> 2
o=
> g
T 35
- Q
= T
(@]
c
wn
D

COMPUTER METHODS IN MATERIALS SCIENCE

Informatyka w Technologii Materiatow

Vol. 19, 2019, No. 2

ON THE EXTRAPOLATED VMS-POD METHOD FOR
INCOMPRESSIBLE FLOWS!

FATMA G. EROGLU™*, SONGUL KAYA?2

 Department of Mathematics, Faculty of Science, Bartin University, 74110, Bartin, Turkey
2Department of Mathematics, Middle East Technical University, 06531 Ankara, Turkey
“Corresponding author: fguler@bartin.edu.tr

Abstract

In this study, proper orthogonal decomposition based reduced-order modelling and variational multiscale stabilization
method are utilized for the incompressible Navier-Stokes equations. Also, the difficulties resulting from nonlinearity are
eliminated by using the extrapolation. Theoretical analysis of the method is presented. To check the efficiency of the pro-
posed method, we utilize the test problem of 2D channel flow past a cylinder.
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1. INTRODUCTION

The incompressible Navier-Stokes equations
(NSE) in dimensionless form are given as:

u —1vAU+(U-V)u+Vp = fin(0,7]xQ
Vu = 0in(0,7]xQ 1)
u = 0in(0,7]xoQ

u@0,x) = u,inQ

where u(t;x), p(t, x) are the fluid velocity, the pressure
fields, respectively.

Let QcR?; d e {2,3} be a confined porous en-
closure with polygonal boundary 6Q. The initial ve-
locity field is given as up. The parameter in (1) is the
kinematic viscosity v > 0, inversely proportional to
Reynolds number Re.

The main challenges in solving NSE are due to
the complex behaviour of the flow at high Re and the
absence of the analytical solution. Also, when full or-
der methods are used to find a numerical solution of
(1), large number of degrees of freedom cause large

algebraic systems and high computational costs. As a
remedy, we utilize Galerkin based reduced-order
modelling with proper orthogonal decomposition
(POD).

The POD method has been found useful to get a
low-dimensional system (Kunisch & Volkwein,
2001; Xia et al., 2013; San & Borggaard, 2015; Ka-
lugin & Strijhak, 2016). It captures the dominant en-
ergetic modes from an ensemble of data, which are
assumed to acquire by using standard Galerkin finite
element procedure. POD uses the obtained modes to
represent snapshots. Naturally, POD reduces the
complexity of the problem. This yields a remarkable
reduction in computational cost and the number of de-
grees of freedom. However, due to the use of POD in
the nonlinear problem, numerical instability appears.
To address this issue, we use the variational mul-
tiscale (VMS) stabilization technique. In the VMS
method, the large scales are defined by using projec-
tions and, artificial viscosity is added only to small
scales (John & Kaya, 2008; John et al., 2006). In that
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way, it destroys small eddies. As the basic functions
of POD are in descending order, it is easy to decom-
pose the scales, i.e. large and small scales are sorted
naturally in the POD method. The VMS-POD combi-
nation has been found efficient for many multiphysics
problems such as convection-diffusion-reaction equa-
tions (lliescu & Wang, 2013), Oseen equations
(Roop, 2013), Navier stokes equations (Eroglu et al.,
2017; lliescu & Wang, 2014), Darcy Brinkman equa-
tions (Eroglu et al., 2019a; Eroglu et al., 2019b).

In this paper, we consider a method based on
Crank-Nicholson temporal discretization. Besides, to
conserve accuracy of the scheme, we also utilize the
extrapolation with Crank-Nicholson to the nonlinear
terms at each time step.

This paper is planned as follows. In Section 2, we
introduce the continuous and discrete variational for-
mulation of (1), then we establish an extrapolated
VMS-POD formulation of the scheme. In Section 3,
we prove stability and convergence analysis. Two nu-
merical experiments are given in Section 4. Finally,
we present the conclusions in Section 5.

