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Abstract: Five-axis milling is a modern, flexible and constantly developing manufacturing process, which can be used for the machining of 
external cylindrical gears by means of cylindrical end mills and special disc mills on universal multi-axis machining centres. The article pre-
sents a new method of positioning the tip and the axis of the end mill and the disc cutter in order to ensure a constant value of deviation of 
the theoretical roughness Rth along the entire length of the tooth profile. The first part presents a mathematical model of the five-axis milling 
process of the cylindrical gear and an algorithm for calculating the Rth deviation values. The next section describes the positioning of the 
end mill and the disc cutter. Then, a new method for the empirical determination of the distribution of the involute root angle Δui and the da-
ta description by means of the interpolation function are presented and described. In the conducted numerical tests, the influence of the 
geometrical parameters of the cylindrical gear on the deviation Rth is determined, assuming a constant Rth value in the five-axis milling pro-
cess. 
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1. INTRODUCTION 

The five-axis milling technology is currently widely used in the 
manufacture of components with complex geometries, including, 
among others, the gear wheels. The ability to control the tool in 
three linear and two rotary axes enables any positioning of the 
tool in the working space of the machine tool. The flexibility of this 
machining process allows replacement of the machining carried 
out with traditional methods, such as hobbing, shaping the surface 
in a five-axis milling process by means of end mill cutters [1, 2], or 
the increasingly used disc cutters [3]. 

In the process of shaping gears, the surface quality and integ-
rity after machining are of great importance. The tooth surface 
profile is ultimately obtained by applying the finishing methods that 
were characterised by Karpuschewski et al. [4]. Krömer [5] de-
scribed the deviation of the tooth shape resulting from the hobbing 
machining process, considering the tooth line and the tooth pro-
file. Klocke and Staudt [6, 7] presented possible methods of path 
distribution on the gear tooth flank and analysed the strategy of 
constant radial distribution of paths, when using the ball nose 
cutter. Moreover, they investigated the deviation distribution for 
fixed and variable tool positioning. Staudt and Exner [8] conducted 
research on the integrity of the tooth flank surface during milling 
along the tooth line. The machining process was carried out under 
soft and hardened conditions. Guo et al. [9] conducted research to 
determine the influence of the geometric parameters of a gear on 
the distribution of shape deviation. The strategy of constant in-
crease in the involute root angle Δui described by Klocke was 
applied. He also presented a method for determining the position 
of the end mill cutter, wherein the contact of the cutter operation 

surface with the flank surface of the shaped tooth was locally 
linear. 

In addition to the use of end mills and/or ball nose cutter, disc 
cutters are increasingly used in five-axis machining of gear teeth 
[3, 10 - 13].The main advantage of using this type of tool geome-
try is much easier access of the cutting edge to the lower parts of 
the inter-tooth notch, possibility of using higher radial in feed 
values and the associated increase in machining efficiency, as 
well as the low susceptibility of the tool to elastic deformation. 

The description of milling of the cylindrical gears using the 
disc milling cutter was provided by Talar et al. [13, 14]. They 
presented the possibility of modification of the profile and line of 
the gear tooth due to the elastic deformation of the tool. 

A more common form of use of the disc milling cutter is the 
five-axis machining of bevel gears. Deng [10] and Shih [12] pre-
sented the method of positioning the disc cutter when machining a 
free surface, which is the tooth flank of a bevel gear with a circular 
arc tooth line. Moreover, Shih and Chen [11] presented a method 
of positioning a disc grinding wheel, with a similar geometry as a 
disc milling cutter, in the finish machining of a gear with oblique 
teeth. By appropriately modifying the position of the grinding 
wheel, they corrected the errors that occurred during the grinding 
process. 

A completely different kinematic solution for machining was 
investigated by Özel [15], as he analysed the geometric errors of 
the tooth profile after machining with an end mill cutter. Moreover, 
he determined the influence of linear interpolation of the tool path 
on the execution accuracy of the tooth profile. 

In the case of finish machining, the elastic deformation of the 
tool has a significant impact on the accuracy of the machined 
surface. Solf [16] investigated the issue of the radial correction of 
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tool deflection during the machining of toothing in the hardened 
state. 

