Measurement Automation Monitoring, Apr. 2016, no. 04, vol. 62, ISSN 2450-2855 125

Stawomir ZABA, Maciej SIWCZYNSKI, Andrzej DRWAL
DEPARTMENT OF ELETRICAL AND COMPUTER ENGINEERING, CRACOW UNIVERSITY OF TECHNOLOGY

24 Warszawska St., 31-155 Cracow, Poland

Energy-optimal current distribution in a complex linear electrical
network with pulse or periodic voltage and current signals.

Suboptimal control

Abstract

In the circuits of electrical signals belonging to the L'-impulses space or
periodic signals space, occurring there real distribution of electrical
currents does not meet the principle of minimum energy losses [1, 2]. The
solution to this problem is to introduce the control system as current-
dependent voltage sources vector, entered into a meshes set of a complex
RLC network. It has been shown that the control is energy-neutral (optimal
control) [2]. For energy-optimal controlling, to obtain the control operator,
the inversion of R(s) operator is required. It is the matrix operator and the
dispersive operator (it depends on frequency). Inversion of such operators
is inconvenient because it is algorithmically complicated. To avoid this,
the operator R(s) is replaced by the R’ operator which is a matrix, but
nondispersive one (does not depend on s). Such control is called the
suboptimal control.

Keywords: L'-impulses, linear circuits, principle of minimum energy
losses, operators, suboptimal control.

1. Introduction

The issues relating to the quality of electrical energy distribution
and minimization of energy losses usually refer to minimization
of some energy indicators, such as reactive power, or to obtain an
optimal, on account of energy, currents distribution.

In the DC circuits there is the minimum energy principle,
according to which the currents distribution in a complex network
is such that the total energy loss is minimal [3, 4]. However, this
rule usually no longer works in the sinusoidal current circuits [5].

On the other hand, in nonsinusoidal signals domain, the term
“reactive power” makes no sense, which means that this term
should not be used during testing the quality of electrical energy
distribution in the network [6, 7]. However, the compensation
problems aimed at resetting the indicator of reactive power can be
solved as optimization tasks consisting in minimizing energy
losses in the network or as related tasks of minimizing the RMS
value of currents [8, 9].

In the articles [1, 2] was shown that in the circuits with the
signals belonging to the linear L'-impulses space, there actually
occurring current distribution does not satisfy the principle of
minimum energy losses. To make it so, it is necessary to use the
control system. It was considered a complex network powered
multicurrent and with a multidimensional current-voltage control.
It has been shown that the system of controlled sources is energy
neutral. Thus, the process of minimal energy controlling is energy
neutral.

In Fig. 1 the RLC network with power given as a vector of
current signals iy is shown. Distribution of mesh currents within
the network is determined by the vector of current signals i. The
network is characterized by the so-called “internal operators
matrix” Z(s) (s=d/df), and the matrix so-called “contact operators”
Z(s). The equations of network operator assume the form:

Zi -7, =0
e . 1)
-Zj+7Z,i =u,

(0 — zero vector (or zero operator), T - a sign of transposition)

All impedance matrices have a distribution of: Hermitian R and
skew-Hermitian X parts:

Z(s)=R(s)+ X(s) 2
i.e. such that
R(=s)=R(s); X(-s)=-X(s) 3)
RLC
net-
work

Fig. 1. The complex network with multicurrent power; i — internal mesh currents
vector; iy external current vector

In Fig. 2 the structure of system of equations (1) is illustrated. In
this figure the sizes of the matrix and vectors are shown.

<+— " —pt— n—p

T %s)= “Z,=
n R(s)+X(s) -R, +X,) i lo
l 1 2
I -Z, Z, W | u
v :
Fig. 2. Scheme the system of equations (1); 1 - internal operators matrix, 2- contact

operators matrix, 3 - external operators matrix, 0 - vector (or operator) zero

The signals i(¢) - the coordinates of the current vector, belong to
the L' signal space, so-called the L' -impulses space:

L' = {x(): [ be(y)lde < oo} 4)
or to generated by it the T-periodic signals space Py [10]:
P ={x(t): x(t)= Y x(t+pT); x(t)eL'} (5)

In these spaces the inner product is defined, in L':

(wi)= [ u(@yit)de (6)
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and in P,

()= u(yiydt 7

All operators are convolutional type, i.e. in a time representation
they have the form:

Zi(t):Tz(t—t‘)i(t‘)dt’ in L ®)

or
T

Zi(t) = j z(©"i(t)d' in P, )

0

® - operation of subtraction modulo 7.
In the notation using the Fourier transform:

ZI(s)=Z(s)I(s) (10)

The impedance operator Z is decomposed into two components R
and X[11]:

z:%(zu%%(z-z*):mx (11)

i.e., operator

R:%(z+z*) (12)

which is the Hermitian operator (self-adjoined), ie: R =R, and
the operator

1 .
X=2(z-7) (13)

which is skew-Hermitian, i.e.: X = -X.