2. FULL ORDER MODEL FOR THE NSE
SYSTEM

Throughout this paper, the standard Sobolev
spaces and their norms are used. The notations ||.||k

I, and [}|| will show the norm in (Hk(Q))d spaces,
(L"(Q))d Lebesgue spaces (1< p <o, p=2) and the

usual L*(Q) space respectively. (,) denote inner
product in the L*(Q) space. The continuous velocity,

pressure spaces and divergence free space of velocity
are given as:

X:=(H(@) Q= 3(Q) ?
VZ={V€XZ(V~V,Q)=O,VQ€Q}

Note that, H™! is a dual space of X with dual norm:

(f,v)|
| =sup—| (3)
Lo Wy

The discrete norms are defined as:

M
Il ~{

The continuous weak formulation of (1) reads as
follows: Find u: (0,7] — X, p: (0,71 — Q, satisfying:

O

p

V" V"

Uk
k
- ML, = e
p ©,p 0<n<M

(U, v)+v(Vu,vv)+b(u,u,v)—(p,V-v)=(f,v)

(q,V-u)=0 ©)

forall (v,q) € (X,Q), where:

b(u,v,w) ::%(((u V)v,w)—((u ~V)W,v)) (6)

represent the skew-symmetric form of the convective
term.

A conforming finite element method is consid-
ered for (5) such that Th is a triangulation with mesh
size h. The finite element spaces Xnh < X, Qn < Q
satisfy the discrete inf-sup condition. Moreover, X,
Qn are composed of piecewise polynomials of degree
at most k and k — 1, respectively. These spaces satisfy
the following approximation properties:
inf {Ju—w, [ <ch™[ul}

w, eXp,

inf (v (u-w,)J'} <cn® ul; (7)

weX, k+1

int {Jo-w} <o Jof

where u e H*?,
The discretely divergence free space is given by:

V, ={v, €X,:(V-v,,0,)=0,vq, €Q, } (8)

As Vi is a closed subspace of X, the approxima-
tion properties (7) are valid for the following Vi for-
mulation: Find u, € Vj satisfying:

(Upo vy ) +v (VU YV ) +b(ug Uy v ) =(Fv,) - (9)

forall vi € Vh.
We now formulate POD for the system (9). Let

C=spanf{u(.t).u(-t,).....u(-t, )} be an ensemble of

snapshots for given time instances t; = jAt, j =1,...,M,
for M = 7/At. In the aim of finding low dimensional
POD basis functions &, &...&, we solve the error
minimization problem of:

2

() - uet).£0Kk0 @)

j=1

1 M
argmin—>"

SRR k=1

such that (&, &) =&, 1 <ij<r,r<<d,and d=
rank(C). When the equation (10) is modified, it turns
into an eigenvalue problem as:

Ay =Ay (11)
where AcR™™ with A, zﬁ(u(.,ti),u(.,tk)), i k=1,

..., M is the snapshots correlation matrix. The solu-
tion of eigenvalue problem (11) becomes:

-71-

COMPUTER METHODS IN MATERIALS SCIENCE




INFORMATYKA W TECHNOLOGII MATERIALOW

COMPUTER METHODS IN MATERIALS SCIENCE

o

1 .
5O =—=>(7)u(-t), 1<j<r (12)
i \/Z ik
where Am, ym denote the eigenvalue and the eigenvec-
tor of A. Also, the error estimation satisfies (see (Ku-
nisch & Volkwein, 2001), for detailed derivation):

M
k=

1

r

u(.t) =D (u().& 00

=1

lM
M

B WA ¢E)

j=r+1

As the all eigenvalues are sorted in descending or-
der, the basis functions {&}'  correspond to the first

r

r largest eigenvalues {4 }. , respectively. For the pro-

jection-based VMS-POD formulation, we need the
following spaces:

X, =span{, &, &) (14)
Xy :Span{gyé:zv-“'é:R} (15)
ey =VXg (16)

Note that we have Xr = Xr = Vi < X. The L2 projec-
tion operators B :L* > X,, 7, :L* - L,,are defined

by:
(U-PRu,v,)=0, Vv, eX, ()
(U-Ru,v,)=0, Vvgely, (18)

To bind the POD projection error, we need the
following lemma.