The geometric structure of the flank tooth surface after finish 
machining and the method of its measurement are equally im-
portant. This issue was extensively described by Suh [17], who 
used the coordinate measurement technique on coordinate 
measuring machines (CMMs), and by Chmielik et al. [18], where a 
profilometer was used. 

The article proposes and describes a new method of tool posi-
tioning in the five-axis machining of a cylindrical gear with a 
straight tooth line, using the Δui distribution function in the math-
ematical modelling, which allows obtaining a constant deviation of 
the theoretical surface roughness Rth, along the entire tooth pro-
file. 

2. MATHEMATICAL MODEL  
OF THE TOOTH FLANK SURFACE 

As Guo et al. [9] described, gear machining on five-axis ma-
chine tools consists in positioning the tool and the part in relation 
to the machine’s coordinate system Sm(xm, ym, zm) with origin Om. 
The machining system adopted in the five-axis milling of the cylin-
drical gear with a straight tooth line by means of an end mill cutter 
for machining is shown in Fig. 1. 

 
Fig. 1. The machining system adopted in the five-axis milling  

  of the cylindrical gear with straight tooth line 

Coordinate systems Sg (xg, yg, zg) with origin Og and St (xt, yt, 
zt) with origin Ot are assigned to the part and the tool, respective-
ly. The parameters a and e correspond to the positions of the tool 
tip in the Sm arrangement along the xm, ym axes. During machin-
ing, the tool makes the main movement along the zm axis. For 
each tool, a position defined by the parameters a and e and the 
tool inclination angle φ are defined, which provides tangential 
guidance of the cutter action surface to the tooth flank surface, 
and positioning is achieved by changing the rotary table setting. 
Depending on the machined side of the tooth, this angle can be 
positive or negative. 

The assumptions for the mathematical model are specified as 
average parameter values for their ranges of applicability: 

 parameters m, z > 0, a range was assumed for m (10–20), z 
(20–70); 

 number of tool paths N ≥ 2, a range was assumed for N (10–
20); 

 pressure angle α > 0, a range was assumed for α (20°–30°); 

 the parameter of the empirical function was determined exper-
imentally and is x = 1/0.667; 

 diameter d of the cylindrical tool and radius r of the disc tool d, 
r > 0 . 
The basic geometrical parameters of a gear are shown in Fig. 

2 and described by the equations Eqs. (1)–(13), which were de-
scribed by Burek et al. [1]. 

 
Fig. 2. Basic gear dimensions 

Input parameters: m – module, z – number of teeth, α – pres-
sure angle. 

𝑑𝑝 = 𝑚 ∙ 𝑧 (1) 

ℎ𝑎 = 𝑚 (2) 

ℎ𝑓 = 1.25 ∙ 𝑚 (3) 

𝑑𝑎 = 𝑑𝑝 + 2 ∙ ℎ𝑎  (4) 

𝑑𝑓 = 𝑑𝑝 − 2 ∙ ℎ𝑓  (5) 

𝑑𝑏 = 𝑑 ∙ 𝑐𝑜𝑠(𝛼) (6) 

𝑟𝑏 =
𝑑𝑏

2
 (7) 

𝑖𝑛𝑣 𝛼 = 𝑡𝑎𝑛(𝛼)−𝛼 (8) 

𝛼𝑎 = 𝑐𝑜𝑠−1 (
𝑑𝑏

𝑑𝑎
) (9) 

𝑖𝑛𝑣 𝛼𝑎 = 𝑡𝑎𝑛(𝛼𝑎)−𝛼𝑎  (10 

𝜎 =
ŝ

𝑑
∙
180°

𝜋
 (11) 

𝜎0 = 𝜎 + 𝑖𝑛𝑣 𝛼 (12) 

𝑢 = 𝛼𝑎 + 𝑖𝑛𝑣 𝛼𝑎  (13) 

where dp – pitch diameter, ha – addendum, hf – dedendum,  
da – addendum diameter, df – dedendum diameter, db – basic 
diameter, rb – basic radius, inv α – involute function of angle α,  
αa – pressure angle on addendum, inv αa - involute function  
of angle αa, σ– half angle on pitch diameter, σ0 – half angle  
on basic diameter and u – root angle. 

