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Abstract: In this paper, the influence of impact damage to the induction motors on the 
zero-sequence voltage and its spectrum is presented. The signals detecting the damages 
result from a detailed analysis of the formula describing this voltage component which is 
induced in the stator windings due to core magnetic saturation and the discrete dis-
placement of windings. Its course is affected by the operation of both the stator and the 
rotor. Other fault detection methods, are known and widely applied by analysing the 
spectrum of stator currents. The presented method may be a complement to other me-
thods because of the ease of measurements of the zero voltage for star connected motors. 
Additionally, for converter fed motors the zero sequence voltage eliminates higher time 
harmonics displaced by 120 degrees. The results of the method application are presented 
through measurements and explained by the use of a mathematical model of the slip-ring 
induction motor. 
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1. Introduction 
 
 The non-invasive methods of detection electrical and mechanical damages of induction 
motors are based mainly on the stator current spectrum analysis. The signals indicating 
various damages have been separated from the current spectrum during a long process of 
investigation by many researchers. One can mention several methods developed through 
mathematical modeling means [4, 12, 13, 15, 16] and the methods based on laboratory tests of 
various induction machines [1, 10] leading to a physical interpretation of obtained results. All 
the research studies have created a data-base that can be used for training the artificial intel-
ligence detection systems [7]. 
 The main subject of this paper is to reveal another damage information carrier signal. This 
is the zero sequence voltage, which is induced in the phase windings as a result of magnetic 
saturation [5, 10]. The waveform of this voltage depends on the state of the air-gap magnetic 
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field, where this field depends on the stator and rotor cooperation and also on the machine da-
mages [9, 10]. The slip-ring induction motor was taken apart and the influence of the rotor cir-
cuit asymmetry was analyzed for investigation purposes. Results of laboratory tests have been 
interpreted with the use of a developed formula for the zero sequence voltage at steady state. 
 The research studies must answer the question if this method is promising for diagnostic 
purposes. As an object under investigation a low-power slip-ring induction motor was chosen. 
This is a specific machine that is different from cage motors with respect to the influence of 
harmonic fields and resulting detection signals. However, the assumed modeling method is 
common for both machine types and it has been trained using the slip ring motor where the 
stator and the rotor currents are available. The cage motors will be studied next. 
 The scheme of the laboratory stand is shown in Figure 1. The zero sequence voltage 

)(3/1)0(
WVUs uuuu ++=  results from the measured neutral voltage )(3/1 WVUn uuuu ++=  

between the neutral point of the supplying transformer and the star point of the stator windings 
or the pseudo neutral point of resistors and the above star point. Therefore, ns uu 3)0( = . The 
rotor circuit asymmetry has been introduced by opening the switch S for the breaking resis-
tance RMb 500 times approximately greater than the rotor phase resistance. 
 To obtain the circuital model of the machine the phenomenon of magnetic saturation was 
modeled using a permeance function of the air-gap. The approach allows for approximating 
the air-gap magnetic flux density since the permeance function is strictly connected with the 
magneto motive force (MMF) exciting the field. The air gap non-uniformity (due to e.g. 
slotting) can be introduced as a signal modulating this permeance function. A similar approach 
was presented in [2], however it was presented for an eccentrically positioned rotor. This is 
simplification, however enabling self- and mutual inductances of the machine circuit that can 
be calculated using the formulae presented in [11] for electrical machines with a non-uniform 
air-gap. Thus, the machine voltage equations take the commonly known form 
 

 
Fig. 1. Connection of the slip-ring induction motor for tests of rotor asymmetry 

  ,IMILIRU dt
d

dt
d ++=  (1) 

where R, L, M are the matrices of resistances, leakage inductances and self- and mutual 
inductances, respectively. Vectors of voltages and currents are denoted by U and I, respecti-
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vely. On the basis of this model the mathematical formulae can be developed and used for 
interpreting of measured signals. 
 
 

2. Mathematical background for induction motor diagnostics 
 
2.1. Main assumptions for the mathematical model  
  $ Magnetic core is saturated only due to the first non-zero symmetrical components of stator 

and rotor currents. For the slip ring motors this is clear, however for the cage induction 
motors this is a simplification. 

