) =
∫

R

Bκ(λ, z)Kκ(x, y, z)dµκ(z),

where the function Kκ is defined in (2.11).
(ii) The function Kκ(x, y, z) is unchanged by permutation of the three variables, it is

non-positive and
∫

R

Kκ(x, y, z)dµκ(z) = 1.

(iii) There exists a constant Aκ independent of x and y such that
∫

R

|Kκ(x, y, z)|dµκ(z) ≤ Aκ.

Moreover Aκ
<→ 2 as κ → +∞, whenever xy < 0, and Aκ

<→ 3 as κ → +∞,
elsewhere.

Definition 2.3. Let f be a suitable function on R. The translation operator Tκy is
defined by

Tκy (f)(x) =
∫

R

f(z)Kκ(x, y, z)dµκ(z).
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Remark 2.4. For x, y ∈ R∗, Tκy (f)(0) = f(y) for y ∈ R∗ and Tκ0 (f)(x) = f(x) for all
x ∈ R. It satisfies Tκy (Bκ(λ, ·))(x) = Bκ(λ, x)Bκ(λ, y) and Tκy (f)(x) = Tκx (f)(y).
Lemma 2.5. Let ϕ ∈ S(R). We put

ϕ1,z,φ(x) = ϕe(〈x, z〉φ), ϕ2,z,φ(x) = ϕo(〈x, z〉φ) and ϕ3,z,φ(zt) = −
ϕ
′
2,z,φ(zt)
〈zt, z〉φ

,

with zt = x+ t(y − x). Then for all x, y ∈ R, we have

‖Tκx ϕ− Tκy ϕ‖κ,1 ≤ C|x− y|
(
‖ϕ′1,z,φ‖κ,1 + ‖ϕ′2,z,φ‖κ,1 + ‖ϕ3,z,φ‖κ,1

)
.

Proof. By [2, Lemma 3.4], one can write

Tκx ϕ(y)

=
π∫

0

ϕe(〈x, y〉φ)
{

1 + sgn(xy)
4κ− 1 (4κ cos2 φ− 1)

}
(sinφ)4κ−2dφ

+
π∫

0

ϕo(〈x, y〉φ)
{

(sgn(x) + sgn(y))− 4κ
4κ− 1sgn(xy)(x+ y) sin2 φ

〈x, y〉φ

}
(sinφ)4κ−2dφ.

So we get

Tκx ϕ(z)− Tκy ϕ(z)

=
π∫

0

ϕe(〈x, z〉φ)
{

1 + sgn(xz)
4κ− 1 (4κ cos2 φ− 1)

}
(sinφ)4κ−2dφ

+
π∫

0

ϕo(〈x, z〉φ)
{

(sgn(x) + sgn(z))− 4κ
4κ− 1sgn(xz)(x+ z) sin2 φ

〈x, z〉φ

}
(sinφ)4κ−2dφ

−
π∫

0

ϕe(〈y, z〉φ)
{

1 + sgn(yz)
4κ− 1 (4κ cos2 φ− 1)

}
(sinφ)4κ−2dφ

−
π∫

0

ϕo(〈y, z〉φ)
{

(sgn(y) + sgn(z))− 4κ
4κ− 1sgn(yz)(y + z) sin2 φ

〈y, z〉φ

}
(sinφ)4κ−2dφ.

=
π∫

0

[
ϕe(〈x, z〉φ)− ϕe(〈y, z〉φ)

+4κ cos2 φ− 1
4κ− 1

(
sgn(xz)ϕe(〈x, z〉φ)

− sgn(yz)ϕe(〈y, z〉φ)
)]

(sinφ)4κ−2dφ
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+
π∫

0

[
ϕo(〈x, z〉φ) (sgn(x) + sgn(z))− ϕo(〈y, z〉φ) (sgn(y) + sgn(z))

+ 4κ
4κ− 1 sin2 φ

(
sgn(yz) (y + z)

〈y, z〉φ
ϕo(〈y, z〉φ)

− sgn(xz) (x+ z)
〈x, z〉φ

ϕo(〈x, z〉)φ
)]

(sinφ)4κ−2dφ.

Since

ϕ
′
1,z,φ(x) = ϕ

′
e(〈x, z〉φ)(〈x, z〉φ)

′

and

ϕ
′
2,z,φ(x) = ϕ

′
o(〈x, z〉φ)(〈x, z〉φ)

′
,

we get by the mean value theorem that

ϕ1,z,φ(x)− ϕ1,z,φ(y)
x− y

=
1∫

0

ϕ
′
1,z,φ(x+ t(x− y))dt

=
1∫

0

ϕ
′
1,z,φ(x+ t(x− y))(〈x, z〉φ)

′
(x+ t(x− y))dt.

If x and y are of the same sign, then we use the change zt = x+ t(y − x). We obtain

Tκx ϕ(z)− Tκy ϕ(z)

= (x− y)
1∫

0

π∫

0

[
ϕ
′
1,z,φ(zt)

+ 4κ cos2 φ− 1
4κ− 1 sgn(ztz)ϕ

′
1,z,φ(zt)

+ (sgn(zt) + sgn(z))ϕ
′
2,z,φ(zt)

− 4κ
4κ− 1 sin2 φ

[
sgn(ztz)(zt + z)

ϕ
′
2,z,φ(zt)
〈zt, z〉φ

]]
(sinφ)4κ−2dφdt.
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Therefore,

Tκx ϕ(z)− Tκy ϕ(z)

= (x− y)
1∫

0

π∫

0

[
ϕ
′
e(〈zt, z〉φ)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ 4 cos2 φ− 1
4κ− 1 sgn(ztz)ϕ

′
e(〈zt, z〉φ)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ (sgn(zt) + sgn(z))ϕ
′
o(〈zt, z〉φ)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ 4κ sin2 φ

4κ− 1 sgn(ztz)(zt + z)ϕ3,z,φ(zt)
]

(sinφ)4κ−2dφdt

= (x− y)
1∫

0

π∫

0

[
ϕ
′
1,z,φ(zt)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ 4 cos2 φ− 1
4κ− 1 sgn(ztz)ϕ

′
1,z,φ(zt)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ (sgn(zt) + sgn(z))ϕ
′
2,z,φ(zt)

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ 4κ sin2 φ

4κ− 1 sgn(ztz)(zt + z)ϕ3,z,φ(zt)
]

(sinφ)4κ−2dφdt.

= (x− y)
1∫

0

π∫

0

[
ϕ
′
1,z,φ(zt)

(
4 cos2 φ− 1

4κ− 1 sgn(ztz) + 1
)(

1 + |z| − |z|√
|ztz|

cosφ
)

+ ϕ
′
2,z,φ(zt)(sgn(zt) + sgn(z))

(
1 + |z| − |z|√

|ztz|
cosφ

)

+ ϕ3,z,φ(zt)sgn(ztz)(zt + z)4κ sin2 φ

4κ− 1

]
(sinφ)4κ−2dφdt.

Since there exists a positive constant C such that

∣∣∣∣
4κ cos2 φ− 1

4κ− 1 sgn(ztz) + 1
∣∣∣∣

∣∣∣∣∣1 + |z| − |z|√
|ztz|

cosφ
∣∣∣∣∣ ≤ C,

|sgn(zt) + sgn(z)|
∣∣∣∣∣1 + |z| − |z|√

|ztz|
cosφ

∣∣∣∣∣ ≤ C,
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and
∣∣∣∣sgn(ztz)|zt + z|4κ sin2 φ

4κ− 1

∣∣∣∣ ≤ C,

we deduce that

|Tκx ϕ(z)− Tκy ϕ(z)|

≤ C|x− y|
1∫

0

π∫

0

[
|ϕ′1,z,φ(zt)|+ |ϕ

′
2,z,φ(zt)|+ |ϕ3,z,φ(zt)|

]
(sinφ)4κ−2dφdt.

By making a change of variable u→ 〈zt, z〉φ,

|Tκx ϕ(z)− Tκy ϕ(z)|

≤ C|x− y|
1∫

0

∫

R

[
|ϕ′1,z,φ(u)|+ |ϕ′2,z,φ(u)|+ |ϕ3,z,φ(u)|

]
Kκ(zt, z, u)dµκ(u)dt.