Operator Z"is an adjoined operator relative to Z, i.e. such that
for any signals x,y occurs (Zx,y)=(x,Z"y).

The R operator represents the active component of the
impedance operator Z and the operator X is the passive
component. This means that the following conditions for quadratic
forms are fulfilled for any signal i:

(Zi,i) = (Ri,i); (Xi,i)=0 (14)

It can be shown that the functions Z(#) and Z(s) determined by the
convolution operators meet the conditions [12]:

ZO=Z(-t);  Z(s)=Z(-s) (15)

2. The principle of minimum energy losses in
the electrical network at L' and P, spaces.

Optimal control
R, i s
ROO iO ( )

has a value that is equal to the energy losses in the electrical
network. Equation (16) creates an operator-matrix inner product,
ie. if

Current functional

TR
FORITR line

A=[4,]; X=[x], Y=[y,] a7

the bilinear form takes a form
x'Ay = ;(XP,A,,qy,, )=
IPINES (O] 4, =)y, ()arhe = (18)
> MZ H A, (=) (), (¢)dear

Integrals in the formula (18) are taken in the interval (-00,+o0) or in
[0,7] depending on which space L' or P, is used. And depending
on this, the operators are linear or cyclic convolutions.

The principle of minimum requires the functional (16), which
value is equal to the total energy losses in the network, to reach

a minimum. Thus, the condition of minimum energy functional
(16), i.e.

/\df(i)>0 (19)
takes the form [2]:
Ri-Rji, =0 (20)

or the system of operator equations form
Ri=Ri, (@2))]

The system of equations (21) must be reconciled with the system
of equations (1):
Zi=Z7j, (22)

the solution of which is the real distribution of mesh currents
inside the network. The systems of equations (21) and (22) have
the same structure, but the system (21) is Hermitian type (part of)
the system of equations (22).

The solution of the system of equations (21) is energy optimal
distribution of mesh currents minimizing energy losses within the
network:

i” =R"R|i, (23)

called the optimal distribution. Whereas the solution system of
equations (22):
i=Z"Zj, 24)

gives the actual distribution of mesh currents in the network called
"current divider" distribution.

For DC currents the optimal distribution matches the
distribution of the current divider, but it is not only in this case.
However, these distributions do not match in general.

This means that the optimal distribution is achieved by using
a current-voltage control system:

e =Zi" -7, =
Ri” —R,i, + Xi” = X,i, = (25)
(XR?IRU _Xﬂ)il)

Equation (25) gives the voltage signal sources which must be
plugged into internal network meshes to induce energy-optimal
current distribution. That formula is written in the form

e =X'i (26)

0

where:
X*=XR™"R, -X, 27)

is skew-Hermitian, matrix control operator.
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3. Suboptimal control

According to the formulas (25), (26), (27), for energy-optimal
controlling to obtain X"(s) operator, the inversion of R(s)
operator is required. Apart from the fact that it is the matrix
operator, it is also the dispersive operator, i.e. dependent on

s :di (depends on frequency). Dependence on s is most often
t

a rational function. Inversion of such operators is inconvenient
because it is algorithmically complicated. To avoid this, the
operator R(s) is replaced by the R' operator which is a matrix,

but nondispersive one (does not depend on s). Such control is
called the suboptimal control. 1t is determined by the formula:

i = (R)"'Ri, = Ti, (28)

where
r= (R')”R0 R (29)

is so-called suboptimal current distribution operator, and

e =Zi" -Zj, =
=(R(R)'R'-R))i, + (30)
(X(R)'R',=X))i, = (AR +X")i,

where: AR=R(R")"'R'-R
resistance (matrix - dispersive); X = X(R")'R',—X
control operator.