  $ The effect of saturation is simulated as enlarging the air-gap length at the location Μα , 
where the total MMF of the machine reaches a maximum with respect to the stator phase U 
assumed to be the first one. The MMF is represented by the magnetising current iΜ to be 
defined below. This varying air-gap is expressed with the per unit permeance function 
approximated with harmonic series of the following form utilising the Euler’s identity: 

  ,...14,10,6,2,0;)(Λ),(Λ )(pupu
sat ±±±±== −∑ μα Μαμ

Μμ
μ

Μ
xpjeix  (2) 

 The base permeance: 

  
δπ

μ
2B

2Λ
p

lr cco= , 

where 7104 −⋅= πμo  H/m, cr − inside stator radius, cl − equivalent length of the machine core, 
δ  − air-gap equivalent length comprising the Carter’s factor kC, p − pole pair number of the 
machine, x − angle along the air-gap of the machine cross section with respect to the phase U. 
 The coefficients of the series (2) are given by the following expressions 

  
sat
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0

1Λ
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2
)1exp(

)1(Λ =−
−
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where the saturation factor can be approximated by the function 

  1;
)(tgarcsat <<
+

+
= ε

ε
ε

Μ

Μ
pu

pu
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ick  

resulting from the magnetisation curve calculated as 

  .)(tgarc/)(tgarcΨ cic pupu
Μ=  

  $ The effect of slotting is modelled as a modulating signal fslo for the previously defined 
permeance (2) 

  .),( )(

,
slo

ϕϕ rrs jlZxlZkZj
lk

lk

eeBAxf −+∑=  (4) 

In the above: Zs – number of stator slots, Zr – number of rotor slots, 
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According to [6, 8], 
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where rs
ob ,  – stator or rotor slot opening, oδ  − geometrical air-gap length, CrCs kk ,  − Carter’s 

factors for the stator and the rotor respectively, CrCsC kkk = − machine Carter’s factor. 
 

  

Fig. 2. Distribution of the permeance function 
 
  $ The air-gap permeance  
 Modulating (2) with (4) gives 
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 The examplary distribution of the permeance function (5) is shown in Figure 2 for Zs = 36, 
Zr = 24, p = 4 and the saturation factor ksat = 1.5. 
  $ The new harmonic orders can be defined now by creating the harmonic sets: 

  .
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 (6) 

  $ The function of the air-gap permeance takes the generic form: 
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  .Μαα p=  (8) 

 The permeance coefficient )(Λpu
, Μinm  depends on the harmonic number μ, that is “hidden” 

now in the index m. For the machine without slotting pm μ=  and .0=n  
  $ The winding inductances are calculated using the formulae defined in [11] for the machine 
with a non-uniform air-gap. The machine model is formulated as a connection of resistances 
and inductances. Hence, the mutual inductance of the two windings a and b, positioned with 
respect to the stator at the locations xa and xb, respectively, is given by the function: 
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where: Na, Nb – turn numbers of the windings a and b, respectively, m
ba kk +νν ,  – the winding 

factors for the respective harmonics ν and ν + m. For the machine with a “smooth” air-gap the 
formula for the mutual inductance of windings a and b resulting from (10), takes the well 
known form. 
 The mutual inductance (10) exists when the following condition is satisfied for the as-
sumed harmonic orders ,νν H∈  ,ρρ H∈  :mHm∈  

  .0=++ mρν  (11) 

 This equation assures the harmonic balance inside the mathematical model and must be 
satisfied for sets of harmonic orders. Therefore, the assumption for the set contents influences 
the accuracy of the mathematical model.  
 For symmetrically designed windings the MMF harmonics have the orders belonging to 
the sets: 

  ,...}2,1,0;)12{( 11 ±±=−= ipiHν  (12) 

for the winding a and 

  ,...}2,1,0;)12{( 22 ±±=−= ipiHρ  (13) 

for the winding b. 
 The phase winding positions for the 3-phase slip-ring induction motor are given below: 
− for the stator 

Brought to you by | Biblioteka Glówna Zachodniopomorskiego Uniwersytetu Technologicznego w Szczecinie
Authenticated

Download Date | 11/5/14 10:40 AM



                                                              P. Drozdowski, A. Duda                                                 Arch. Elect. Eng. 494 

  
,;3,2,1;3,2,1

;)1(;)1(

3
2

ps

sbsa

ba

bxax

πβ

ββ

===

−=−=
 (14) 

− for the rotor 
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where:ϕ  − rotor rotation angle. 