The flank surface of the tooth can be described using two pa-
rameters (u, v) [19], as shown in Fig. 3. The parameter u, which is 
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the root angle of the involute subjected to subsequent discretisa-
tion, describes the tooth outline, and the parameter v describes 
the tooth line.  

 
Fig. 3. Parametric description of the tooth flank surface 

The position vector rg and the normal vector ng of the surface 
are described by the relationship in Eq. (14): 

{
𝒓𝒈(𝑢, 𝑣) = [𝑥𝑔 𝑦𝑔 𝑧𝑔 1]

𝒏𝒈(𝑢, 𝑣) = [𝒏𝒙𝒈 𝒏𝒚𝒈 𝒏𝒛𝒈 1]
 (14) 

Where (xg, yg, zg) are the coordinates of the end point P of position 
vector rg described by Eq. (15), and (nxg, nyg, nzg) are component 
vectors of the vector ng normal to the tooth flank surface, de-
scribed by Eq. (16): 

[

𝑥𝑔
𝑦𝑔
𝑧𝑔
] = [

𝑟𝑏 𝑐𝑜𝑠(𝜎0 + 𝑢) + 𝑟𝑏𝑢 𝑠𝑖𝑛(𝜎0 + 𝑢)

𝑟𝑏 𝑠𝑖𝑛(𝜎0 + 𝑢) − 𝑟𝑏𝑢 𝑐𝑜𝑠(𝜎0 + 𝑢)
𝑝𝑣

] (15) 

[

𝒏𝒙𝒈
𝒏𝒚𝒈
𝒏𝒛𝒈

] = [
𝑝𝑟𝑏𝑢 𝑠𝑖𝑛(𝜎0 + 𝑢)

−𝑝𝑟𝑏𝑢 𝑐𝑜𝑠(𝜎0 + 𝑢)

0

] (16) 

where rb is the radius of the base circle, and p is a parameter 
describing the width of the gear rim. 

An additional parameter that allows the correct positioning of 
the tool axis is the tangent vector τg to the surface at point P(xg, 
yg, zg), which is described by the dependencies Eqs. (17) and 
(18): 

𝝉𝒈(𝑢, 𝑣) = [𝝉𝒙𝒈 𝝉𝒚𝒈 𝝉𝒛𝒈 1] (17) 

where 

[

𝝉𝒙𝒈
𝝉𝒚𝒈
𝝉𝒛𝒈

] = [
𝑟𝑏𝑢 𝑐𝑜𝑠(𝜎0 + 𝑢)

𝑟𝑏𝑢 𝑠𝑖𝑛(𝜎0 + 𝑢)

0

] (18) 

The transformation of the part system Sg to the machine coor-
dinate system Sm is carried out through the rotation matrix Mmg, 
determined by the relation Eq. (19): 

𝑴𝒎𝒈 = [

𝑐𝑜𝑠 𝜑 −𝑠𝑖𝑛 𝜑 0 0
𝑠𝑖𝑛 𝜑 𝑐𝑜𝑠 𝜑 0 0
0 0 1 −𝑝
0 0 0 1

] (19) 

where φ is the angle of the machine part’s rotation on the machine 
tool turntable. 

The same should be done with the tool coordinate system St, 
whose transformation to the machine system Sm takes the form of 
the translation matrix Mmt, determined by the relation Eq. (20): 

𝑴𝒎𝒈 = [

1 0 0 𝑎
0 1 0 𝑒
0 0 1 0
0 0 0 1

] (20) 

where the parameters a and e define the position of the tool in 
relation to the xm and ym axes. 

3. CALCULATION OF Rth DEVIATION 

The geometric relationships that allow the determination of the 
Rth deviation of the theoretical surface roughness and the geomet-
ric system of the five-axis machining adopted for the study are 
shown in Fig. 4.  