By Fubini’s theorem and the fact that
∫
RKκ(zt, z, u)dµκ(u) = 1, we have

|Tκx ϕ(z)− Tκy ϕ(z)|

≤ C|x− y|
1∫

0

[
|ϕ′1,z,φ(u)|+ |ϕ′2,z,φ(u)|+ |ϕ3,z,φ(u)|

]


∫

R

Kκ(zt, z, u)dµκ(u)


 dt

≤ C|x− y|
1∫

0

[
|ϕ′1,z,φ(u)|+ |ϕ′2,z,φ(u)|+ |ϕ3,z,φ(u)|

]
dt

≤ C|x− y|
(
‖ϕ′1,z,φ‖κ,1 + ‖ϕ′2,z,φ‖κ,1 + ‖ϕ3,z,φ‖κ,1

)

which finishes the proof of the lemma.

Lemma 2.6 (Bernstein’s lemma). Let f ∈ L1(R, dµκ) and T > 0 be such that
supp(Fκf) ⊂ [−T, T ], then for all x, y ∈ R we have

‖Tκx f − Tκy f‖κ,1 ≤ CT |x− y|‖f‖κ,1.

Proof. Take the function

φT (x) = T 2κ

Γ(2κ+ 1)j2κ(2
√
|x|T ) ∈ S(R).

Since S(R) = Lp(R, dµκ), p ∈ [1,+∞], we have

F(φT )(x) = χ[−T,T ](x),



180 Salem Ben Saïd, Mohamed Amine Boubatra, and Mohamed Sifi

where χ[−T,T ] is the characteristic function of the interval [−T, T ]. Thus

Fκ(φ)(x) = χ[−T,T ](x),

the function φ is homogeneous of degree −4κ, i.e.

φT (x) = T 4κφ(Tx),

and then
Fκ(φT )(x) = Fκ(φ)

( x
T

)
= 1

in the interval [−T, T ] and we can write

Tκx (f)(z)− Tκy (f)(z) = φT ∗κ (Tκx f − Tκy f)(z)
= f ∗κ (Tκx φT − Tκy φT )(z).

By Lemma 2.5, we obtain

‖Tκx f − Tκy f‖κ,1 ≤ C‖f‖κ,1‖Tκx φT − Tκy φT ‖κ,1
≤ C‖f‖κ,1‖Tκx T (φ)− Tκy T (φ)‖κ,1
≤ CT |x− y|‖f‖κ,1

which completes the proof of the lemma.

By means of translation operator we can define the deformed Hankel convolution
product.
Definition 2.7. The deformed Hankel convolution product of two suitable functions
f and g on R is defined by

(f ∗κ g)(x) =
∫

R

f(y)Tκx (g)(y)dµκ(y) =
∫

R

∫

R

f(y)g(z)Kκ(x, y, z)dµκ(z)dµκ(y).

Remark 2.8. For f, g ∈ L1(R, dµκ) and y ∈ R, we have

Tκy (f ∗κ g) = Tκy (f) ∗κ g = f ∗κ Tκy (g). (2.12)

2.3. THE DEFORMED HANKEL TRANSFORM

First, we shall prove the boundedness of the deformed Hankel kernel.
Lemma 2.9. Let κ ∈ R, κ > 1

4 . Then

|Bκ(λ, x)| ≤ 1, λ, x ∈ R.

Proof. The relation (2.10) implies that the deformed Hankel kernel Bκ(λ, x) can be
expressed in terms of the normalized Bessel function

Bκ(λ, x) = j2κ−1

(
2
√
|λx|

)
− sgn(λx)

[
j2κ

(
2
√
|λx|

)
− j2κ−1

(
2
√
|λx|

)]
.
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If λ and x are of different signs, we have

Bκ(λ, x) = j2κ

(
2
√
|λx|

)
,

so the assertion is clear.
Now, if λ and x are of the same sign, then from (2.6) we get

Bκ(λ, x) = 2j2κ−1

(
2
√
λx
)
− j2κ

(
2
√
λx
)
.

= Γ(2κ)√
πΓ(2κ− 1

2 )
2κ− 1
2κ− 1

2

1∫

−1

exp
(

2it(
√
λx)
)(

1 + 2κt2
2κ− 1

) (
1− t2

)2κ− 3
2 dt.

Using the fact that
1∫

−1

(
1− t2

)α− 1
2 dt =

√
πΓ(α− 1

2 )
Γ(α+ 1) ,

we obtain

|Bκ(λ, x)| ≤ 2κ− 1
2κ− 1

2
+ Γ(2κ+ 1)√

πΓ(2κ+ 1
2 )

1∫

−1

(1− t2)2κ− 3
2 dt

− Γ(2κ+ 1)√
πΓ(2κ+ 1

2 )

1∫

−1

(1− t2)2κ− 1
2 dt = 1

which gives the assertion.

Lemma 2.9 permits to define the deformed Hankel transform.

Definition 2.10. For f ∈ L1(R, dµκ), the deformed Hankel transform Fκ(f) is
defined by

Fκ(f)(λ) =
∫

R

f(x)Bκ(λ, x)dµκ(x), λ ∈ R.

Remark 2.11. If f ∈ L1(R, dµκ), then Fκ(f) ∈ C0(R) and ‖Fκf‖κ,∞ ≤ ‖f‖κ,1.

For α ∈ R, α > − 1
2 , we denote by Hα the Hankel transform defined for a suitable

function f by

Hα(f)(ν) = 1
2α−1Γ(α+ 1)

+∞∫

0

f(t)jα(tν)t2α+1dt, ν ∈]0,+∞[.
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Using the superposition (1.1) for the function Bκ, we obtain the following lemma.

Lemma 2.12. For all f ∈ L1(R, dµκ), we have

Fκ(f)(λ) = 1
22κH2κ−1(g)(

√
|λ|)− λ

22κ+2H2κ+1(h)(
√
|λ|), λ ∈ R,

where g, h are the functions defined on R+ by

g(t) =
fe

(
t2

4

)

2 , h(t) =
fo

(
t2

4

)

t2

4
,

and fe and fo are the even and odd part of the function f .

Proof. Writing f = fe + fo, we obtain

Fκ(f) = Fκ(fe) + Fκ(fo). (2.13)

By a change of variable, we get

Fκ(fe)(λ) = 1
2Γ(2κ)

∫

R

fe(x)j2κ−1(2
√
|λx|)|x|2κ−1dx

= 1
Γ(2κ)

∞∫

0

fe(x)j2κ−1(2
√
|λ|x)x2κ−1dx

= 1
24κ−1Γ(2κ)

∞∫

0

fe

(
t2

4

)
j2κ−1(t

√
|λ|)t4κ−1dt

= 1
22κH2κ−1(g)(

√
|λ|)

(2.14)

and

Fκ(fo)(λ) = −λ
Γ(2κ+ 2)

∫

R

fo(x)j2κ+1(2
√
|λx|)x2κdx

= −
( 1

2
)4κ+1

λ

Γ(2κ+ 2)

∫

R

fo

(
t2

4

)
j2κ+1(t

√
|λ|)t4κ+1dt

= − λ

22κ+2H2κ+1(h)(
√
|λ|).

(2.15)

The result follows from (2.13), (2.14) and (2.15).
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Theorem 2.13 (see [2]). Let κ > 1
4 and Aκ be as in Theorem 2.2 (iii).

(i) For all f ∈ L1
loc(R, dµκ) and for all x, y ∈ R, we have

Tκx (f, y) = Tκy (f, x) and Tκx ◦ Tκy = Tκy ◦ Tκx .

(ii) For all 1 ≤ p ≤ ∞ and f ∈ Lp(R, dµκ), there exists a constant Aκ such that

‖Tκx (f, ·)‖κ,p ≤ Aκ‖f‖κ,p, x ∈ R.