2.2. Voltage equations of the motor in machine variables 
 The machine voltage equations are transformed from the natural system to symmetrical 
components. This transformation splits the harmonic components of inductances assigning 
them to voltage equations accompanying the respective symmetrical components. 
The voltage equations of the motor in machine variables can be shown in the matrix form: 
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or separately for the stator and the rotor 
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where the superscript T denotes matrix transposition. 
 Vectors of voltages and currents contain: us1 = uU, us2 = uV, us3 = uW − stator phase winding 
voltages, is1 = iU, is2 = iV, is3 = iW − stator phase currents, ur1 = uK, ur2 = uL, ur3 = uM − rotor 
phase voltages, ir1 = iK, ir2 = iL, ir3 = iM  − rotor phase currents.  
 The matrices of resistances and leakage inductances are diagonal with generally different 
elements 321 ,, xxx ZZZ  for each phase winding, where the substitution Z = R or Z = L and 
x = s for the stator and x = r for the rotor must be performed. The matrices of self- and mutual 
inductances have the forms resulting directly from (8) for the position angles (13) and (14). 
 Inductance matrices 
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2.3. Description in symmetrical components 
 Transformation voltages, currents and fluxes into symmetrical components can be per-
formed using the matrix Ss for the stator and Sr for the rotor, respectively. These matrices are 
given below. 

  ,;
1
1

111

3
1 3/2

2

2 sjpj eea
aa
aa βπ ==
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=sS  (22) 

  .;
1
1

1111

3
1 3/2

2

2 rjpj

jp

jp eea
aa
aa

e
e βπ

ϕ

ϕ ==
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

−
rS  (23) 

 After the transformation the structure of equations remains the same as (12) with the super-
script II indicating the vectors and matrices that now are described with complex numbers: 
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 In the above equations: .,,, *)1()2(*)1()2(*)1()2(*)1()2(
rrssrrss iiiiuuuu ====   

 The symmetrical components are vectors in the stationary reference frame α-β. The real 
and imaginary parts are denoted by α and β, respectively. Additionally: *x − complex con-
jugate of x .  
 The resistance matrices ,II

sR  II
rR  and the leakage inductances II

slL , II
rlL  have the same 

generic structure: 
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 The matrices of self and mutual inductances have the following structures: 
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3H3 matrices Qs, Qr, Qsr have their elements srrsQ //  equal to 1 or 0. The element 1// =srrsQ  if 
for the given harmonic orders ,νν H∈  associated with the row, and ,ρρ H∈  associated with 
the column, the condition for the harmonic order mHm ∈−−= ρν  is satisfied. This harmonic 
condition is indicated by the subscript 1 in the matrix structure. Thus, the generic form is 

  

,...1,0,1...,
,...1,0,1,2...,

)61(

)61(

)63(

,...1,0,1...,;,...1,0,1,2...,;)61()61()63(

2
1

2
)2(

2
)1(

1
)0(

)2()2()1()2()0()2(

)2()1()1()1()0()1(

)2()0()1()0()0()0(

212
)2(

2
)1(

1
)0(

111
111
111

−=
−−=

∈

+−=

+=

+=

∈−−=∈−−=∈−−=

∈−−=∈−−=∈−−=

∈−−=∈−−=∈−−=

−=−−=∈+=+−=+−=

⎪
⎭

⎪
⎬

⎫

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

k
k

H

pk

pk

pk

HmHmHm

HmHmHm

HmHmHm

llHplplpl

mmm

mmm

mmm ν

ρ

ν

ν

ν

ρνρνρν

ρνρνρν

ρνρνρν

ρρρ

s/r/srQ
 (30) 

 The electromagnetic torque takes the form: 
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 Parameters of the magnetising current vector are described according to the formulae given 
below. 

