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ABSTRACT 

In this paper a new approach for GNSS carrier-phase data processing is presented. This 
approach is based on some properties of Ambiguity Function Method. New algorithm 
ensures the condition of integer ambiguities without necessity of computing it explicitly. 
The condition of “integerity” of the ambiguities is ensured through inserting condition 
equations in the functional model of adjustment problem. An appropriate, differentiable 
function for the condition equations is proposed. Some numerical problems connected 
with new approach were resolved using variable linear combinations of GNSS signals in 
cascade adjustment algorithm. 

 

1. INTRODUCTION 

 
GNNS data processing is connected with a non-standard adjustment problem. In this 
problem one group of parameters has an integer nature and that fact has to be taken into 
account. Since the earliest years of GPS system, different approaches to solve this 
problem have been developed. Recently LAMBDA method is regarded as the most 
efficient (Teunissen,1995). All these methods require the stage of the ambiguity resolution 
(AR).  The values of the ambiguities are computed explicitly. This, cause the necessity of 
cycle slip detection and repairing. There is one group of methods (Ambiguity Function 
Method - AFM) which does not require to deal with cycle slip problem. 

 
These methods take advantage of special properties of the chosen periodic functions, 
which have known values for the integer arguments (Counselman and Gourevitch, 1981; 
Remondi, 1984; Remondi, 1990; Mader, 1990; Han and Rizos, 1996 ). 
 
In this paper, a new approach for GNSS carrier phase observations processing is 
proposed, which is based on some properties of AFM. The new method ensures the 
condition of parameter “integerity” without necessity of the additional stage of the 
integer ambiguity search. It takes advantage of linear condition equations in the 
functional model. As a result of using the condition equations the ambiguity parameters 
are eliminated from the adjustment, although the condition of “integerity” of the 
ambiguities is ensured in the results.  

 
In the paper the formula of function for the condition equation is proposed. Some 
numerical problems were solved by using linear combinations of GPS signals in cascade 
adjustment algorithm.  
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2. OBSERVATION EQUATIONS 

For each double differenced (DD) carrier phase observable one can form the following 
simplified equation (Leick, 2004; Hoffman-Wellenhof et al., 2008; Teunissen and 
Kelusberg, 1998): 

( )1
cv X NλΦ + = ρ +  (1)

where: 
  – DD carrier phase observable (in cycles) 
  – signal wave length 
v – residual (measurement noise) 
Xc – receiver coordinate vector 
 (Xc) – DD geometrical range 
N – integer number of cycles (DD initial ambiguity) 

 
To simplify the equations, the propagation delay terms are omitted. Each term in 
equation (1) is expressed in the units of carrier cycles. There are two groups of 
parameters in this equation. The first group consists of three real-value receiver 
coordinates (included in the term  ) and the second group consists of an integer-value DD 
ambiguity (N).  
Let us rewrite the equation (1) as:  

( )1
cv X NλΦ + − ρ = . (2)

This is because of  the integer nature of the ambiguity parameter N.  
 
Typically, carrier phase measurement accuracy is of about 0.01 cycle (Hofmann-
Wellenhof et al., 2008). Thus the residual values should be much less than half a cycle. 
Hence the condition of “integerity” of the ambiguities will be fulfilled if:  

( )1 1v roundλ λΦ + − ρ = Φ − ρ . (3)

or 

( ) ( )1 1v round λ λ= Φ − ρ − Φ − ρ . (4)

where round is a function of rounding to the nearest integer value (Cellmer, 2008). LSA 
procedure requires linearization of the right side of the equation (4), hence, an auxiliary 
variable s is introduced: 

1s λ= Φ − ρ . (5)

Therefore, the right side of the equation (4) can be shown as a new function proposed by 
author: 

( ) ( )1round s s arctg tg sπ ⎡ ⎤Ψ = − = − π⎣ ⎦ . (6)

The function   must be differentiable so it may be linearized through, e.g., Taylor series 
expansion. The derivative of   is: 

c c

s
X s X

δΨ δΨ δ=
δ δ δ

. 
(7)
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With 
11

c c

s,and
s X X

δΨ δ δρ= = −
δ δ λ δ

. 
(8)

Hence: 

( ) ( )1 11v dx dy dz round
x y z λ λ

⎛ ⎞δρ δρ δρ= + + + Φ − ρ − Φ − ρ⎜ ⎟λ δ δ δ⎝ ⎠
, 

(9)

where: dx, dy, dz are elements of the unknown parameter vector X. The residual 
equations (9) are formed for each of n DD carrier phase observations. Then the system of 
these equations is solved with LSA method. General formula of the residual equations can 
be shown in the following form: 