In order to calculate the Rth deviation, it is necessary to de-
termine the distance CD. Points A(xgA, ygA) and B(xgB, ygB) are the 
points that describe the flank surface of the tooth, where point A 
represents the first position of the tool, and point B represents the 
next position of the tool. Point C is at the point of intersection of 
the line segments AC and BC that are tangential to the tooth 
profile at points A and B, respectively. Segments AC and BC 
represent a group of lines described by the linear relationship in 
Eq. (21), where the parameters kA and kB described by the rela-
tionship Eq. (22) determine their slopes in relation to the xg axis: 

{
𝑥𝑔𝐴 = 𝑘𝐴𝑦𝑔𝐴 + 𝑏𝐴
𝑥𝑔𝐵 = 𝑘𝐵𝑦𝑔𝐵 + 𝑏𝐵

 (21) 

where 

{
𝑘𝐴 = −

𝒏𝒈𝒚𝑨

𝒏𝒈𝒙𝑨

𝑘𝐵 = −
𝒏𝒈𝒚𝑩

𝒏𝒈𝒙𝑩

 (22) 

After determining the slopes of the lines, it becomes possible 
to derive Eq. (23) describing the term b of the linear equation of 
lines: 

 
Fig. 4. The geometric structure allowing determination  
            of the Rth deviation 
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{
𝑏𝐴 = 𝑥𝑔𝐴 − (𝑘𝐴𝑦𝐴)

𝑏𝐵 = 𝑥𝑔𝐵 − (𝑘𝐵𝑦𝐵)
 (23) 

This allowed the creation of the system of equations Eq. (24) 
necessary to determine the coordinates of the intersection point 
C(xgC, ygC): 

{
𝑥𝑔𝐶 = 𝑘𝐵

𝑏𝐴−𝑏𝐵

𝑘𝐵−𝑘𝐴
+ 𝑏𝐵

𝑦𝑔𝐶 =
𝑏𝐴−𝑏𝐵

𝑘𝐵−𝑘𝐴

 (24) 

In order to determine the coordinates of the point D(xgD, ygD), 
the values of the involute root angle uD should be determined. The 
determination of the uD angle is described by the relationships 
Eqs. (25)–(28): 

𝑢𝐷 = 𝑢𝐶1 + 𝑢𝐶2 (25) 

where 

𝑢𝐶1 = 𝑡𝑎𝑛
−1 (

𝑦𝑔𝐶

𝑥𝑔𝐶
) (26) 

𝑂𝐶 = √𝑥𝑔𝐶
2 + 𝑦𝑔𝐶

2 (27) 

𝑢𝐶2 = 𝑐𝑜𝑠
−1 (

𝑟𝑏

𝑂𝐶
) (28) 

Finally, the coordinates of point D are determined from the 
system of equations Eq. (29): 

[

𝑥𝑔𝐷
𝑦𝑔𝐷
𝑧𝑔𝐷

] = [
𝑟𝑏 𝑐𝑜𝑠(𝜎0 + 𝑢𝐷) + 𝑟𝑏𝑢 𝑠𝑖𝑛(𝜎0 + 𝑢𝐷)

𝑟𝑏 𝑠𝑖𝑛(𝜎0 + 𝑢𝐷) − 𝑟𝑏𝑢 𝑐𝑜𝑠(𝜎0 + 𝑢𝐷)
𝑝𝑣

] (29) 

4. POSITIONING OF THE TOOL 

Three types of tool geometry are used for the five-axis ma-
chining of gears, in both soft and hardened conditions. The basic, 
and—so far—the most frequently used, tools are end mills with 
ball or cylindrical geometry [1, 6, 7, 8, 15]. Research conducted so 
far [6, 3] has shown that the machining conditions and machinabil-
ity in the five-axis flank milling method with an end mill cutter are 
definitely better than with a ball end mill cutter. This can also be 
observed in terms of the difference in the geometry of the remains 

after machining on the tooth flank surfaces and in the efficiency of 
machining of the toothing. 

A disc cutter is the third and increasingly frequently used tool 
for machining gears on multi-axis milling computerised numerical 
control (CNC) machines. The sharp apex angle of the cutting 
inserts provides much better access of the tool along the entire 
depth of the inter-tooth notch, making it possible to machine gears 
with much smaller modules than in the case of an end mill cutter. 