The resulting formula (30) is a generalization of the formula of

optimal control (25) to the suboptimal control, because for R'=R
and R' =R, the operator AR disappears. Therefore it is

. - differential operator of mismatch

, - suboptimal

important to make appropriate selection of the R' operator and
hence the suboptimal control. One of the many possibilities of the
matrix R' selection is the method of a power series. Decomposing
the impedance matrix Z(s)in the Taylor series, it is obtained:

(,,RL” decomposition)
Z(s)=R(s)+ X(s) =

r+irnsz” +s(L+iL”s“) @b

It can be assumed that:
R'=r =27(0)
The suboptimal control operator then has the form:

X () =X()r'r’ = X°(s) =

=S - L)+ Y s (L — L)) 32)

It can be also used the ,,RC” decomposition:
Z(s)=R(s)+ X(s) =

r+ irns’z” +s'(Z+ Z s 33)

and then assuming R'= Z(0) it is obtained:

X"(s)=s"[(Zr'r’' - X)

34
+Y s (E T -] 34

where: r,r’,r, - resistance matrices; L,L ,L',L’ - inductance

matrices; X, X X', X’ - elastance matrices (the inverse of the

capacity).
Differential operators of mismatch resistance then have the
form:

AR(s) =R(s)r'r" =R, (s) =

20 |ra-1,0 0 0. 2n _
(r+2rﬂs )r r'-r'-) rs" = (35)
n=l

n=1

25" —r))
n=1
for ,,RL” decomposition, and
AR(s) =Y s (rr'r' 1) (36)
n=l

for ,,RC” decomposition.

Presented above operators are easily achievable using the
multiple differentiators or the integrator systems. In addition,
comfortable algorithms of decomposition of rational functions in
power series of variables s and s™' can be formulated.

Example
For the distribution of current signal 01 into two parallel

branches 1, 2 (Fig. 3), determine the current-voltage suboptimal
control operator X**%iy,.

b
X"y,

7R
i
1+2 2 1
i
2 2 01 X

Fig. 3. Energy-suboptimal distribution of the current signal 01 into two parallel
branches 1, 2; below there is the structure of the equations (8) and (7)

It is obtained for branches 1, 2 having the structure RL type,

“WWW—""N—

X (s)=s(Lr'r’—L") =
- 37
S(L +L2}’2—Lz):sL‘r2 L, 37

1
L+ L+

or for branches 1, 2 RC type:

o -

X"(s) =5 (2rr’ —£%) =

T +3 Sr-3
sfl( ! + 2 rz _ZZ):sfl lrz 2'; = (38)
ntn L+
4 G -rC
CC.(n+r)
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These are appropriately: the differential operators (for RL type of
branches) and the integral operators (for RC type of branches). For
these simple circuits, the obtained results are the same as in the
case of optimal control operators.

4. Summary

The study [2] showed that in the complex RLC network, besides
the currents flows arising from the normal laws of Kirchhoff -
called current divider, through appropriate controls there may also
be received other distributions of currents, resulting from certain
optimization criteria. The distribution that satisfies the condition
of minimum energy losses within the network, calling it the
energy-optimal distribution was examined there.

Optimal distribution itself is not reachable in the way the
distribution of current divider, but in order to make it, the
necessary is optimal control carried out by the control operator
X"(s) (27), generating appropriately distributed signal of the
voltage source e* (26):

e = X" (s)i,
X" (s) = X()[R()]'R,(s) = X, (s)

The optimal control operator X%(s) is skew-Hermitian, i.e.
X*(-s) = - X%(s), which makes that skew-Hermitian is also
operator:

[R,(s)]' [R(s)]"'X"(s)
and thus disappears quadratic form
i”)e =i, 'R,/'R'X"i,

Thus, the controlled sources e” do not produce energy — the
optimal control is energy-neutral.

To obtain X"(s) operator, the inversion of R(s) operator is
required. It is the matrix and the dispersive (frequency dependent)
operator. Inversion of such operator is inconvenient because it is
algorithmically complicated. To avoid this, the operator R(s) is

replaced by the R' operator which is a matrix, but nondispersive
one (does not depend on s). Such control is called the suboptimal
control.

The suboptimal control is not energy-neutral. This is due to
differential operator of mismatch resistance:

AR(s) =R(s)(R") 'R, R (s)

Therefore, it is important to make appropriate selection of the R'
operator and hence the suboptimal control. One of the many
possibilities of the matrix R' selection is the method of a power
series, which in the case of ,,RL” or ,,RC” decomposition gives the
possibility of using the multiple differentiator or the integrator
systems.
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