Lemma 2.1. For true solution u" at time ™, we have:

1 M 2 d

VZ u" _Run SC[hZK*'z" ull §'k+1 +Z ﬂ-’.j (19)
n=l i=r+l1

1 ; ) )

w2 (o =m0 < s 0ol +<7)

(20)

Where ¢ = i |&|i2 and S denots the POD stiff-

i=r+1
ness matrices with (S, ), = [ Vg -V&dx
Proof. For the proof see (lliescu & Wang, 2014).

We also assume that the following inequalities
hold:

u"-pRu"

d
‘<C (hz"*zll e, +> z,,j (21)

i=r+l1

"V(u” —Ru”)

2 SC((th +||Sr||2 h2k+2)

Wl +<2) 22)

Now, we state the VMS-POD formulation of the
NSE system. Find ur € X, satisfying:

(ur"’vf)+V(Vuf’vvr)+b(ur'urlvr)

(23)
+a((| _,PR)VUN(I _PR)VVr):(f’Vr)

for all v € X;. We equip (23) with the Crank-Nichol-
son temporal discretization (Eroglu & Kaya, 2020;
Labovsky et al., 2009) and the VMS stabilization
(Eroglu et al., 2019b; lliescu & Wang, 2014). For

simplicity, we use P, instead of 1-7,. Let f
L?(0,7;H™(€2)) and initial condition uoe(Lz(Q))d be

given in X;. The extrapolated VMS-POD approxima-
tion for NSE (1) is given at time t"=nAt,n =0, 1, 2,
..., M and 7=MAt, by:

T AL (LT R A

+a(PVUl?, BV, ) = (f (t").v, )

where:
3 1 .0 o U U
XuM)==u"-Zutut= ¢ 25
( r) 2 r 2 r r 2 ( )
and:
o2 tn+tn+1 26
= (26)

3. NUMERICAL ANALYSIS OF NSE

This section is devoted to a derivation of a priori
error estimation of (24). We first give the stability of
solution of (24).

Lemma 3.1. (Stability) The scheme (24) is uncon-
ditionally stable in the following sense: for any
At>0:

2 2

M+1
r

+%“§:||Vu:’2
n=1

) M-l
+ Aty |Pvup”?
n=1

(27)

2 _
<|u? +vuans

i oo l-’In+1+un i i
Proof. Letting v, =u’ =# in (24) and using

skew symmetry property yield:

un+l_un
[ r T +1/||Vuf’2

’ +a|vuy”? i :(f (t”’z),uf’z)

(28)

Reorganizing the first term on the left hand side
of (28), we get:

At

1
At

2 1

At

n+l
r

n
r

2 2 ~
u +v||Vu'r"2 +a||PRVuf’2

2:<f(t”’2),u

(29)
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Applying the Cauchy-Schwarz, Young’s inequal-
ities on the right hand side of (29), and multiplying by
At, produce:

2 vAt

n+l 2
r

u

||VU n/2

+ aAt"P vu?|’

<vatff(t"?)
(30)
Summing from n = 1 to M gives the stated result
(27).
The optimal asymptotic error estimation requires

the following regularity assumptions for the true so-
lution:

r

|—1

uel”(0,k;H"(Q))
u, € *(0,T;H'(Q))
pel”(0,k;H ()

(31)

Theorem 3.1. (Error Estimation) Suppose regu-
larity assumptions (31) hold. Then for the suffi-
ciently small At, the error satisfies:

||u'\’I -u ||2 < K(1+ h* + (At)* +<1+||Sr||2 +||SR||2)h2k+2

+3 (Il + g+ 3 ks
(32)

Proof. We begin the proof by deriving error equa-
tion. By adding and subtracting some terms, continu-
ous variational formulation (5) at time v, =u"?

n+1
+
u becomes:

[M,V,JH/(VU(WZ),er)

ofufe) o (7))~ (p(e).7 v

+a(Pvu(t"?), R, )
[

At
+a(Pvu(t"?), R, )

|

(33)

e

Subtracting (24) from (33), we get:

u(t"*l)_u(t”) U™t —yn

r r
At At

n

-73 -

The error term can be decomposed as:

/2 /2
u(tnIZ)_u:Q _ (u(tnlz)_u” )_(UEIZ _u” ) (35)
= nnlz _¢rnlz
Where Tln/2 :unlz _ﬁn/2’¢rn/2 :u?/z _ﬁnlz , and U—n/Z iS LZ

projections of u™? in X; at time t"2;
Adding and subtracting the terms:

+b(u?,u(t"),v, ), £b(ur?,ur, v, ), +b(u(t"*),u
J_rb(u(t“),u v,),ib(z‘\,’(u(t ))u ,vr)
the nonlinear terms become:
b(u(t”’z),u(t”’z),vr)—b(X(u ),u ,vr)
b{a" ()., )-b(4 %, u(t*)v, ) +b a0 v

n/2

r 'Vr)l
n/2
ro

n/2
r

n/2
r

n
r

b(un/2,¢n/2’ ) (nnlz u:/Z )+b(¢rn/2,u?/2,vr)
+b(u (t")-u(t"),up, )+b( (t")- X(u(t”)),uf’z,vr)
+b(X( ” u’?, ) (X(¢r”),u?/2,vr)

(36)
Inserting (35) and (35) in (34), letting v, =4
and using b(uy?,¢",¢"*)=0, we have:

[¢rn+1 _¢rn ’¢rn/2j+v||v¢rn/z 2

(" ="
At

+()z||I5RV¢r”/2 ’

77 ¢nl2

y ] V<Vnn/27v¢rn/2)_(p(tnlz)’v.¢rn/2)

+b( n/2 tn/2 nlz) b(¢rn/2’u(tn/2),¢rn/2)

b(u:m 1]nlz ¢n/2) (T]nlz.ll:/2 ¢rn/2)+b(¢n/2 n/2]¢rn/2)
( ( t"),up”? ¢r”’2)+b(u(t”)—)((u(t”)),u
(

X( n n/2 ¢rn/2) ( (¢rn)’un/2 ¢rn/2)
DRSNS

+

n/2
r

+b(u(t"?

")
b

+

@37)
Reorganizing (37), we get:
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1
At

1

2 1

n+l
g At

"V ¢n/2

+a||P v

Y Vnnlz v¢n/2

nlzj

lb(n”’2 u t“’z) u(t ) @ ’2) + (ur n ,¢rn/2) V|(Vnnlzlv¢rn/2) < Kv"Vn”’z 2 +L"V¢,”/2 2
b(nnlz ?/2 rn ( n/2 u" n/2 ¢ /2) ,
‘b(u(tnlz) u( ) /2’ an +lb u( n) n/2,¢n/2) ‘(p( /2) Gn, V- ¢/2) Ky™ 1—qh" ||V¢r/2
ARAATE - A +—||I5RV¢r”’2 ’
o) 0 ) oo (W:) " «f“) g g
n+. n n+. 2
+a|( 2P V¢n/2) [upﬂ_unﬂA;Un ,¢rnlz] [ut”“—ulA;u,@"’z] <Ky ut”*l—u lAzu +%||V¢r"’z ’
(38) (39)
The nonlinear terms are bounded as:
‘b nnlz,u(tnlz),¢r"/2) <Kyt "Vnn/z 2||Vu tn/z)|2 +2LO"V¢rn/z 2,
‘ ( ez tn/2 n/2) |b "/Z,U':’Z ¢an) <Ky ¢rn/2 2("Vu t“’2)|4+||Vuf/2 4)+%"V¢:’/2 2
|b(u /Z,nn/Z ¢n/2 |b n/2 un/z ¢n/2) < KV71||VUH/2 ||v"n/2 v "V¢rn/z 2
(40)
‘b(u tn/z n n/2 ¢n/2)< Kyt ( (tnlz)_u(t )) n/2" e "V¢n/2
‘b(u ") (t) ur'2 ¢r”’2)$ Ky V(u(t")—X( ”Vu"’zll + ||v¢"’2
‘b( n nl2 nlz) <Ky~ ||VX n/2 O||v¢rnl2
Io((gr).ur=. g < kv [V (g ) vur 2+ Ve i