  ,22
βΜαΜΜ iii +=  (32) 

  [ ] ,sin)(cos)( 322
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  [ ] ,cos)(sin)( 322
1

12
31

322
1 ϕϕβΜ piipiiii rrrnss sr

−++−=  (34) 

  ,arctg
αΜ

βΜα
i
i

=  (35) 

nsr − the effective stator/rotor turns ratio per phase (voltage ratio). 
 Generally, it is clear from (30) that, independently of Zs, Zr and μ: 

  ...}.,2,1,0;2{ ±±=== kpkmHm  (36) 

 So, instead of the matrix Qs/r/sr the Table 1 of harmonic orders balance between m,, ρν  
can be utilised. The triplets synonymously indicate the harmonic inductances srrs

mM //
,ν  pres-

cribed to the given matrix cell. 
 

Table 1. Balance of harmonic orders ν, ρ, m in matrices II
sr

II
r

II
s MMM ,,  

ρ (0) ρ (1) ρ (2)  

..., ±9p, ±3p,... ...,–13p, –7p, –p, 5p, 11p... ...,–11p, –5p, p, 7p, 13p,...  

m = 6pk m = −2p (1 + 3k) m = 2p (1 + 3k) ν (0) 
..., ±9p, ±3p,... 

m = 2p (1 + 3k) m = 6pk m = −2p (1 + 3k) ν (1) 
..., –11p, –5p, p, 7p, 13p ... 

m = −2p (1 + 3k) m = 2p (1 + 3k) m = 6pk 
ν (2) 

..., –13p, –7p, –p, 5p, 11p, 
... 

 
 For example we can assume the following sets of harmonic orders: 

  Hμ = {–2, 0, 2} 
  Hm = {–8p, –6p, –4p, –2p, 0, 2p, 4p, 6p, 8p} 
  Hν = Hρ = {–13p, –11p, –9p, –7p, –5p, –3p, –p, p, 3p, 5p, 7p, 9p, 11p, 13p}. 

 Thus, for this case, Table 1 takes the form shown below. In this table the harmonic orders 
,/' pv=ν  ,/' pp=ρ  pmm /'=  are shown. 

 To formulate the self and mutual inductances of matrices in Equations (24) and (25) the 
harmonic inductances given by series (27-29) must be known. They are assigned to a specific 
place of these matrices determined by Table 2. However, for the assumed sets of harmonics 
Hμ , Hm, Hν the harmonic inductances are synonymously determined by the mutually depen-
dent numbers μ, ν, m, n. This requirement results from equation (6) under the condition (11). 
As such, for the given values m and μ resulting from Hm and Hμ, respectively, the possible 
parameters k and l must be determined by satisfying the equation m = kZs + lZr + μp. Hence, 
the equation n = lZr is given for the inductances. From the above it is clear that the numbers k 
need not be known explicitly. They are hidden in the parameters m.  
 For the analysed example the determined sets of numbers m’, k, l, μ are presented in 
Table 3 for the three-phase motor with Zs = 36, Zr = 24, p = 4. 

Brought to you by | Biblioteka Glówna Zachodniopomorskiego Uniwersytetu Technologicznego w Szczecinie
Authenticated

Download Date | 11/5/14 10:40 AM



                                                              P. Drozdowski, A. Duda                                                 Arch. Elect. Eng. 498 

Table 2. An example of harmonic orders ν’, ρ’, m’ corresponding to Table 1 

ρN !9 !3 3 9 ρN !13 !7 !1 5 11 ρN !11 !5 1 7 13 

mN νN mN νN mN νN 
!6  9 3 !3 !8   9 3 !3 !4  9 3 !3 !9 
0 9 3 !3 !9 !2  9 3 !3 !9 2 9 3 !3 !9  
6 3 !3 !9  4 9 3 !3 !9  8 3 !3 !9   

mN νN mN νN mN νN 
!4 13 7 1 !5 !6  13 7 1 !5 !8  13 7 1 !5 
2 7 1 !5 !11 0 13 7 1 !5 !11 !2 13 7 1 !5 !11
8 1 !5 !11  6 7 1 !5 !11  4 7 1 !5 !11  

mN νN mN νN mN νN 
!8  11 5 !1 !4  11 5 !1 !7 !6  11 5 !1 !7 
!2 11 5 –1 –7 2 11 5 –1 –7 –13 0 11 5 –1 –7 –13 
4 5 –1 –7 !13 8 5 !1 !7 !13  6 5 !1 !7 !13  