(iii) If f ∈ Lp(R, dµκ), 1 ≤ p ≤ 2 and x ∈ R, then

Fκ(Tκx (f, ·))(λ) = Bκ(λ, x)Fκ(f)(λ)

for almost every λ ∈ R.
(iv) (Young’s inequality) For p, q, r such that 1 ≤ p, q, r ≤ ∞ and 1

p + 1
q − 1 = 1

r ,

and for f ∈ Lp(R, dµκ) and g ∈ Lq(R, dµκ), the convolution product f ∗κ g is
a well-defined element in Lr(R, dµκ) and

‖f ∗κ g‖κ,r ≤ Aκ‖f‖κ,p‖g‖κ,q.

(v) For p, q, r such that 1 ≤ p, q, r ≤ 2 and 1
p + 1

q − 1 = 1
r , and for f ∈ Lp(R, dµκ)

and g ∈ Lq(R, dµκ), we have

Fκ(f ∗κ g) = Fκ(f)Fκ(g).

In particular ∗κ is associative in L1(R, dµκ).
(vi) For f and g in L1

loc(R, dµκ) such that

supp(f) ⊂ {x : |x| ≤ t} and supp(g) ⊂ {x : r ≤ |x| ≤ s},

with s > r > 0 and t > 0, we have

supp(f ∗κ g) ⊂ {x : (
√
r −
√
t)2 ≤ |x| ≤ (

√
s+
√
t)2}.

Theorem 2.14. Let κ > 1
4 . Then the following assertions hold.

(i) Fκ is an involutional unitary operator on L1(R, dµκ).
(ii) If f ∈ L1(R, dµκ)∩L2(R, dµκ) then Fκ(f) ∈ L2(R, dµκ) and ‖Fκf‖κ,2 = ‖f‖κ,2.
(iii) There exists a unique isometry on L2(R, dµκ) that coincides with Fκ on

L1(R, dµκ) ∩ L2(R, dµκ).

Proof. (i) Let f = fe + fo for f ∈ L1(R, dµκ). We put

g(t) =
fe

(
t2

4

)

2 and h(t) =
fo

(
t2

4

)

t2

4
.
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Then using the inversion formula for the Hankel transform and by a change of variable,
we obtain

fe(x) = 2g(2
√
|x|) = 1

22κ−1Γ(2κ)

∞∫

0

H2κ−1(g)(ν)j2κ−1(2
√
|x|ν)ν4κ−1dν

= 2
22κ

∫

R

H2κ−1(g)(
√
λ)j2κ−1(2

√
λ|x|)dµκ(λ)

= 1
22κ

∫

R

H2κ−1(g)(
√
λ)Bκ(λ, x)dµκ(λ)

=
∫

R

Fκ(fe)(λ)Bκ(λ, x)dµκ(λ).

On the other hand,

h(2
√
|x|) = 1

22κ+1Γ(2κ+ 2)

∞∫

0

H2κ+1(h)(ν)j2κ+1(2
√
|x|ν)ν4κ+3dν

= 1
22κ+2Γ(2κ+ 2)

∞∫

0

H2κ+1(h)(
√
λ)j2κ+1(2

√
λ|x|)λ2κ+1dλ.

Thus from (2.15) we get

fo(x) = xh(2
√
|x|)

= − 1
22κ+2Γ(2κ)2λ

∞∫

0

H2κ+1(h)(
√
λ) (Bκ(λ, x)−Bκ(−λ, x))λ2κ+1dλ

= − 1
22κ+2Γ(2κ)2λ

∫

R

H2κ+1(h)(
√
λ)Bκ(λ, x)λ2κ+1dλ

= 1
2Γ(2κ)

∫

R

Fκ(fo)(λ)Bκ(λ, x)λ2κ−1dλ

=
∫

R

Fκ(fo)(λ)Bκ(λ, x)dµκ(λ)

which gives (i).
(ii) From (i) we deduce that

f(x)g(x) =
∫

R

Fκ(f)(λ)Bκ(λ, x)g(x)dµκ(λ).
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The application of Fubini’s theorem yields

∫

R

f(x)g(x)dµκ(x) =
∫

R

Fκ(f)(λ)



∫

R

g(x)Bκ(λ, x)dµκ(x)


 dµκ(λ)

=
∫

R

Fκ(f)(λ)Fκ(g)(λ)dµκ(λ).

(iii) Let f ∈ L2(R, dµκ), then fn = f1[−n,n] is in L1(R, dµκ) and

‖f − fn‖2
κ,2 =

∫

|x|>n

|f(x)|2dµκ(x) → 0
n→+∞

.

From (ii) we deduce that the operator

Fκ : L1(R, dµκ) ∩ L2(R, dµκ)→ L2(R, dµκ)

is continuous for the norm ‖ · ‖κ,2. As the space L1(R, dµκ) ∩ L2(R, dµκ) is a dense
part of L2(R, dµκ) and L2(R, dµκ) is complete, so by the theorem of extension of
uniformly continuous applications (a linear application is continuous if it is uniformly
continuous) there exists a unique extension of Fκ in L2(R, dµκ). The extension is still
an isometry of the norm ‖ · ‖κ,2 by passing through the limit in the equality of (ii).
If we also know that the image is dense, then the operator is surjective and the inverse
is continuous because Fκ is an isometry.

3. THE DEFORMED BOCHNER–RIESZ MEANS
AND THE DEFORMED PARTIAL HANKEL INTEGRALS

3.1. THE DEFORMED BOCHNER–RIESZ MEANS

In this subsection, we will define and study the deformed Bochner–Riesz mean operator.
For κ > 1

4 , γ ≥ 0 and T > 0, we put

ΦT,γ(x) = T 2κΓ(γ + 1)
Γ(2κ+ γ + 1)j2κ+γ(2

√
|x|T ), x ∈ R. (3.1)

Remark 3.1. We note that

|ΦT,γ(x)| ≤
{
C T 2κ, near the origin,
C Tκ−

γ
2− 1

4 |x|−κ− γ2− 1
4 , as x→ +∞. (3.2)

Proposition 3.2. Let f ∈ L1(R, dµκ), κ > 1
4 , γ ≥ 0 and T > 0, then the deformed

Bochner–Riesz mean verifies the convolution relation

σγT f = ΦT,γ ∗κ f. (3.3)
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Proof. Let x ∈ R. Using Fubini’s theorem, we obtain

σγT f(x) =
T∫

−T

Bκ(λ, x)
(

1− |λ|
T

)γ
Fκ(f)(λ)dµκ(λ)

=
∫

R




T∫

−T

Bκ(λ, x)Bκ(λ, y)
(

1− |λ|
T

)γ
dµκ(λ)


 f(y)dµκ(y).

By (2.8), a change of variable and Fubini’s theorem applied again we have

T∫

−T

Bκ(λ, x)Bκ(λ, y)
(

1− |λ|
T

)γ
dµκ(λ)

= T 2κ
1∫

−1

Bκ(λT, x)Bκ(λT, y) (1− |λ|)γ dµκ(z)

= T 2κ
1∫

−1



∫

R

Bκ(λT, z)Kκ(x, y, z)dµκ(z)


 (1− |λ|)γdµκ(λ)

= T 2κ
∫

R




1∫

−1

Bκ(λT, z)(1− |λ|)γdµκ(λ)


Kκ(x, y, z)dµκ(z).

(3.4)

Using the obvious relation

Bevenκ (λT, z) = j2κ−1(2
√
|λTz|),

a change of variable and (2.7), we get

1∫

−1

Bκ(λT, z)(1− |λ|)γdµκ(λ) =
1∫

−1

j2κ−1(2
√
|λzT |)(1− |λ|)γdµκ(λ)

= 2
1∫

0

j2κ−1(2
√
|z|Tµ)(1− µ2)γµ4κ−1dµ

= Γ(2κ)Γ(γ + 1)
Γ(2κ+ γ + 1) j2κ+γ(2

√
|z|T ).
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Thus,
T∫

−T

Bκ(λ, x)Bκ(λ, y)
(

1− |λ|
T

)γ
dµκ(λ) = Tκy (ΦT,γ)(x). (3.5)

Combining (3.4) and (3.5), we arrive to the desired assertion for σγT .