V= 1
λ AX+ ,          (10) 

with: 

X = [dx,dy,dz]T (11)

1 1 1

2 2 2

n n n

x y z

x y z

x y z

A

∂ρ ∂ρ ∂ρ
∂ ∂ ∂

∂ρ ∂ρ ∂ρ
∂ ∂ ∂

∂ρ ∂ρ ∂ρ
∂ ∂ ∂

⎡ ⎤
⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

 (12)

( ) ( )1 1
λ λΔ = round Φ - ρ - Φ - ρ  (13)

where: 
V – residual vector (n×1), 
X – parameter vector (increments to a priori coordinates vector X0), 
A – design matrix (n×3), 
Δ – misclosures vector (n ×1), 
n – number of DD observations. 
 

3. ADJUSTMENT PROBLEM 

Adjustment problem can be formulated as: 

VTPV = min          (14) 

where: 
 V – residual vector, equation (11), 
 P – weight matrix. 
The solution of that problem is found as the following parameter vector: 

X =  - (ATPA)-1ATP           (15) 

together with its covariance matrix: 

CX= 2
0σ  2(ATPA)-1          (16) 

The ambiguity parameters do not occur in the derived adjustment model. Nevertheless, 
the above formulation gives results that fulfill the condition of integer ambiguities. 
Therefore, there is no need to deal with, e.g., cycle slip effects.  
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4.  LINEAR COMBINATIONS OF L1 AND L2 SIGNALS WITH INTEGER 
AMBIGUITY 

In case of equations (10) written for phase observations on single frequency (GPS L1), the 
objective function of the LSA procedure (14) has many local minimums (Figure 1). Figure 
1 presents example of LSA objective function for x and y coordinates only with z 
coordinate held fixed. The final correct solution depends on sufficiently close 
approximation of parameter values X.  
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Fig. 1. LSA objective function (with z coordinate fixed to its reference value). 
 
In the case of insufficient quality of the parameter vector approximation, the solution is 
found in any local minimum instead of the global one (where the actual correct solution 
exists). In order to solve this problem, different linear combinations (LC) of L1 and L2 
observations with integer ambiguities and longer wavelengths may be applied. The 
frequencies of the L1 and L2 signals are: f1=1575.42 MHz and f2 = 1227.60 MHz 
respectively. 
 
The equation (1) for LC of the two signals can be shown in the following form (Han and 
Rizos, 1996): 

  + v = i 1 + j 2 + v = 
= i 1

1
−λ   + iN1+j 1

1
−λ  + jN2 = (i 1

1
−λ + j 1

2
−λ ) + (iN1+  jN2) 

 
(17)

The wavelength, frequency and integer ambiguity of the linear combination can be 
expressed as: 

-1 -1
1 2 1 2

1 cλ= =
iλ +jλ if +jf

, (18)

f = if1+ jf2 
N=iN1+jN2 

(19)
(20)

where: 
 c – speed of light.  

 
If i and j are integer then N must be integer as well. 
Table 1 presents the linear combinations used in the method proposed, along with their 
wavelengths (Han and Rizos, 1996). 
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Table 1  Linear combinations of L1 and L2 signals having integer ambiguity 
LC#  i j   [m] 

1 -3  4 1.6281 
2  1 -1 0.8619 
3  1  0 0.1903 
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a) VTPV for LC=L1-L2 b) VTPV for LC=-3L1+4L2 
Fig. 2. LSA objective function for two linear combinations (with z coordinate held fixed to its reference 

value) 
 
Figure 2 presents the objective function with coordinate z fixed to its reference value for 
the first and the second linear combination from Table 1. Global minimum in the case of 
the second LS (Figure 2 a)) is visibly located and third LC (Figure 2 b)) has only one 
minimum. The choice of the above linear combinations was done on the basis of the 
analyses of theoretical properties of these combinations (Han, Rizos, 1996) and on the 
basis of large amount of  the numerical tests performed. 
 

5.  THE ALGORITHM OF THE CASCADE ADJUSTMENT WITH DIFFERENT 
LINEAR COMBINATIONS 

 
In the computation process the adjustment is performed for observation sets created for 
the linear combinations. The adjustment is performed successively according to the order 
listed in Table 1, that is, starting from LC with the longest wavelength. 

For each LC the following computation stages are performed: 
 

1) calculating the free term vector: 

( ) ( )1 1
k kk k kround λ λΔ = Φ − ρ − Φ − ρ  (21)

where:  
 k – LC index according to Table 1, 
  k – wavelength of the kth LC. 
2) calculating the parameter vector: 
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X = - k(ATPA)-1ATP k (22)

3) updating the design matrix A and the vector of double differenced geometrical 
distances   to provide better a priori parameters for the adjustment of the next 
combination.  
 

