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EXAMPLES OF FRACTAL OBJECTS GENERATED AS THE UNION
OF TERMS OF A SEQUENCE OF SETS USING THE IFS METHOD

Piotr FURMANEK

Wroclaw University of Technology, Department of Aitecture
ul. B. Prusa 53/55, 50-317 Wroctaw, POLAND
e-mail: piotr.furmanek@pwr.edu.pl

Abstract: The Iterated Function System is a commonly usechogebf generating fractals.
Iterating Hutchinson’s operator, which is a setidgnp of contraction mappings, leads
to the construction of an attractor which is mamtnmonly a fractal. Fractals obtained in this
way have the property that their area or volumereteses as the iteration proceeds. Using
the analogy of a geometric series, a modificatidnttes method of fractal generation
is proposed, based on the union of a sequence tef which enables the construction
of geometric objects with an increasing volume, levhireserving the fundamental fractal
nature of the object.

Keywords: fractal, iterated function system, Hutchinson’srapar

1 Classical fractals
The majority of classical fractals are construaiethg an algorithm for removing fragments
of a starting set, called the initiator. Repeatedations of this procedure lead to a reduction
in the area or volume of the set. The Si&ski triangle and carpet are examples of two
dimensional sets with zero area. The corresponitiree dimensional sets with zero volume
are the Sierpiski pyramid and the Menger sponge, respectively.

In the case of the Siefimki pyramid, the initiator is a regular tetrahedseith sides
of lengtha. The midpoints of the edges of this tetrahedromfdine corners of a regular
octahedron with sides of lengt&/2, which we remove from the original tetrahedron
in the first stage of construction. The remainirg, svhich is called the generator, consists
of four regular tetrahedrons with sides of lengi2. Repeating this procedure on each
of the resulting tetrahedrons farsteps leads to the construction of the Siesigi pyramid,
whose volume tends to zeroragends to infinity.

In the case of the Menger sponge, the initiata cibe with sides of lengty which
we initially divide into 27 contiguous cubes withdes of lengtha/3. In the first step
of the construction, we remove the most centrahe$e 27 cubes, together with the six cubes
which share a common face with it. Thus, in thetfistep leading to the construction
of the generator, seven cubes are removed andn2éirreRepeating this procedure on each
of the resulting cubes far steps leads to the construction of the Menger owhese volume
tends to zero astends to infinity.

2 The IFS Method

Independently of the descriptive procedure, thevabobjects can be generated using

the iterated function system (IFS). The procedoregenerating a fractal using the IFS can

be described as follows:

Consider a given subset A of a complete metricespés (X, d) contained in the spacé R

together with a Hutchinson operator W, which is timion of affine transformations [2]
W=0100,0...0 0. (1)

ISSN 1644-9363 / PLN 15.000 2015 PTGIGI



54 P. Furmanek Examples of Fractal Objects Geeetras the Union of Terms of a Sequence of SetglkiIFS Method

From the properties of affine transformations, tlesult of the superposition of affine
transformations is itself an affine transformatjah
In this article we confine our considerations tomimbhety, translations and rotations.
The superposition of such transformations can bseuted in the following form:
® = Hs© Ty,z® Pox 0y, 02 2)

where s is a homothety of scale factor s with centre & dmigin O (if |s|<1 then this
IS a contraction)Iyy,; is a translation by the vectok [tt, , ] andpy x, ¢ y, ¢ z IS @ rotation
of angle ¢x with respect to the x-axishy with respect to the y-axis anfl, with respect
to the z-axis.
The order in which the transformations are perfatnie not arbitrary. In the examples
considered here, it is assumed that the set Arss $icaled by a factor s, then translated
and finally rotated.
The effect of the Hutchinson operator on the sebA be described as the union of the results
of transformations;, oy, ..., ®,0n the set A:

W(A) = ®1(A) O o2(A) O...0 on(A) =

=Ha(A) ° To(A) ° p2(A) O p2(A) ° T2(A) © p2(A) U...0 pa(A) © Ta(A) ° pa(A). 3)
The initial set A is transformed iteratively as follows:
A1 =W(Ay),
A= W(A]_) = W(W(Ao)),
A= W(AY) for k =0, 1, 2,...n. 4)
If w1, ®, ..., ®, are contraction mappings, iterating the Hutchineperator W(A) creates

a sequence of sets which tend in the limit tp which is an attractor [4], i.e. fixed point [3],
of the transformation W(A)

W(An) = A, (5)
Example 1
Suppose the initial setpAs a tetrahedron with sides of lengihwith classical orientation
in R® (see Fig. 1a), i.e. the geometric centre of thimhedron, defined to be the centre
of the circumscribed sphere, is at the origin.
The Hutchinson operator W is the union of four tfamsations w;, w2, 3, ®4, Whose
parameters are given in Table 1.
The attractor, which satisfies WA= A,, is the Sierpiski pyramid.