Lemma 3.3. Let κ > 1
4 , γ > 2κ− 1

2 , and T > 0. Then

(i)
∫
R ΦT,γ(x)dµκ(x) = 1,

(ii) for q ∈ [1,+∞[, ΦT,γ ∈ Lq(R, dµκ),

(iii) lim
T→∞

∫
|x|≥ε |ΦT,γ(x)| dµκ(x) = 0 for all ε > 0.

Proof. (i) By a change of variable, (2.5) and (2.3), we obtain

∫

R

ΦT,γ(x)dµκ(x) = T 2κΓ(γ + 1)
Γ(2κ+ γ + 1)

+∞∫

0

j2κ+γ(2
√
xT )x2κ−1dx

= Γ(γ + 1)
24κ−1Γ(2κ)Γ(2κ+ γ + 1)

+∞∫

0

j2κ+γ(t)t4κ−1dt

= 2γ+1−2κΓ(γ + 1)
Γ(2κ)

+∞∫

0

J2κ+γ(t)t2κ−γ−1dt = 1

which gives (i).
(ii) Let q ∈ [1,+∞[. Then using (3.2), we get

∫

R

|ΦT,γ(x)|q dµκ(x) ≤ C + C

+∞∫

1

|x|2κ−1−q(κ+ γ
2 + 1

4 )dx.

Since
(
κ+ γ

2 + 1
4

)
q ≥ κ+ γ

2 + 1
4 > 2κ,

the assertion (ii) is an immediate consequence of the above inequality.
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(iii) We have

lim
T→∞

∫

|x|≥ε

|ΦT,γ(x)|dµκ(x)

≤ lim
T→∞

∫

|x|≥ε

CTκ−
γ
2− 1

4 |x|−κ− γ2− 1
4 dµκ(x)

= lim
T→∞



−ε∫

−∞

CTκ−
γ
2− 1

4 |x|−κ− γ2− 1
4 dµκ(x) +

+∞∫

ε

CTκ−
γ
2− 1

4 |x|−κ− γ2− 1
4 dµκ(x)




= lim
T→∞

CTκ−
γ
2− 1

4



−ε∫

−∞

|x|−κ− γ2− 1
4 dµκ(x) +

+∞∫

ε

|x|−κ− γ2− 1
4 dµκ(x)




= lim
T→∞

CTκ−
γ
2− 1

4



−ε∫

−∞

|x|κ− γ2− 5
4 dx+

+∞∫

ε

xκ−
γ
2− 5

4 dx




= lim
T→∞

CTκ−
γ
2− 1

4

[
−εκ− γ2− 1

4 − εκ− γ2− 1
4

]

= lim
T→∞

CTκ−
γ
2− 1

4 εκ−
γ
2− 1

4 = 0 if γ > 2κ− 1
2

which furnishes the assertion.

Remark 3.4. Let f ∈ Lp(R, dµκ), 1 ≤ p ≤ +∞, and assume that γ > 2κ− 1
2 . Since

ΦT,γ ∈ L1(R, dµκ) we have by virtue of Theorem 2.13 (iv)

‖ΦT,γ ∗κ f‖κ,p ≤ Aκ‖ΦT,γ‖κ,1‖f‖κ,p.

That suggests us to define the operator σγT on Lp(R, dµκ) by

σγT f = ΦT,γ ∗κ f.

Lemma 3.5. Let γ > 2κ− 1
2 and 1 ≤ p < +∞. For every function f ∈ Lp(R, dµκ),

we have

f(x) log(2) =
+∞∫

0

[σγ2T f(x)− σγT f(x)] dT
T

a.e x ∈ R.

Proof. Let f ∈ Lp(R, dµκ). Then for every T > 0 we can write

σγ2T f(x)− σγT f(x) =
2T∫

T

d

dt
{σγt f(x)}dt a.e x ∈ R.
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By integrating both sides and using Fubini’s theorem, we obtain

+∞∫

0

[σγ2T f(x)− σγT f(x)] dT
T

=
+∞∫

0




2T∫

T

d

dt
{σγt f(x)}dt


 dT

T

= log(2)
+∞∫

0

d

dt
{σγT f(x)}dt

= log(2)
(

lim
T→+∞

σγT f(x)− lim
T→0

σγT f(x)
)
.

Since ΦT,γ is an approximation to the unity, then we can prove as in [8] that
σγT f(x)→ f(x) as T → +∞, almost everywhere x ∈ R.

Moreover, according to Proposition 3.2 and Theorem 2.13 (iv), we get

|σγT f(x)| ≤ Aκ‖ΦT,γ‖κ,p′‖f‖κ,p,

here p ∈ [1,+∞[ and p′ its conjugate exponent. By a change of variable, it follows that

‖ΦT,γ‖κ,p′ = 2Γ(γ + 1)T 2κ

Γ(2κ+ γ + 1)



∞∫

0

|j2κ+γ(2
√
xt)|p′x2κ−1dx




1
p′

= CT
2κ
p ,

where

C = Γ(γ + 1)
2

4κ−1
p′ Γ(2κ+ γ + 1)



∞∫

0

|j2κ+γ(y)|p′y4κ−1dy




1
p′

.

Hence, σγT f(x)→ 0 as T → 0, uniformly in x ∈ R which proves the assertion.

3.2. THE DEFORMED PARTIAL HANKEL INTEGRALS

For T > 0, we define the deformed partial Hankel integral ST f of a function
f ∈ L1(R, dµκ) as follows:

ST f(x) =
T∫

−T

Bκ(λ, x)Fκ(f)(λ)dµκ(λ), x ∈ R, f ∈ L1(R, dµκ).
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Proposition 3.6. Let f ∈ L1(R, dµκ). Then we have

ST f(x) =
∫

R

ΦT (z)Tκz (f, x)dµκ(z), x ∈ R. (3.6)

Furthermore, if 1 < p < 8κ
4κ−1 , then the partial deformed Hankel integral given by the

above identity is well-defined on Lp(R, dµκ).

Proof. The first assertion is a consequence of (3.3).
Let 1 < p < 8κ

4κ−1 , and q its conjugate exponent. Since
(
κ+ 1

4
)
q > 2κ one

has ΦT ∈ Lq(R, dµκ). Hölder’s inequality and Theorem 2.13 (ii) ensure that (3.6) has
a sense for f ∈ Lp(R, dµκ).

Proposition 3.7. Suppose that 8κ
4κ+1 < p < 8κ

4κ−1 . Then {ST }T>0 is a uniformly
bounded family of operators from Lp(R, dµκ) into itself.

Proof. Let f ∈ Cc(R) and T > 0. Fubini’s theorem gives us

ST f(x)

=
∫

R

f(y)




T∫

−T

Bκ(λ, x)Bκ(λ, y)dµκ(λ)


 dµκ(y)

= 2
∫

R

f(y)
( T∫

0

(
j2κ−1(2

√
λ|x|)j2κ−1(2

√
λ|y|)

+ λ2xy

(2κ(2κ+ 1))2 j2κ+1(2
√
λ|x|)j2κ+1(2

√
λ|y|)

)
dµκ(λ)

)
dµκ(y)

= 4
∞∫

0

fe(y)




T∫

0

j2κ−1(2
√
λ|x|)j2κ−1(2

√
λy)dµκ(λ)


 dµκ(y)

+ 4
∞∫

0

fo(y)




T∫

0

λ2xy

(2κ(2κ+ 1))2 j2κ+1(2
√
λ|x|)j2κ+1(2

√
λ|y|)dµκ(λ)


 dµκ(y)

= 2|x|−κ+ 1
2

∞∫

0

fe(y)




T∫

0

J2κ−1(2
√
|x|s)J2κ−1(2√ys)sds


 yκ−

1
2 dy

+ 2|x|−κ− 1
2 sgn(x)

∞∫

0

f0(y)
( T∫

0

J2κ+1(2
√
|x|s)J2κ+1(2√ys)sds

)
yκ−

3
2 dy.
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By relation (2.4) and a change of variable, we get

ST f(x) = −2T |x|−κ+1J2κ(2T
√
|x|)

∞∫

0

fe(z2)
z2 − |x|J2κ−1(2Tz)z2κdz

+ 2T |x|−κ+ 1
2 J2κ−1(2T

√
|x|)

∞∫

0

fe(z2)
z2 − |x|J2κ(2Tz)z2κ+1dz

− 2T sgn(x)|x|−κ+1J2κ+2(2T
√
|x|)

∞∫

0

fo(z2)
z2 − |x|J2κ+1(2Tz)z2κ−2dz

+ 2T sgn(x)|x|−κ+ 1
2 J2κ+1(2T

√
|x|)

∞∫

0

fo(z2)
z2 − |x|J2κ+2(2Tz)z2κ−1dz.