Substitutlng all bounds into (38) yields:

(p(tnlz)_thv'(ﬁrn/z)

The first term on the right hand side of (38) van-
ishes by using (17). The other terms can be bounded
by using Cauchy-Schwarz and Young’s inequalities
as:

Ait ¢rn+1 2 Alt "V¢n/z 2||ISRV¢rnl2 2 < K(V"Vnn/z 2 +V71||V1]"/2 2||Vu(t"/2)|2 T rn/z 2(||Vu(tn/2)|4+"Vu?/2 4)
+%||F3RV1|“’2 vt o [ v v () —u(e) ) vurns v u(er) - 2 (a(e))|vur] o () [vurf
(¢) n/2 +"p( nl2) qh" +" n+1 U4" j
(41)
We now multiply (41) by 2At, sum over the time steps and use Lemma 3.1 to get:
M |2 - ni2 |2 s 2|2
||¢r || +vAtZ||V¢r +aAtZ||PRV¢,
n=1 n=1
<[] + KA'[(le(v+v1"Vu(t”/2)|2 +v7 vur? 2)||vn"’2 ’
(42)

M-1
+az " P.Vn"? +vt
n=1

Cev [ (ufe)-u(e)f
n=1
+MZ;11|| p(tnlz)_ Qh"2 + MZ: ugt - u o 2J+v1h2(

21 2 (1 2 Ly a2
+V |||f|||2,1)At§(z¢ 2 j

0
r

0
r

w2 ([[vulf +

(u(t")—X(u(t”)))”
v fI2 I)AtZ(

(n)

2 1
+
4

e
)

g
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To simplify the last two terms on the right hand side of (42), we define:

2v’3mVum:0+(2v’3+2v’1h’2)(Hu?H2+v’1ll fll ;71) if 1<n<M -3

0
r

sMt=y 2p7 H\Vumio +(2v® +v‘lh'z)( u

vV et v L, i =M1

r

Substituting (43), the equation (42) becomes:

¢

2 M-1
+aAty. HPRW,”’Z
n=1

n=

V(u(t

2 M-1
ALY [V
n=1
S [ (ue)-u(e)

n=1
v+ o) -af + X
n=1 n=1

E]

2 1
+v

M-1
+ay. H P, V"2
n=1

+vt HVX(I]”)

n+l
u -

At

e tem v So(u(e)-ufe e
n=1

bounded by using the standard a priori error estimate
on the true solution, regularity assumptions (31) and
Lemma 3.1. In a similar manner, the terms on the
right hand side of (44) can be bounded as:

2 )"V“n/z

<K((0* +[s [, a3, +7?)

2

AtMZ_l(v +yt "Vu (t"’2 )"2 +yt ||Vu”’2
= ' (45)

M-1
ay, " P.Vn"?
n=1

v ()~ (u(e))] Jvur

2 < K(<h2k +||SR||2 h2k+2)

Ju]

o eE) (46)

2

2 _
< Kyvat? ||Un||L2(o,T;L2(Q))

M-1
Vi
n=1

(47)
V71“§||VX( n) 2||Vun12 2
=LA (48)
< Kv*l((hZk o AR I 1 () By
viaty [p(t")-a, < kv piz, (49)
n=1
1 | U™ —U" i 10 At\2 2 (50)
v Atz ug - At <Kv7(At) HuttHB(o,T;Hl(Q))'
n=1
where:
d d
R e )

Inserting all bounds in (44), using (21), Lemma
2.1, Lemma 3.1 and applying regularity assumptions
(31) lead to:

2ol ;,1) if n=M -2

2 2 M-1 2
<[] +KAt(z(v+v-lvU(tnf2) v vur?
)-(u(t)
2 M-1
] +ALY ™
n=1

un+1 _un

(43)

2

o

: (44)

2

¢n+l
a

2 o 0
<[u—u

M2 = n/2
8| + oty v|ve
n=1
+K(h2" +At* +(1+||Sr||2 +||SR||2)h2"*2
)
Applying the discrete Gronwall inequality for At

<1/S™1, using the assumption u? =°, the triangle in-
equality and (21) yields the stated result.