Table 1

Hs Txy,z Pox oy oz

S & 1Y b bx by b2
o1 1/2 0 0 aV6/8 0 0 0
o 1/2 0 aV3/6 | aV6/24 0 0 0
o3 1/2 al4 -av3/12 | aVe/24 0 0 0
04 1/2 al4 -av3/12 | aVe/24 0 0 0

>
3

)

a b c d

Figure 1: Successive steps in the constructioheSierphski pyramid
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Example 2

The initial set B is a cube with sides of length The Hutchinson operator W is the union
of twenty transformationsyi, o, ..., w20, Whose parameters are given in Table 2. The centre
of the cube is at the origin. The attractor, wisaklisfies W(B) = B,, is the Menger cube.

Table 2

Ms Txyz Pox.oy. oz

S tx ty t; bx by b2
™1 1/3 b/3 0 b/3 0 0 0
[P 1/3 b/3 b/3 b/3 0 0 0
™3 1/3 0 b/3 b/3 0 0 0
W4 1/3 b/3 b/3 b/3 0 0 0
05 1/3 H/3 0 b/3 0 0 0
e 1/3 /3 /3 b/3 0 0 0
w7 1/3 0 /3 b/3 0 0 0
g 1/3 b/3 /3 b/3 0 0 0
Mg 1/3 b/3 b/3 0 0 0 0
™10 1/3 H/3 b/3 0 0 0 0
11 1/3 /3 /3 0 0 0 0
™12 1/3 b/3 -a/3 0 0 0 0
™13 1/3 b/3 0 /3 0 0 0
14 1/3 b/3 b/3 /3 0 0 0
™15 1/3 0 b/3 /3 0 0 0
16 1/3 b/3 b/3 /3 0 0 0
™17 1/3 H/3 0 b/3 0 0 0
18 1/3 /3 /3 b/3 0 0 0
™19 1/3 0 /3 /3 0 0 0
20 1/3 b/3 /3 /3 0 0 0

a

Figure 2: Sucessive steps in the construction@Mbnger cube

3 Modified method of generating fractal objects usig an iterated function system
A minor modification the IFS method enables us emagate fractal sets, whose volume
increases as the iterative process progresses.h&sa whe IFS method is used, a subset A
of the complete metric space X = (X, d) containedR{ is transformed using a Hutchinson
operator which is a union of contraction mappings

W(C) =01(C) U w2(C) O...0 on(C). (6)
Similarly to the previous examples, these contoactnappings are limited to the following
transformations: homothety (of absolute scale fast), translations and rotations.
Iterating the Hutchinson operator W(A) generatedaliewing sequence of sets:
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Ci+1=W(C) fork=0,1, ..., n. 7
The modification proposed is analogous to the goinoéa geometric series and is based on
summing the sets in this sequence.
UG, = GG O...0C,. (8)

The limiting set of this sequence shows self-sintitgproperties — the most characteristic trait
of fractals.
Example 3
The initial set @ is a regular octahedron with sides of length a/2, located in such a way
that it is the figure removed from a tetrahedronhwsides of lengtha at the first stage
of generating the Sienfiski pyramid according to the descriptive procedyiven above (see
Fig. 3a).
The corresponding Hutchinson operator W(C) is theruof four transformationsi, o;, o3,
w4, Whose parameters are given in Table 3. The geanstntre of this octahedron, taken
to be the centre of the circumscribed sphere, tiseabrigin.
Iterating the operator W(C) generates a sequensetsf whose union YCgiven by

UC, = GUOC,0...0C, where G.=W(C) fork=0,1,...,n (9)
is the complement of the Siefigki pyramid in the space of the tetrahedron witthesi
of lengtha, that is to say the set of the elements removenh fthe tetrahedron during the
process generating the Siergki pyramid according to the descriptive procedWe. have

UC,=AS° (10)
Table 3

s Tx,y,z

S & 1Y b dx
01 1/2 0 0 c\V6/4 0
O 1/2 0 cV3/3 cV6/12 0
3 1/2 c/2 oV/3/6 | cV6/12 0
04 1/2 </2 oV/3/6 | cV6/12 0

a

Figure 3: Successive steps in the constructidghetomplement to the Siefigki pyramid UG = A

Example 4
In this example there are two phases in the ganaraf the limiting set. In the first phase
the initial set I3 is a cube with sides of length= b/3 (Fig. 4a) and the Hutchinson operator
T is the union of six transformations, Y., ..., Ws, Whose parameters are given in Table 4.
We have

T(D) :llJ]_D W2 0...o We. (11)
The result of applying the operator TDis the object B = Ey, which is the initiator
for the operator W(E) in the second phase of geingréhe limiting set. We have

T(Do) = D; = E. (12)
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The centre of the cubeyDas well as the geometric centre of the seaiid the fixed point

of the homothety, is located at the origin.