Therefore,
ST f(x)
= −πT |x|−κ+ 1

2 J2κ(2T
√
|x|)H−(z2kJ2k−1(2Tz)fe(z2))(

√
|x|)

+ πT |x|−κ+ 1
2 sgn(x)J2k+2(2T

√
|x|)H−(z2k−2J2k+1(2Tz)fo(z2))(

√
|x|)

− πT |x|−κ+ 1
2 J2κ−1(2T

√
|x|)|x|− 1

2H+(z2k+1J2k(2Tz)fe(z2))(
√
|x|)

− πT |x|−κ+ 1
2 sgn(x)|x|− 1

2 J2κ+1(2T
√
|x|)H+(z2k−1J2k+2(2Tz)fo(z2))(

√
|x|),

where H− and H+ are odd and even Hilbert transforms (see [16, p. 1028]). By taking
into account the behavior of the Hilbert transform on weighted Lp-spaces it easy to
see that the right term of the above inequality defines a bounded linear operator
from Lp(R, dµκ) into itself when 8κ

4κ+1 < p < 8κ
4κ−1 , i.e. since ST , T > 0 is bounded

on Lp(R, dµκ), then
‖ST ‖κ,p = ‖ΦT ∗κ f‖κ,p ≤ ‖f‖κ,1‖ΦT ‖κ,p,

and

‖ΦT ‖κ,p ≤ C + C

+∞∫

1

|x|2κ−1−p(κ+ 1
4 )dx = C + CI.

Therefore, I is convergent provided that p > 8κ
4κ+1 .

Furthermore, the constant in Lp(R, dµκ) boundedness does not depend on T .
The result arises from the density of Cc(R) in Lp(R, dµκ).

4. CHARACTERIZATIONS OF THE DEFORMED BESOV–HANKEL SPACES

4.1. CHARACTERIZATION IN TERMS OF THE DEFORMED RIESZ MEAN

In the following, we characterize the deformed Besov–Hankel spaces through the
deformed Riesz mean.
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Theorem 4.1. Let 0 < β < 1, γ > 2κ + β − 1
2 , 1 ≤ p < +∞, 1 ≤ r ≤ +∞ and

f ∈ Lp(R, dµκ). Then following three properties are equivalent:

(i) f ∈ BHp,r
κ,β ,

(ii) T β‖σγT f − f‖κ,p ∈ Lr
(
(0,+∞), dTT

)
,

(iii) T β‖σγ2T f − σγT f‖κ,p ∈ Lr
(
(0,+∞), dTT

)
.

Proof. (i)⇒(ii) Let T > 0. Since ΦT,γ is even, then using the properties of the
generalized translation operator Tκy , y ∈ R, we can write

σγT f(x)− f(x) =
+∞∫

0

ΦT,γ(y)
(
Tκy f(x) + Tκ−yf(x)− 2f(x)

)
dµκ(y), x ∈ R. (4.1)

By the generalized Minkowski inequality ([14, p. 21]) and (3.2), we can assert that

‖σγT f − f‖κ,p ≤
+∞∫

0

|ΦTγ(y)|wp(f, y)dµκ(y)

≤ C


T 2κ

1
T∫

0

wp(f, y)y2κ−1dy + Tκ−
γ
2− 1

4

+∞∫

1
T

wp(f, y)yκ−
γ
2− 5

4 dy


 .

So



+∞∫

0

(T β ||σγT f − f ||κ,p)r
dT

T




1
r

≤ C
(
||G||Lr(]0,∞[, dTT ) + ||H||Lr(]0,∞[, dTT )

)
,

where

G(T ) = T 2κ+β

1
T∫

0

wp(f, y)y2κ−1dy

and

H(T ) = T β+κ− γ2− 1
4

∞∫

1
T

wp(f, y)yκ−
γ
2− 5

4 dy.

By a change of variable, we get

G(T ) = T β
1∫

0

wp

(
f,
y

T

)
y2κ−1dy



On the deformed Besov–Hankel spaces 193

and

H(T ) = T β
+∞∫

1

wp

(
f,
y

T

)
yκ−

γ
2− 5

4 dy.

Case r = 1. From the Fubini–Tonelli theorem and a change of variable we obtain
+∞∫

0

G(T )dT
T

=
+∞∫

0

T β




1∫

0

wp

(
f,
u

T

)
u2κ−1du


 dT

T

=
1∫

0

u2κ−1




+∞∫

0

T βwp

(
f,
u

T

) dT
T


 du

= 1
2κ+ β

+∞∫

0

wp (f, t)
tβ

dt

t
.

(4.2)

In the same manner, we deduce that
+∞∫

0

H(T )dT
T

= 1
γ
2 − κ+ 1

4 − β

+∞∫

0

wp(f, t)
tβ

dt

t
. (4.3)

The case r = 1 follows from (4.2) and (4.3).
Case 1 < r < +∞. In this time we set 1

r + 1
r′

= 1, then from the Fubini–Tonelli
theorem and the Hölder inequality, we get
+∞∫

0

(G(T ))r dT
T

=
+∞∫

0

G(T )r−1T β




1∫

0

wp

(
f,
y

T

)
u2κ−1du


 dT

T

=
1∫

0




+∞∫

0

(G(T ))r−1T βwp

(
f,
u

T

) dT
T


u2κ−1du

≤
1∫

0




+∞∫

0

(G(T ))(r−1)r′ dT

T




1
r′



+∞∫

0

(
T βwp(f,

u

T
)
)r dT

T




1
r

u2κ−1du.

Thus 


+∞∫

0

(G(t))r dT
T




1
r

≤ 1
2κ+ β




+∞∫

0

(
wp(f, t)
tβ

)r
dt

t




1
r

, (4.4)

and



+∞∫

0

(H(T ))r dT
T




1
r

≤ 1
γ
2 − κ− β + 1

4




+∞∫

0

(
wp(f, t)
tβ

)r
dt

t




1
r

. (4.5)
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Relations (4.4) and (4.5) imply the case 1 < r < +∞.
Case r = +∞. Let us set

M = ess sup
t>0

(
wp(f, t)
tβ

)
.

Then for every A > M, we have

wp(f, t) ≤ Atβ a.e.

Thus for a.e. T > 0,

T β‖σγT f − f‖κ,p ≤ AC


T 2κ+β

1
T∫

0

tβ+2κ−1dt+ Tκ+β− γ2− 1
4

+∞∫

1
T

tβ+κ− γ2− 5
4 dt




≤ AC
(

1
β + 2κ −

1
β + κ− γ

2 − 1
4

)
.

(4.6)

Relation (4.6) implies the case r =∞.
Case p =∞. By assumption, f−a ∈ Lγ for some a and 1 ≤ γ < +∞, so the properties
(i), (ii), (iii) are equivalent, and for (i)⇒(iii) it suffices to take into account that

∆(f − a, x, t) = ∆(f, x, t), σγT (f − a)(x) = σγT (f)(x)− a.
In the particular case p = r =∞, we get a characterization of the Lipschitz classes.
According to [9, Lemma 6] and [3, Lemma 2.2], it follows that if 0 < β < 1, and
γ > 2κ+ β − 1

2 , we get




+∞∫

0

(
T β‖σγT f − f‖κ,p

)r dT
T





1
r

≤ C





+∞∫

0

(
wp(f, y)
yβ

)r
dy

y





1
r

< +∞.