(52)

M -1
+CEH LAY ST g
n=1

4. NUMERICAL STUDIES

This section presents the results of two numerical
tests. In the first test, we calculated the convergence
rates of the method with respect to R. In the second
test, we compared the accuracy of the proposed ex-
trapolated VMS-POD method with the standard
VMS-POD method. Direct numerical solution (DNS)
has been computed by using standard Galerkin FEM
discretization. We use the benchmark problem of 2D
channel flow around a circular cylinder presented in
figure 1, see (Schaffer & Turek, 1996; John, 2004).

Fig. 1. 2D channel flow past a circular cylinder domain.

For the walls and cylinder, the test problem satis-
fies the no-slip boundary conditions and the inflow
and outflow conditions are prescribed by:

-75 -
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w0, y,t)=u,(2.2,y,t) =W (53)

u,(0,y,t)=u,(2.2,y,t)=0

4.1. Test 1. Convergence rates wrt R

To verify the numerical analysis of (24) with re-
spect to R, we fix r =10, At =0:02, T =3, v = 0:001,
a = 0:0003. The VMS contribution to the error is de-
fined by R in (51). Errors and convergence rates are
listed in table 1 for increasing values of R. We note
that the rates of convergence are nearly 0:5 or higher
than predicted by theoretical analysis:

4.2. Test 1: Accuracy of the extrapolated VMS-
POD method

In this test, we compared the accuracy of extrap-
olated VMS-POD with the VMS-POD method. Fig-
ure 2 shows that the proposed extrapolation increase
the efficiency of VMS-POD method. We observe that
the extrapolated scheme gives better result than unex-
trapolated scheme for R = 2. Moreover, the extrapo-
lated VMS-POD solution matches exactly the DNS
solution for R = 4.

Table 1. Convergence of the extrapolated VMS-POD for r = 10 and varying R.

R &R Ju —u [P (L (@) | rate Ju" - | (H @) rate
4 13.4579 | 0.064273779027008 - 4.799267941923246 -
5 5.4549 | 0.042544931339859 0.46 3.074404809792470 0.49
6 3.4015 | 0.028581358335344 0.84 1.874130691309018 1.04
0.4 r ; : ; :
0.3
0.2 ) LTSS
0.1 1
p === h I I P e e e e C
a) 0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1

0.4 T T

b)

c) 0 0.1 0.2 0.3 0.4

0.6 0.7 0.8 0.9 1

Fig. 2. Solution plots for the simulations using VMS-POD (R = 2) (a), Extrapolated VMS-POD (R = 2) (b), Extrapolated VMS-POD (R =

4) (c) and DNS (d).

-76 -



INFORMATYKA W TECHNOLOGII MATERIALOW

5. CONCLUSIONS

We presented an extrapolated VMS-POD method
for the NSE. The stability and convergence analyses
for the scheme are proved. We examined conver-
gence rates with respect to R. The results of the nu-
merical test on the benchmark problem confirm the
theoretical findings. We also compared the accuracy
of the extrapolated VMS-POD method with standard
VMS-POD method. Results of numerical experi-
ments indicate that the addition of extrapolation im-
proves the accuracy of the VMS-POD method.
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EKSTRAPOLACYJNA METODA VMS-POD DLA
NIESCISLLIWYCH PRZEPLYWOW

Streszczenie

W artykule zastosowano obnizenie rzedu modelu i wariacyjna
wieloskalowa stabilizaci¢, wykorzystujace ortogonalng dekom-
pozycj¢, do rozwigzania rownania Naviera-Stokesa dla niescisli-
wych ptynéw. Trudno$ci wynikajace z nieliniowosci wyelimino-
wano poprzez zastosowanie ekstrapolacji. W pracy opisano teo-
retyczne podstawy metody. W celu sprawdzenia wydajnos$ci
opracowanej metody zastosowano j¢ do testowego problemu
przeptywu 2D przez cylindryczny kanat.
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