The machining system and the five-axis machining model of 
the tooth flank with an end mill cutter, which works tangentially to 
point A, are shown in Fig. 5(a). The tool axis is defined at location 
I as the tangent vector τgA, expressed as unit vector τgA˚, and at 
location II as tangent vector τgB, expressed as unit vector τgB˚. 
The position of the tool centre point (TCP), which is the zero point 
of the tool coordinate system St, is defined in Eq. (30) as a trans-
lation in the normal direction by the product with the unit vector 
ngA(B)˚, which is determined by Eq. (31), and half the tool diameter 
d with reference to the point C, which describes the peak of the 
Rth deviation: 

{

𝑥𝑇𝐶𝑃 = 𝑥𝑔𝐶 + 𝒏𝒙𝒈𝑨(𝑩)
° 𝑑

2

𝑦𝑇𝐶𝑃 = 𝑦𝑔𝐶 + 𝒏𝒚𝒈𝑨(𝑩)
° 𝑑

2
𝑧𝑇𝐶𝑃 = 𝑧𝑔𝐶

 (30) 

where 

{
 
 

 
 𝒏𝒙𝒈𝑨(𝑩)

° =
𝒏𝒙𝒈𝑨(𝑩)

‖𝒏𝒙𝒈𝑨(𝑩)‖

𝒏𝒚𝒈𝑨(𝑩)
° =

𝒏𝒚𝒈𝑨(𝑩)

‖𝒏𝒚𝒈𝑨(𝑩)‖

𝒏𝒛𝒈𝑨(𝑩)
° = 0

 (31) 

In this case, the unequivocal position of the tool in the space 
of a five-axis CNC machine tool can be determined from Eq. (32): 

[𝑥𝑇𝐶𝑃 , 𝑦𝑇𝐶𝑃 , 𝑧𝑇𝐶𝑃 , 𝝉𝒙𝒈𝑨(𝑩)
°, 𝝉𝒚𝒈𝑨(𝑩)

°, 0] (32) 

The machining system and the five-axis machining model pre-
sented in Fig. 5(b) refer to the use of the disc milling cutter. Proper 
positioning of the tool consists in leading the action surface tan-
gential to the tooth profile. As in the case described earlier, trans-
formation of the TCP described by Eq. (33) should be made, 
which in the reference position coincides with point C. 

    
Fig. 5. Machining system and positioning method: (a) for end milling cutter; (b) for disc milling cutter in five-axis machining of toothing 
           Abbreviation: TCP, tool centre point
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In the configuration of the machining system considering posi-
tion I of the tool as the axis of rotation, the vector ngA normal to 
the curve at point A was adopted, expressed as the unit vector 
ngA˚, while in position II, the normal vector ngB to the curve at point 
B, expressed as the unit vector ngB˚, was adopted. 

The translation of the TCP relative to the point C is deter-
mined by the product of the unit vector τgA(B)˚, expressed by Eq. 
(34), and the tool radius r. 

{

𝒙𝑻𝑪𝑷 = 𝒙𝒈𝑪 + 𝝉𝒙𝒈𝑨(𝑩)
°𝒓

𝒚𝑻𝑪𝑷 = 𝒚𝒈𝑪 + 𝝉𝒚𝒈𝑨(𝑩)
°𝒓

𝒛𝑻𝑪𝑷 = 𝒛𝒈𝑪

 (33) 

where 

{
 
 

 
 𝝉𝒙𝒈𝑨(𝑩)

° =
𝝉𝒙𝒈𝑨(𝑩)

‖𝝉𝒙𝒈𝑨(𝑩)‖

𝝉𝒚𝒈𝑨(𝑩)
° =

𝝉𝒚𝒈𝑨(𝑩)

‖𝝉𝒚𝒈𝑨(𝑩)‖

𝝉𝒛𝒈𝑨(𝑩)
° = 0

 (34) 

In turn, in this case, the unequivocal position of the tool in the 
space of a five-axis CNC machine tool can be determined from 
Eq. (35). 