 
Table 3. Sets of numbers mN, k, l, μ supplementing Table 2 

mN = m/p k l μ 
!4 5 !2 
!2 2 !2 
0 !1 !2 

!8 

2 !4 !2 
!4 5 0 
!2 2 0 
0 !1 0 

!6 

2 !4 0 
!4 5 2 
!2 2 2 
0 !1 2 

!4 

2 !4 2 
!2 3 !2 
0 0 !2 !2 

2 !3 !2 
!2 3 0 
0 0 0 0 

2 !3 0 
!2 3 2 
0 0 2 2 

2 !3 2 
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!2 4 !2 
0 1 !2 
2 !2 !2 

4 

4 !5 !2 
!2 4 0 
0 1 0 
2 !2 0 

6 

4 !5 0 
!2 4 2 
0 1 2 
2 !2 2 

8 

4 !5 2 

 
 It can be observed that the sets of positive and negative numbers are identical for the 
absolute value. This is the result of applying the Euler’s identity. 
 Both the voltage equation sets for the stator (24) and for the rotor (25) can be transformed 
into one reference frame x-y rotating at the angular speed tdx d/αω =  with respect to the axis 
α of the stationary reference frame α-β. The transformation matrix 

  ]1[diag αα jj ee−=xy
αβT   (37) 

does not change the zero components of stator and rotor voltages and currents. 
 Denoting the real and imaginary parts of transformed voltage and current vectors by x and 
y, respectively, the following relationships are then valid 
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 (38) 

 Removing iry from the set of differential equations the position angle α becomes the state 
variable together with isx, isy, irx and the rotor speed ω. So, we can obtain the final form of 
differential equations describing the machine. The differential equations describe now the DC 
circuit representing the machine. 
 According to (24) and using (38) the stator voltage equations for the stator and the rotor 
star connections can be written now in the form presented below. 
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 Taking into account that the positive and negative harmonic orders are the same for the 
absolute value the last two terms of the formula (39) can be written in the form: 
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 (40) 

 The above description is valid when for each element of the matrices the relevant harmo-
nics, belonging to the determined sets, are considered. 

2.4. The zero sequence voltage 
 The formula describing the zero sequence voltage results directly from expressions (39), (40): 
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 Determining the whole derivatives 
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 The above expression takes into account the ratio nsr that changes the value of sr
mM ,ν  yield-

ing .,
/

,
sr

msr
sr

m MnM νν =  Additionally, td/dϕω =  − the rotor speed, tx d/dαω =  − the reference 
frame speed. 
 For the steady state: ,tt sx ωωα ==  ,tωϕ =  ,0d/d,0d/d == ttttM s  where ss fπω 2=  
− angular frequency of mono-harmonic supplying voltages. At the rotor’s one broken phase 
the steady state phase currents assume the values: )(sin 1

// tsnIi srK ω= , ,//
KL ii −= , 0/ =Mi  (n1 = 

1, 2, 3,... , s − motor slip, srr nIrI // = ). Thus, the rotor current vector takes the following form 
in the x-y reference frame:  

  .)( )1()1(
2

11
/ tsnjtsnjI

r
ssr eei ωω +−− −=  (43) 

 Hence, omitting derivatives of currents, the zero sequence voltage )0(
su  takes the simplified 

form containing only the rotational components: 

  

{ } { }
{

}.})()(

)]([(])1({[Re6

Re2Re2

)1()()1()1(
2

/
,

)1()1(
2

/
,,

,,,

**)0(

11
/

11
/

tjntjtpmjtsnjtsnjIsr
m

tsnjtsnjIsr
ms

s
ms

nm

tj
sss

tj
sss

eeeeeMpm

eeMiMnj

eiLjeiRu

sssr

ssr

ss

ωωμωνωω
ν

ωω
νν

νμ

ωω

ων

ωμω

ω

−−++−−

+−−

−−++

+−+⋅−++

++=

∑  (44) 

 These components are the alternating waveforms of frequencies specific for the symmetry 
condition and indicating the asymmetry. More detailed analysis allows for additional com-
ponents of the zero voltage to be interpreted. For the rotor asymmetry this approach has been 
sufficient. 
  $ Symmetry  
 There are two series 

  ,)1(1 ωωμω ns +−=  

  .)(12 ωνωω pm −++=  
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 Introducing:  