Thus, (ii) is established.
The implication (ii)⇒(iii) is clear.
(iii)⇒(i) We define the operator ∆ on Lp(R, dµκ) as follows. For p ∈ [1,+∞[,

we set

∆(f, x, t) = Tκt f(x) + Tκ−tf(x)− 2f(x), x, t ∈ R.

By Lemma 3.5 and (2.12), we can write, for all t ∈ R and almost every x ∈ R, that

∆(f, x, t) log(2) =
+∞∫

0

[σγ2T∆(f, ·, t)(x)− σγT∆(f, ·, t)(x)] dT
T

=
+∞∫

0

(Φ2T,γ − ΦT,γ) ∗κ
(
Tκt f + Tκ−tf − 2f

)
(x)dT

T

=
+∞∫

0

∆(σγ2T f − σγT f, x, t)
dT

T
.

(4.7)
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From Theorem 2.13 (ii) we deduce that

‖∆(σγ2T f − σγT f, ·, t)‖κ,p ≤ (2Aκ + 2)‖σγ2T f − σγT f‖κ,p, t ∈ R, T > 0. (4.8)

On the other hand, since Cc(R) is a dense subset of Lp(R, dµκ), there exists
a sequence (fn)n≥1 in Cc(R) such that fn → f as n → +∞, in Lp(R, dµκ). By
Theorem 2.13 (iv), ΦT,γ ∗κ fn → ΦT,γ ∗κ f , as n → +∞, in Lp(R, dµκ) for every
T > 0. Then we infer from Theorem 2.13 (ii) that Tκt (ΦT,γ ∗κ fn)→ Tκt (ΦT,γ ∗κ f),
as n→ +∞, in Lp(R, dµκ) for every t ∈ R and T > 0. Consequently, we have

‖∆(σγ2T f − σγT f, ·, t)‖κ,p = lim
n→+∞

‖∆(σγ2T fn − σγT fn, ·, t)‖κ,p. (4.9)

We chose a smooth function ϕ on R, such that ϕ(y) = 1 if |y| ≤ 1, and ϕ(y) = 0 if
|y| ≥ 2. Put ψ = Fκϕ and ψε(y) = ε4κψ(εy) for every ε > 0 and y ∈ R. One verifies
that Fκψε(y) = ϕ

(
y
ε

)
, for every y ∈ R and ε > 0. So Fκψε(y) = 1 if |y| ≤ ε. From

Theorem 2.13 (iii) and (v), (3.3) and [18, p. 411], we are able to write

ψ2T ∗κ ∆(σγ2T fn − σγT fn, ·, t) = ∆(σγ2T fn − σγT fn, ·, t).

Thus, we obtain

∆(σγ2T fn − σγT fn, ·, t) = (Tκt ψ2T + Tκ−tψ2T − 2ψ2T ) ∗κ (σγ2T fn − σγT fn).

Theorem 2.13 (iv) and equality (4.9) imply that

‖∆(σγ2T f − σγT f, ·, t)‖κ,p = ‖(Tκt ψ2T + Tκ−tψ2T − 2ψ2T ) ∗κ (σγ2T f − σγT f)‖κ,p
≤ Aκ‖Tκt ψ2T + Tκ−tψ2T − 2ψ2T ‖κ,1‖σγ2T f − σγT f‖κ,p.

As in [10, Theorem 2.1, Corollary 2.2], we get

‖∆(σγ2T f − σγT f, ·, t)‖κ,p ≤ CtT‖σγ2T f − σγT f‖κ,p, t > 0, T > 0. (4.10)

Combining (4.7), (4.8) and (4.10) and the generalized Minkowski inequality, we obtain
for t > 0,

wp(f, t) ≤ C




t

1
t∫

0

‖σγ2T f − σγT f‖κ,pdT +
+∞∫

1
t

‖σγ2T f − σγT f‖κ,p
dT

T




.

So




+∞∫

0

(
wp(f, t)
tβ

)r
dt

t





1
r

≤





+∞∫

0

(G1(t))r dt
t





1
r

+





+∞∫

0

(H1(t))r dt
t





1
r

, (4.11)
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where

G1(t) = t1−β

1
t∫

0

‖σγ2T f − σγT f‖κ,pdT,

H1(t) = t−β
+∞∫

1
t

‖σγ2T f − σγT f‖κ,p
dT

T
.

Using the same method as in the first case, we obtain
∞∫

0

(G1(t))r dt
t
≤ 1

1− β

+∞∫

0

(
T β ||σγ2T f − σγT f ||κ,p

)r dT
T
, (4.12)

∞∫

0

(H1(t))r dt
t
≤ 1

1− β

+∞∫

0

(
T β ||σγ2T f − σγT f ||κ,p

)r dT
T
. (4.13)

The assertion (i) follows from (4.11), (4.12) and (4.13).

4.2. CHARACTERIZATION IN TERMS
OF THE DEFORMED PARTIAL HANKEL INTEGRAL

In the following, we characterize the deformed Besov–Hankel spaces through the
deformed partial Hankel integrals.
Theorem 4.2. Let 0 < β < 1, 8κ

4κ+1 < p < 8κ
4κ−1 , 1 ≤ r < +∞ and f ∈ Lp(R, dµκ).

The following three properties are equivalent.
(i) f ∈ BHp,r

κ,β .

(ii) T β‖ST f − f‖κ,p ∈ Lr
(
(0,+∞), dTT

)
.

(iii) T β‖S2T f − ST f‖κ,p ∈ Lr
(
(0,+∞), dTT

)
.

Proof. Let γ > 2κ+ β − 1
2 .

(i)⇒(ii) For T > 0 and g ∈ Cc(R), according to relation (3.3) and Theorem 2.13 (v),
we can write

Fκ(σγT g) = Fκ(ΦT,γ)Fκ(g).

Since jα, α = 2κ − 1 > − 1
2 is an even function, by using formula in [18, p. 411],

we obtain

Fκ(ΦT,γ)(λ) = χ[−T,T ](λ)
(

1− |λ|
T

)γ
,

where χ[−T,T ] is the indicator function of the interval [−T, T ]. Hence, it follows that

ST (σγT g) = σγT g. (4.14)
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Moreover, both members of the last equality define bounded linear operators from
Lp(R, dµκ) into itself, provided that 8κ

4κ+1 < p < 8κ
4κ−1 . Since Cc(R) is a dense subset

of Lp(R, dµκ), we deduce that

ST (σγT f) = σγT f.

By using Proposition 3.7, we can assert that if 8κ
4κ+1 < p < 8κ

4κ−1 , we have

‖ST f − f‖κ,p ≤ ‖ST (σγT f − f)‖κ,p + ‖σγT f − f‖κ,p ≤ C‖σγT f − f‖κ,p.

So 



+∞∫

0

(T β‖ST f − f‖κ,p)r
dT

T





1
r

≤ C





+∞∫

0

(T β‖σγT f − f‖κ,p)r
dT

T





1
r

,

where C > 0 is a constant not depending on T. Hence (ii) can be deduced from
Theorem 4.1.

The implication (ii)⇒(iii) is clear.
(iii)⇒(i) Firstly, we will prove the following equality: for every f ∈ Lp(R, dµκ),

γ

T γ

T∫

0

(T − t)γ−1Stf(x)dt = σγT f(x), T > 0, and a.e x ∈ R. (4.15)

Indeed, if g ∈ Cc(R), then by Fubini’s theorem we have

γ

T γ

T∫

0

(T − t)γ−1Stg(x)dt

= γ

T γ

T∫

0

(T − t)γ−1




t∫

−t

Bκ(λ, x)Fκ(g)(λ)dµκ(λ)


 dt

= γ

T γ

T∫

−T




T∫

|λ|

(T − t)γ−1dt


Bκ(λ, x)Fκ(g)(λ)dµκ(λ)

=
T∫

−T

Bκ(λ, x)
(

1− |λ|
T

)γ
Fκ(g)(λ)dµκ(λ) = σγT g(x), x ∈ R, T > 0.