[𝑥𝑇𝐶𝑃 , 𝑦𝑇𝐶𝑃 , 𝑧𝑇𝐶𝑃 , 𝒏𝒙𝒈𝑨(𝑩)
°, 𝒏𝒚𝒈𝑨(𝑩)

°, 0] (35) 

The above method of positioning the disc milling cutter can 
find an analogous application in the case of a disc grinding wheel 
in the grinding of gear teeth on multi-axis CNC milling machines. 
The advantage of this solution is the possibility of milling and 
grinding the gears without the need to attach the part in another 
machine tool. This results in an increase in the dimensional and 
shape accuracy of the gear wheel. This is of particular importance 
in the aspect of manufacturing of aircraft gears, as well as special 
purpose gears for the defence industry. 

5. FIVE-AXIS MILLING STRATEGIES FOR TOOTHING 

The value of the theoretical surface roughness deviation Rth and 
the machining time Tc depend on the adopted positioning strategy 
of the milling cutter. In the literature, three basic cases of tool 
positioning have been distinguished [5, 6, 7, 9] for which a collate 
was made, assigning a given strategy to the Rth deviation of a 
gear tooth profile. These collates are presented in Fig. 6. Fig. 6(a) 
shows the distribution of the Rth deviation resulting from the ar-
rangement of the tool paths along the tooth profile, according to 
the strategy of maintaining a constant increase in the involute root 
angle Δui. It was noticed that the maximum deviation Rth occurs in 
the upper part of the tooth and is 0.007 mm, and the smallest at 
the tooth foot, where its value is 0.0002 mm. In the case of the 
collate in Fig. 6(b), the distribution of paths is implemented as a 
strategy of constant division of the tooth height in the radial direc-
tion. In this case, the greatest deviation occurs in the lower part of 
the tooth and is 0.016 mm, while the smallest deviation occurs at 
the upper part of the tooth and is 0.0018 mm.  

The last collate shown in Fig. 6(c) illustrates the strategy ac-
cording to which the tool paths are distributed in such a way that 
the Rth deviation is constant along the entire length of the tooth 
profile. The deviation in this case is 0.0032 mm. 

Depending on the adopted positioning strategy of the tool, a 
variable distribution of the value of the Rth deviation can be ob-
served, which depends on the adopted function describing the 

change of the involute root angle u. All the above figures show the 
distribution of the Rth deviation according to the machining 
strategy (tool positioning) for a tooth with the same geometric 
parameters and the same adopted number of paths. On this 
basis, it should be concluded that for the same number N of 
paths, the third strategy provides the smallest mean Rth deviation 
in the distribution along the entire tooth profile. 

 

 

 
Fig. 6. Machining strategies in relation to the Rth deviation  

 of the tooth profile: (a) strategy of constant increment  
 of the involute root angle u; (b) strategy of constant  
 radial distribution of toolpaths; (c) strategy of constant  
 deviation Rth 

6. EMPIRICAL DETERMINATION OF THE DISTRIBUTION OF 
THE INVOLUTE ROOT ANGLE u 

In order to define the function describing the Rth deviation dis-
tribution, it was necessary to use an empirical model. Using the 
computer-aided design (CAD) software, we developed a paramet-
ric sketch showing the tooth profile [1, 20] and the individual tan-
gent lines that define the vertices of the Rth deviation, as shown in 
Fig. 7. 

With the help of geometric constraints, a constant distance of 
the vertices from the tooth profile was imposed, and lines denoting 
the unwind angle of the involute were drawn. Then, based on the 
geometry analysis tool in the CAD environment, the values of the 
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unwind angle Δui for the individual tool paths were read. The 
tolerance value of the researched CAD model was set at 0.0001 
mm. Based on the measured values, a graph of the value of the 
unwind angle Δui was developed, which is assumed for a given 
tool path i. This function is described by the relationship in Eq. 
(36).  

∆𝑢𝑖 = √
𝑢𝑥𝑖

𝑁−1

𝑥
 (36) 

where u – involute root angle, N – number of considered tool-
paths, i=(0, 1, 2, …(N-1)) – consecutive toolpaths. 

 
Fig. 7. Distribution of Δui for the constant Rth deviation strategy  

In order to determine the degree of the root from Eq. (36), a 
series of x values ranging from 1/0.6 to 1/0.7 with a step size of 
0.001 were analysed by the iterative method.  