Table 4
Hs Txy,z Poxoydz
S k Y b x by UF
P1 1 d 0 0 0 0 0
17} 1 -d 0 0 0 0 0
Ps 1 0 d 0 0 0 0
Wa 1 0 -d 0 0 0 0
Ps 1 0 0 d 0 0 0
Ps 1 0 0 -d 0 0 0
The Hutchinson operator W(E) is the union of twemnénsformationsos, o, ..., w2, Whose

parameters are given in Table 5. We have

W(E) :0)1(E) U (Dz(E) 0...0 0)20(E). (13)
Table 5

Hs Tx,y,z p¢ X0y ¢z

S tx ty L x by o,
™1 1/3 d 0 d 0 0 0
®2 1/3 d d d 0 0 0
03 1/3 0 d d 0 0 0
®4 1/3 -d d d 0 0 0
s 1/3 -d 0 d 0 0 0
W 1/3 -d -d d 0 0 0
W7 1/3 0 -d d 0 0 0
g 1/3 d -d d 0 0 0
08 1/3 d d 0 0 0 0
®10 1/3 -d d 0 0 0 0
®11 1/3 -d -d 0 0 0 0
12 1/3 d -d 0 0 0 0
013 1/3 d 0 -d 0 0 0
14 1/3 d d -d 0 0 0
®15 1/3 0 d -d 0 0 0
M16 1/3 -d d -d 0 0 0
W17 1/3 -d 0 -d 0 0 0
18 1/3 -d -d -d 0 0 0
®19 1/3 0 -d -d 0 0 0
®20 1/3 d -d -d 0 0 0

Iterating the Hutchinson operator W(E) generatsscuence of sets, whose union is given by
UE,= B OE O ... O E, where Ra=W(Ey).
This is the complement of the Menger cube withim $hace of a cube with sides of lenigth

and centre at the origin, because the sets inuthisn correspond exactly to the elements

(14)

removed from such a cube during the constructiontlhed Menger cube according
to the descriptive procedure. We have

UE, = By".

ISSN 1644-9363 / PLN 15.000 2015 PTGIGI
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b

Figure 4: Successive steps in the constructioh@tbmplement to the Menger cube JEB,°

Example 5

In this example the construction of the set is mgiine in two phases. The initial sef A
is a tetrahedron with sides of lengdh (Fig. 5a). This set is transformed usigg which
is the superposition of a homothety of scale fatt{dranslation and rotation, as follows:

W1(Ao) = (M1 ° T1° P1) (Ao) = As. (16)
Table 6
s Tx,y,z p¢ X0y, ¢z
S & % b x by b,
U1 1 0 0 av6/6 0 180 180

The union of the sets¢fand A is the initiator i of the operator W in the second phase
of generating the limiting set. We have

Fo: AoDAl.
The Hutchinson operator W(F) is the result of sppsing four transformations;, ®,, ®s,

4, Whose parameters are given in Table 7. We have
W(F) :O)]_(F) O O)z(F) O 0)3(F) O O)4(F).

(17)

(18)

The geometric centre opRaken to be the centre of the circumscribed sphemat the origin.

Table 7
Hs Txy.z Pox oy oz
S % ty t ¢x ¢y ¢Z
o1 1/2 0 0 aV6/8 0 0 0
o2 1/2 0 aV3/6 | aV6/24 0 0 0
o3 1/2 al4 _av3/12 | av6/24 0 0 0
04 1/2 a4 _av3/12 | av6/24 0 0 0

Iterating the Hutchinson operator W(F) generatesegquence of sets, whose union can
be called the additive Siergki pyramid. We have

UR,=ROF0O...0F where ki = W(K)

(19)
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Figure 5: Successive steps in the constructioheatditive Sierpiski pyramid

Example 6

The initial set B is a cube with sides of length(see Fig. 6a).