From the generalized Minkowski inequality and again the uniform boundedness of the
family {ST }T>0 we obtain

∥∥∥∥∥∥
γ

T γ

T∫

0

(T − t)γ−1Stf(·)dt

∥∥∥∥∥∥
κ,p

≤ γ

T γ

T∫

0

(T − t)γ−1‖Stf‖κ,pdt ≤ C‖f‖κ,p.
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Hence the left hand of (4.15) defines a bounded operator from Lp(R, dµκ) into it-
self, provided that 8κ

4κ+1 < p < 8κ
4κ−1 . Consequently, since Cc(R) is a dense subset

of Lp(R, dµκ), the relationship (4.15) holds. According to (4.15) and by using the
generalized Minkowski inequality and [9, Lemma 5] it follows that





+∞∫

0

[
T β‖σγ2T f − σγT f‖κ,p

]r dT
T





1
r

≤ C





+∞∫

0


T β−γ

T∫

0

(T − t)γ−1‖S2tf − Stf‖κ,pdt



r

dT

T





1
r

≤ C





+∞∫

0

[K(T )]r dT
T





1
r

,

where

K(T ) = T β−1
T∫

0

‖S2tf − Stf‖κ,pdt.

Using the same method as in the proof of Theorem 4.1, we obtain

∞∫

0

(K(t))r dt
t
≤ 1

1− β

+∞∫

0

(
T β ||S2T f − ST f ||κ,p

)r dT
T
.

This gives





+∞∫

0

[
T β‖σγ2T f − σγT f‖κ,p

]r dT
T





1
r

≤ C





+∞∫

0

[
T β‖S2T f − ST f‖κ,p

]r dT
T





1
r

.

The assertion (i) holds by Theorem 4.1.

4.3. CHARACTERIZATION
OF THE DEFORMED LIPSCHITZ HANKEL SPACES

Theorem 4.3. Let f ∈ L2(R, dµκ), 0 < β < 1 and γ be such that γ > 2κ + β − 1
2 .

Then f ∈ Λκ,β if and only if T β‖σγT f − f‖κ,∞ is bounded on (0,+∞).

Proof. Assume that f ∈ Λκ,β . According to Proposition 3.2 we can write

σγT f(x)− f(x) =
∫

R

Φt,γ(y)
(
Tκy f(x) + Tκ−yf(x)− 2f(x)

)
dµκ(y), x ∈ R,
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where ΦT,γ is given by the relation (3.1). Thus for all x ∈ R

σγT f(x)− f(x)

= T 2κΓ(γ + 1)
Γ(2κ)Γ(2κ+ γ + 1)

+∞∫

0

[
Tκy f(x)+Tκ−yf(x)−2f(x)

]
j2κ+γ(2

√
|y|T )y2κ−1dy.

(4.16)

Using the fact that f ∈ Λκ,β and by a change of variable, we obtain

|σγT f(x)− f(x)| ≤ CT−β
+∞∫

0

|j2κ+γ(t)| t4κ+2β−1dt.

From (2.1) and (2.2) we deduce that j2κ+γ and yκ+ γ
2 + 1

2 j2κ+γ are bounded
on (0,+∞). Therefore, we obtain

T β‖σγT f − f‖κ,∞ ≤ C




1∫

0

t4κ+2β−1dt+
+∞∫

1

t2κ+2β−γ− 3
2 dt


 <∞.

Hence T β‖σγT f − f‖κ,∞ is bounded on (0,+∞).
Conversely, suppose that T β‖σγT f − f‖κ,∞ is bounded on (0,+∞). According to

(3.3), Theorem 2.13 (ii) and the Hölder inequality, we get for all T > 0

‖σγT f‖κ,∞ ≤ ‖ΦT,γ‖κ,2‖f‖κ,2.

Hence,

‖f‖κ,∞ ≤ ‖σγT f − f‖κ,∞ + ‖σγT f‖κ,∞ ≤ CT−β + ‖ΦT,γ‖κ,2‖f‖κ,2.

This means that f in L∞(R, dµκ). We define the operator ∆ on L2(R, dµκ) as follows

∆(f, x, t) = Tκt f(x) + Tκ−tf(x)− 2f(x), t > 0, x ∈ R.

Under the condition γ > 2κ− 1
2 , we obtain from Lemma 3.5 and relation (2.10) of [12],

for almost every t ∈ R, x > 0,

∆(f, x, t) log 2 =
+∞∫

0

∆(σγ2T f − σγT f, x, t)
dT

T
. (4.17)

It follows from Theorem 2.13 (ii) that

‖∆(σγ2T f − σγT f, x, t)‖κ,∞ ≤ (2Aκ + 2)‖σγ2T f − σγT f‖κ,∞, x > 0, T > 0. (4.18)

We choose a smooth function ϕ on R, such that ϕ(y) = 1 if |y| ≤ 1, and ϕ(y) = 0
if |y| ≥ 2. Put ψ = Fκϕ and ψε(y) = ε4κψ(εy) for every ε > 0 and y ∈ R. One can
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verify that Fκψε(y) = ϕ
(
y
ε

)
for every y ∈ R and ε > 0. So Fκψε(y) = 1 if |y| ≤ ε. By

combining Theorem 2.13 (iii) and (v) with (3.3), we can write, for all T > 0, t > 0,

∆(σγ2T f − σγT f, x, t) = (Tκt ψ2T + Tκ−tψ2T − 2ψ2T ) ∗κ (σγ2T f − σγT f).

Therefore, from Theorem 2.13 (iv) we get

‖∆(σγ2T f − σγT f, x, t)‖κ,∞ ≤ ‖Tκt ψ2T + Tκ−tψ2T − 2ψ2T ‖κ,1‖σγ2T f − σγT f‖κ,∞, (4.19)

where T > 0, t > 0. Then, acting in the same manner as in [10, Corollary 2.2], relation
(4.19) yields

‖∆(σγ2T f − σγT f, x, t)‖κ,∞ ≤ CtT‖σγ2T f − σγT f‖κ,∞, t > 0, T > 0. (4.20)

By using the relations (4.17), (4.18), (4.20), we obtain, for t > 0,

‖Tκt f +Tκ−tf −2f‖κ,∞ ≤ C




t

1
t∫

0

‖σγ2T f − σγT f‖κ,∞dT +
+∞∫

1
t

‖σγ2T f − σγT f‖κ,∞
dT

T




.

Thus by taking into account of the boundedness of T β‖σγT f − f‖κ,∞ on (0,+∞) we
get for all t > 0,

‖Tκt f + Tκ−tf − 2f‖κ,∞ ≤ C




t

1
t∫

0

T−βdT +
+∞∫

1
t

T−β−1dT




≤ Ctβ .

This means that f ∈ Λκ,β .

4.4. THE CASE OF DEFORMED LIPSCHITZ–HANKEL SPACES Λκ,1
Now we deal with the Lipschitz–Hankel space Λκ,1. In this case we must modify
Theorem 4.3 into the following weaker form.

Theorem 4.4. Let f be a function in Λκ,1 ∩ L2(R, dµκ) and γ > 2κ − 1
2 Then,

as T → +∞, we have

‖σγT f − f‖κ,∞ =




O( 1

T ) if γ > 2κ+ 1
2 ,

O
(
T 2κ−γ+ 1

2

)
if 2κ− 1

2 < γ ≤ 2κ+ 1
2 .

Proof. Let T ∈ (1,+∞). From the relations (2.1) and (2.2) we can assert that
ΦT,γ ∈ L2(R, dµκ). Then from (4.16), for x ∈ R, we get

σγT f(x)− f(x) = C(I1 + I2 + I3),
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where C does not depend on T and

I1 = T 2κ

1
T∫

0

[Tκy f(x) + Tκ−yf(x)− 2f(x)]j2κ+γ(2
√
|y|T )y2κ−1dy,

I2 = T 2κ
T∫

1
T

[Tκy f(x) + Tκ−yf(x)− 2f(x)]j2κ+γ(2
√
|y|T )y2κ−1dy,

I3 = T 2κ
+∞∫

T

[Tκy f(x) + Tκ−yf(x)− 2f(x)]j2κ+γ(2
√
|y|T )y2κ−1dy.