As a result of the simulation, the root base equal to 1/0.667 
was selected since, for this value, the smallest deviation from the 
base function was observed for Eq. (36). The superimposed 
graphs of the empirically determined points and the function de-
scribed by Eq. (36) with the base x=1/0.667 are shown in Fig. 8. 

7. ANALYSIS OF Rth DEVIATION  

For the adopted strategy of constant Rth deviation, numerical 
tests were carried out for both the end milling and the disc milling 
cutters. The results of these tests are shown in Fig. 9. 

In individual cases, the change in the Rth deviation was con-
sidered depending on the number of passes of the tool N, the 
number of gear teeth z, the change in the normal tooth modulus 
mn and the variable value of the pressure angle α, respectively 
shown in Fig. 9. 

It was found that the results of the simulation of machining 
along the tooth line for both tool geometries were comparable. By 
analysing the results of the simulation tests, it can be concluded 
that the greatest increase in the value of the Rth deviation occurs 
when the number of tool passes changes as shown in Fig. 9(a), 
where the smallest Rth deviation value was 0.0029 mm for the 
number of paths N = 20; for the number of paths N = 10, the Rth 
deviation was 0.0118 mm. 

The smallest differences in the values of the Rth deviation 
were observed for the variable value of the number of teeth of the 
gear as shown in Fig. 9(b), where for the number of teeth z = 20, 

the Rth deviation is 0.0029 mm, while for the number of teeth z = 
70, the highest Rth deviation value of 0.0040 mm was noted. 

In the case of different values of the modulus mn and the 
pressure angle α being defined as shown in Fig. 9(c) and (d), 
respectively, an increase of the Rth deviation is comparable. When 
changing the value of the module for mn = 10 mm, the value of the 
Rth deviation was the smallest and amounted to 0.0029 mm, and 
for the value of mn = 20, the value of the Rth deviation was 0.0058 
mm. Similarly, in the case of the pressure angle α, the smallest Rth 
deviation value was noted for α = 20° and was the same as in the 
case of the set module value mn = 10 mm, while the largest Rth 
deviation value equal to 0.0057 mm was noted for the angle 
α = 30°. 

 
Fig. 8. Approximation of values determined empirically  

 by the function describing the distribution  
 of the involute root angle Δu 

Moreover, it was observed, that with an increase in the value 
of individual parameters of both the gear wheel and the machining 
process, the value of the Rth deviation also increases, wherein 
depending on the parameter, this change has a different charac-
teristic and tendency. 

Another phenomenon observed is the increased value of the 
Rth deviation for the first tool path. This deviation is caused by a 
poorer fit of the approximation function for small involute root 
angles Δui, which occur in the tooth flank’s bottom area, but these 
regions do not participate directly in the transmission of torque 
due to the apical clearance. 

8. SUMMARY 

The article presents and describes a new method of tool posi-
tioning assuming a constant Rth deviation in the five-axis machin-
ing of gears on universal CNC machines. A new mathematical 
model has been presented that allows determining the value of 
the Rth deviation and the position of the tool during the five-axis 
machining depending on the tool geometry. 

As a result of the numerical tests and numerous simulations, 
the relationship between the gear wheel parameters and the Rth 
deviation is determined. The number of tool paths N has the 
greatest impact on the amount of the Rth deviation, while the 
number of teeth in the gear wheel has the smallest impact. The 
parameters such as the modulus mn and the pressure angle α 
have a comparable coefficient of influence on the increase of the 
Rth deviation. 
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The adopted methodology and the developed assumptions of 
the five-axis machining strategy are a new proposal to solve the 
problem of the uneven distribution of the Rth deviation in the hob-
bing process. Depending on the expected results of further re-
search carried out by the authors of this work, it is possible to use 
another function describing the distribution of the involute root 

angle u, which will significantly increase the possibilities of shap-
ing the flank profiles of the teeth. Another advantage is an in-
crease of the machining effectiveness of gear wheels, by obtain-
ing a much smaller Rth deviation than in the case of the strategy of 
constant increase of the involute root angle u. 

    

   
Fig. 9. Influence of the gear wheel parameters and the machining on the Rth deviation : (a) number of paths N; (b) number of teeth z;  

 (c) normal modulus mn; (d) angle of pressure α 
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