  ,)1( sp
s −= ωω  =μ !10, !6, !2, 0, 2, 6, 10, ,rlZn −=  pkm )61( +=−=+ ρν  

the following frequencies can be distinguished: 

  ,)1()1(1 s
p

lZff r
ss −−−= μ  (45) 

  ,)1)(62()1(2 sk
p

lZff r
ss −++−+−= μ  (46) 

  ,...2,1,0;,...2,1,0 ±±=±±= kl  

  $ Asymmetry 
 The relevant spectrum contains frequencies fs1 (45), fs2 (46) and additionally the frequen-
cies caused by the asymmetry: 

  ,2)1( 11113 1 ssnsss sffsfnff −=+−= =  (47) 

  ,2)1( 21124 1 ssnsss sffsfnff −=+−= =  (48) 

  .5 ss ff =  (49) 

 
 

3. Laboratory tests 
 
 The influence of rotor asymmetry on the zero sequence voltage was tested using the slip-
ring induction motor SZUDe48a. The ratings are: PN = 2.2 kW, Us-sN = 380 V (Y), IsN = 7.6 A, 
fsN = 50 Hz, nN = 690 rev/min, ηN = 0.68, Ur-rN = 62 V (Y), IrN = 24.5 A. Stator parameters: 
ms = 3 (number of phases), Zs = 36, Zr = 24, p = 4, qs = Zs/(2m sp) = 1.5.  
 The motor was supplied with the 3-phase mains of the r.m.s. value equal to 400 V. The 
supplying voltages were distorted with respect to pure sinusoid with higher harmonics of the 
orders: 3 (6.85 V), 5 (3.84 V), 7 (1.01 V), 9 (0.892 V), 11 (1.413 V) 15 (1 V). The steady state 
waveforms are shown in Figure 3. 
 The influence of rotor asymmetry was analyzed on the background of symmetrical ope-
ration. The asymmetry was performed as the failure of the rotor phase M. Results of measure-
ments are shown in Figures 3 and 4 for the motor loaded with the approximately rated torque 
value. Harmonic bars of un observed at symmetrical and asymmetrical operation can be pre-
dicted using the formulae (45) – (49).  
 It seems the theoretically predicted harmonic components of 3/)0(

sn uu = , specific for the 
symmetrical operation, appear in the real machine. The harmonic bars for fs1 in Figure 5a are 
caused by the magnetic saturation. Additionally, it is visible by the bar at fs5 = 50 Hz indi-
cating an asymmetry in the stator. This can be caused by an asymmetrical supply, internal 
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asymmetry of the stator circuit or the anisotropy. For the studied motor the two former reasons 
are most likely contributors. 
 

 
Fig. 3. Measured voltages in the system from Fig. 1 

 
 The rotor asymmetry is synonymously indicated by the bar fs5 in Figure 5b. Additionally, 
for currents iU and iK the characteristic bars have been shown for frequencies in square boxes. 
The distortion of supply voltages with higher harmonics does not influence the neutral voltage 
waveform un. 
 In the figures only the greatest bars were analyzed. They can be easily measured and 
observed in the linear scale. 
 

 
Fig. 4. Measured waveforms of stator and rotor phase currents and the neutral voltage:  

a) symmetry at the slip s = 0.0726, b) asymmetry at s = 0.1277 
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Fig. 5. Spectra of the waveforms: a) from Fig. 4a, b) from Fig. 4b 
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4. Conclusions 
 
 Magnetic saturation of induction motor generates new signals of the neutral voltage indi-
cating the presence of asymmetry of the rotor circuit. This is beneficial only for the star con-
nected stator winding. For the delta connection the zero sequence stator current could be taken 
into account. Other damages like eccentrically rotating rotors can be detected using this me-
thod as well. Distortions of supplying voltages influence the neutral voltage un in a low de-
gree. The currents and phase voltages are influenced more. So, this method could be applied 
for fault detection of induction motors supplied by power electronic units.  
 Particularly, this can be valid when the motor is supplied with a current source inverter or 
the current controlled voltage source inverter. In such a case the stator current is forced by the 
control system and the spectral response is quite different than using the voltage forced ope-
ration. So, the signals indicating motor faults should be searched for in voltage signals and, 
among them, the zero sequence voltage. 
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