The operator W(B) is the union of twenty six tramefations, whose parameters are given
in Table 8. The centre of the cube is at the origin

Table 8
Hs Txy.z Poxoydz
S k % b x by b,
w1 1/3 a/3 0 a/3 0 0 0
M2 1/3 a/3 a/3 a/3 0 0 0
3 1/3 0 a/3 a/3 0 0 0
(o 1/3 a/3 a/3 a/3 0 0 0
o5 1/3 a/3 0 a/3 0 0 0
W6 1/3 a/3 a3 a/3 0 0 0
w7 1/3 0 a/3 a/3 0 0 0
g 1/3 a/3 a/3 a/3 0 0 0
g 1/3 a/3 a/3 0 0 0 0
™10 1/3 a/3 a/3 0 0 0 0
™11 1/3 a/3 a3 0 0 0 0
12 1/3 a/3 a/3 0 0 0 0
™13 1/3 a/3 0 a/3 0 0 0
W14 1/3 a/3 a/3 a/3 0 0 0
W15 1/3 0 a/3 a/3 0 0 0
™16 1/3 a/3 a/3 a/3 0 0 0
17 1/3 a/3 0 a/3 0 0 0
™18 1/3 a/3 a3 a/3 0 0 0
™19 1/3 0 a/3 a/3 0 0 0
20 1/3 a/3 a/3 a/3 0 0 0
W21 1/3 a/3 0 0 0 0 0
22 1/3 -a/3 0 0 0 0 0
®23 1/3 0 a/3 0 0 0 0
24 1/3 0 -a/3 0 0 0 0
W25 1/3 0 0 a3 0 0 0
™26 1/3 0 0 &3 0 0 0

Iterating the opearator W(B) generates a sequefficeets, whose union can be called

the additive Menger cube. We have

UB, =

BoUB1 0 ..

. 0B, where Bs1 = W(By)

ISSN 1644-9363 / PLN 15.000 2015 PTGIGI
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a b c

Figure 6: Successive steps in the constructiohebtlditive Menger cube

Example 7

The initial set G is a regular icosahedron with sides of lendthThe Hutchinson operator
is the union of twelve transformations, whose pat@nms are given in Table 10. The centre
of the icosahedron is at the origin.

Table 9

Hs Tx,y,z p¢ X0y, ¢z

S 1% ty t; ¢'x ¢y ¢Z
o1 1/3 0 0 % \10+ 245 0 0 180
o 1/3 0 0 -% 10+ 24/5 0 0 180
o3 1/3 0 0 % \10+ 245 0 6% 0
o 1/3 0 0 % \10+ 245 0 6% 72
o5 1/3 0 0 % \10+ 245 0 6% 1448
w6 1/3 0 0 % \10+ 245 0 6% 72
w7 1/3 0 0 % \10+ 245 0 63 144
08 1/3 0 0 -% J10+ 245 0 6% 0
M9 1/3 0 0 -% J10+ 245 0 6% 72
®10 1/3 0 0 -% J10+ 245 0 6% 1448
11 1/3 0 0 -% J10+ 245 0 63 7P
12 1/3 0 0 -% 10+ 245 0 6% 144

Iterating the Hutchinson operator W(H) generatesfétiowing sequence of sets:
His1= W(Hy) fork =0, 1, 2, ..., n. (21)
The union of the first four members of this seqeeisdllustrated in Figure 9. We have
UH4 = H1D H2|:| H3D H4. (22)



The Journal of Polish Society for Geometry and Begring Graphics
Volume 27 (2015), 53 - 61 61

a b

Figure 9: Successive partial unions of the sequefisets H
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PRZYKLADY OBIEKTOW O CECHACH FRAKTALNYCH
GENEROWANYCH JAKO SUMA WYRAZOW ClI AGU ZBIOROW
W SYSTEMIE FUNKCJI ITEROWANYCH

Podstawow metod, generowania fraktali jest System Funkcji Iterowany w ktorym
iterowanie operatora Hutchinsona edhcego zbiorem (sua) kontrakcji prowadzi
do konstrukcji atraktora dolacego najczsciej fraktalem. Fraktale uzyskiwane tmetod
wykazup cechy zmniejszania powierzchni lub etiofci w miare wzrostu liczby krokow
iteracji. W analogii do szeregu geometrycznego enogvana modyfikacja sposobu
generowania poleg&ga na sumowaniu wyrazéwagiu zbioréw pozwala na konstruowanie
obiektéw geometrycznych o ragtlym parametrze okfosci przy zachowaniu podstawowych
wiasciwosci obiektow fraktalnych.
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