It is confirmed on the basis of  the tests performed so far that, there is no need to update 
both A and ρ at stage 3 of the algorithm. It is enough to update ρ  only according to 
formula: 

 k =  k-1+ AXk-1, (23)

where: 
Xk-1 = X0k-1 + dXk-1– parameter vector updated after adjustment of the previous, 
(k-1), linear combination. 
 

The initial a priori vector X0 may be a float solution parameter vector defined by formula 
(11) or  DGPS (Differential GPS) solution parameter vector.  

 

6. FIELD TEST RESULTS 

Test surveys were performed on  May 8th, 2007, 10:00:00-11:00:00 UT on 25 km baseline, 
with 30-second sampling rate. One hour data set was divided into six, ten minutes (20 
epochs) sessions long. The sessions were processed according to proposed approach and 
independently according to classical approach using LAMBDA method for integer 
ambiguity resolution. In each, 10 minutes long session, first solution was  obtained after 2 
epochs. Next solutions were obtained on the basis of data sets subsequently increased with 
data from consecutive epochs. “True” coordinates were derived using Bernese software 
on the basis of 10 hour data set (Dach, 2007). 
 
Figure 3 presents N, E and U component residuals, with respect to “true” position from 
Bernese. In the first column are results from proposed approach and in the second 
column results for the same data sets, obtained from classical approach using LAMBDA 
method for ambiguity resolution. On the right side of the graphs is time of sessions 
duration. 
 
 

 
 

10:00 – 10:10 
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Fig. 3.  N, E and U component residuals with respect to the “true” position from Bernese. 
 

Only in the last and previous to last sessions proposed approach did not give good results. 
In sessions 1 to 4 solutions gained convergence after 8th epoch.  
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10:50 – 11:00 



– 84 – 

 

 

7. CONCLUDING REMARKS 

 
It was shown, that the new method enables precise GPS positioning without necessity of 
explicit computation of the carrier phase DD ambiguities, although the condition of their 
“integerity” is fulfilled. First tests showed high efficiency of the proposed approach. The 
advantage of the presented method is robustness to cycle slip effect. Extensive numerical 
tests of the new approach must be carried out using several different data sets. 
 
 
REFERENCES 
 
Cellmer S. (2008) Integer Least Squares Adjustment with condition equations. Proceedings of the 

7th International Conference Environmental Engineering, Vilnius, May 22-23, 2008. pp. 
1281-1283.  

Counselman C C and Gourevitch S A 1981 Miniature interferometer terminals for earth 
surveying: ambiguity and multipath with the global positioning system IEEE Trans. Geosci. 
Remote Sensing GE 19 pp. 244-252. 

Dach, R., Hugentobler, U., Fridez, P. Meindl, M., (2007) BERNESE GPS Software Version 5.0, 
Astronomical Institute, University of Berne, 612 pages. 

Han S., Rizos C. (1996) Improving the computational efficiency of the ambiguity function 
algorithm, Journal of Geodesy 70 pp. 330-341. 

Hofmann-Wellenhof, B., Lichtenegger, H., and Wasle, E. (2008) GNSS-Global Navigation 
Satellite Systems - GPS, GLONASS, Galileo & more. Springer-Verlag Wien, 516 pages. 

Leick, A., (2004) GPS Satellite Surveying. 3rd edition, John Wiley and Sons, Inc, 435 pages.  
Mader GL  (1990) Ambiguity function techniques for GPS phase initialization and kinematic 

solutions. In: Proceedings of the Second International Symposium on Precise Positioning 
with the Global Positioning System, Ottawa, Canada, September 3-7, pp. 1233-1247. 

Remondi BW (1984) Using the Global Positioning System (GPS) phase observable for relative 
geodesy: modeling, processing, and results. University of Texas at Austin, Center for Space 
Research.  

Remondi BW (1990) Pseudo-kinematic GPS results using the ambiguity function method. 
National Information Center, Rockville, Maryland, NOAA Technical Memorandum NOS 
NGS-52. 

Teunissen P.J.G. (1995) The least-squares ambiguity decorrelation adjustment: a method for fast 
GPS integer ambiguity estimation [J]. J Geod. 70: 65-82.  

Teunissen, P.J.G, and Kleusberg, A., (1998). GPS for Geodesy, Springer — Verlag, Berlin 
Heidelberg New York, 650 pages. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