Since j2κ+γ and yκ+ γ
2 + 1

2 j2κ+γ are bounded on (0,+∞), we obtain

|I1| =
1
T
, (4.21)

|I2| ≤ CT 2κ−γ+ 1
2 , (4.22)

and
|I3| ≤ CT 2κ−γ− 1

2 . (4.23)
The result follows from (4.21), (4.22) and (4.23).

4.5. APPROXIMATION RESULT
IN DEFORMED LIPSCHITZ–HANKEL SPACES

Finally, we prove an approximation result for the functions belonging to Λκ,β ,
0 < β < 1, involving deformed partial Hankel integrals. To this end, we first prove the
following lemma.
Lemma 4.5. Let T > 0 and f ∈ L2(R, dµκ). For 1 < p < +∞ such that κ < 1−| 12− 1

p |,
we have 

 1
T

T∫

0

|Sνf(x)|pdν




1
p

≤ C‖f‖κ,∞, x ∈ R, (4.24)

where C does not depend on T and x.
Proof. For ν > 0 and x ∈ R, the deformed partial Hankel integral Sνf(x) can be
written as

Sνf(x) =
∫

R

Tκx f(z)Φν(z)dµκ(z)

= ν2κ

Γ(2κ+ 1)

+∞∫

0

Tκx f(z)j2κ(2
√
zν)z2κ−1dz.
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So we obtain

1
T

T∫

0

|Sνf(x)|pdν = 1
(Γ(2κ+ 1))p (J1 + J2) ,

where

J1 = 1
T

T∫

0

∣∣∣∣∣∣∣

1
T∫

0

Tκx f(z)j2κ(2
√
zν)z2κ−1dz

∣∣∣∣∣∣∣

p

ν2κpdν,

J2 = 1
T

T∫

0

∣∣∣∣∣∣∣

+∞∫

1
T

Tκx f(z)j2κ(2
√
zλ)z2κ−1dy

∣∣∣∣∣∣∣

p

ν2κpdν.

Using the elementary inequality |j2κ(t)| ≤ 1, t ≥ 0, and Theorem 2.13 (ii) we get

J1 ≤
(
Aκ‖f‖κ,∞

2κ

)p T∫

0

( ν
T

)2κp
dν ≤ C‖f‖pκ,∞.

To estimate J2 we assume that p ≥ 2 and take q such that 1
p + 1

q = 1. From the
asymptotic behavior of the Bessel function (see [18]), we have

(zν)
1
4 J2κ(2

√
zν) =

√
2
π

cos
(

2
√
zν − π

4 − κπ
)

+ θ(2
√
zν)

= cos
(
2
√
zν
)

cos
(π

4 + κπ
)

+ sin
(
2
√
zν
)

sin
(π

4 + κπ
)

+ θ(2
√
zν),

where

|O(2
√
zν)| ≤

{
A if z ≤ 1

4ν ,
B

2
√
zν

if z > 1
4ν

and A and B are two positive constants. Thus,

J2 ≤ C


 1
T

2
√
T∫

0

[|φ1(ν)|p + |φ2(ν)|p + |φ3(ν)|p + |φ4(ν)|p] dν


 ,
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where

φ1(ν) = νκ−
1
4

+∞∫

T

Tκx f(z)zκ− 5
4 cos

(
2
√
zν
)
dz,

φ2(ν) = νκ−
1
4

+∞∫

T

Tκx f(z)zκ− 5
4 sin

(
2
√
zν
)
dz,

φ3(ν) = νκ−
1
4

1
ν∫

1
T

Tκx f(z)zκ− 5
4 dz,

φ4(ν) = νκ−
3
4

+∞∫

1
ν

Tκx f(z)zκ− 7
4 dz.

By a change of variable, we obtain

φ1(ν) = 2νκ− 1
4

+∞∫

√
T

Tκx f(y2)y2κ− 3
2 cos

(
2y
√
ν
)
dy = 2νκ− 1

4Fc(ϕx)(2
√
ν),

and
φ2(ν) = 2νκ− 1

4Fs(ϕx)(2
√
ν),

where
ϕx(y) = Tκx f(y2)y2κ− 3

21]T,+∞[(y),
and Fc, Fs are the cosine and sine Fourier transforms.

By a change of variable and using the Hausdorff–Young inequality we get

1
T

T∫

0

|φ1(ν)|pdν ≤ CT (κ− 1
4 )p− 1

2

2
√
T∫

0

|Fc(ϕx)(λ)|p λdλ

≤ CT (κ− 1
4 )p− 1

2




+∞∫

1√
T

∣∣∣Tκx f(y2)y2κ− 3
4

∣∣∣
q

dy




p
q

≤ C‖f‖pκ,∞T (κ− 1
4 )p− 1

2




+∞∫

1√
T

y(2κ− 3
2 )qdz




p
q

= C‖f‖pκ,∞,

provided that 2κ < 1
2 + 1

p = 1− | 12 − 1
p |.
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In the same manner we get

1
T

T∫

0

|φ2(ν)|pdν ≤ C‖f‖pκ,∞,

provided that 2κ < 1
2 + 1

p = 1− | 12 − 1
p |.

In addition, we have

1
T

T∫

0

|φ3(ν)|pdν ≤ C‖f‖pκ,∞
T

T∫

0

(
1− ν

T

)(κ− 1
4 )p

dν ≤ C‖f‖pκ,∞.

On the other hand, under the hypothesis 2κ < 1
2 + 1

p , we obtain that κ < 3
4 and

1
T

T∫

0

|φ4(ν)|pdν ≤ C

T
‖f‖pκ,∞

T∫

0

νκ−
3
4

∞∫

1
ν

zκ−
7
4 dν ≤ C‖f‖pκ,∞.

Hence (4.24) holds in this case.
Assume now that 1 < p ≤ 2. Let q the real number verifying 1

p + 1
q = 1, then q ≥ 2

and the Hölder inequality yields

 1
T

T∫

0

|Sνf(x)|pdν




1
p

≤


 1
T

T∫

0

|Sνf(x)|qdν




1
q

.

Applying the same method for q instead of p, it follows that (4.24) holds provided
that 2κ < 1

2 + 1
q = 3

2 − 1
p = 1− | 12 − 1

p |.

Theorem 4.6. Let 0 < β < 1 and f ∈ Λκ,β ∩ L2(R, dµk). If 1 < p < 1
β and

γ < 1
2 −

∣∣∣ 1
2 − 1

p

∣∣∣ , then
∥∥∥∥∥∥∥


 1
T

T∫

0

|Sνf − f |pdν




1
p

∥∥∥∥∥∥∥
κ,∞

≤ CT−β , T ∈ (0,+∞).

Proof. Choose γ > max{2κ+ 2β − 1
2 , 1}. According to (4.14), we are able to write for

every U > 0 and x ∈ R,

 1
U

2U∫

U

|Sνf(x)− f(x)|pdν




1
p

=


 1
U

2U∫

U

|Sν(f − σγUf)(x) + σγUf(x)− f(x)|pdν




1
p

≤


 1
U

2U∫

U

|Sν(f − σγUf)(x)|pdν




1
p

+ ‖σγUf − f‖κ,∞.
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By virtue of Lemma 4.5, it follows that

 1
U

2U∫

U

|Sν(f − σγUf)(x)|pdν




1
p

≤


 1
U

2U∫

0

|Sν(f − σγUf)(x)|pdν




1
p

≤ C‖σγUf − f‖κ,∞.

Therefore, Theorem 4.3 yields

 1
U

2U∫

U

|Sν(f − σγUf)(x)|pdν




1
p

≤ CU−β , U > 0, x ∈ R.

So 
 1
U

2U∫

U

|Sνf(x)− f(x)|pdν




1
p

≤ CU−β .

It follows that, for every n ∈ N, x ∈ R and T > 0, we have

1
T

2n+1

T
2n∫

T
2n+1

|Sνf(x)− f(x)|pdν ≤ CT−pβ2(pβ−1)(n+1).

Consequently, for every x ∈ R and T > 0, we obtain

1
T

T∫

0

|Sνf(x)− f(x)|pdν ≤ C 2(pβ−1)

1− 2(pβ−1)T
−pβ .

This completes the proof.
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