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Abstract

In this paper one discusses the problem of modelling of thermal barrier coatings in an unified
way. This approach takes into account both mechanics of materials responsible for behavior of
the thermal barrier coatings and its production relying on preparation of material for deposition
and the deposition itself. Two pillars of the unified description are considered. The first one is
the notion of index of structure. The second one is created by criteria of design of properties
of the thermal barrier coatings. It is suggested to apply the multiscale method of modelling for
the behavior of material in deposited layer called collection of dynamical systems with dimen-
sional reduction. This multiscale approach is viewed as appropriate theoretical environment for
expression of design criteria of the layer. We mean by this the criteria related to mechanical re-
sistance against damage and criteria for thermal properties. It is accentuated that the two-scale
segment of multicale modeling composed of molecular dynamics and nanoscale modeling is of
primary importance for the design tasks. Possibility of consideration of both mentioned meth-
ods of modelling follows from properties of the collection of dynamical system approach which
allow us to treat molecular dynamics and continuum mechanics models within one theoretical
scheme. Premises for design of production of thermal barrier coatings process are placed in the
design of layer properties which could be next transformed into design of indexes of structure
corresponding to various stages of the deposition.
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1 Introduction

Thermal barrier coatings (TBC) are produced to protect elements of construc-
tions against damage induced by high temperature. Thermal barrier coatings are
widely applied for protection of turbine blades working at high temperature in
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turbines for propulsion and power generation. The benefit of TBC application in
the last case follows from their ability to sustain a high thermal gradient in the
presence of sufficient backside cooling. It reduces temperature on the surface of
turbine blades composed of superalloy up to approximately 150 °C. The coatings
systems applied to turbine blades [26] predominantly consists of partially stabi-
lized zirconia top coat (YSZ), thermally grown oxide (TGO) and a metallic bond
coat deposited on superalloy. However, many other materials are investigated with
respect to their usefulness to construction of TBC [27]. Thermal barrier coatings
are produced usually by a deposition process. The deposition process can be
realized by various methods. Let us mention for instance the physical vapour
deposition or chemical vapour deposition within a general classification. In the
first case the electrospraying method is important and has wide applications [1].
Plasma spraying process [28] or electron beam-physical vapour deposition (EB-
PVD) [29] are predominantly applied for production of TBC imposed on turbine
blades. The deposition process enables us to produce a layer of material deposited
on the previously prepared surface. This region of scientific investigations is dom-
inated by experimentalists which realize in practice various methods of deposition
and various means for controlling it. Theoretical descriptions of various kinds are
also developed, especially in case of modelling the deposition surface [2—-6].

Thermal barrier coating is a considerably smaller object than the turbine
blade especially in one dimension. Thus, the problems related to production as
well as operation of such a layer differs from traditional engineering objects. Usu-
ally, we are not prepared to design of such objects. This is so since the level
of design is determined by the level of validity of theory which is applied to de-
scription of the designed object. It means that it would be desirable to improve
theoretical modelling of thermal barrier coatings in order to extend formal engi-
neering activity to the area of design of such fine objects.

We encounter in literature various approaches to modelling the mechanical
properties of thermal barrier coatings. Many papers are devoted to the descrip-
tion of damage of such structures. We are not going to do any review of mechanics
related to TBC. Our aim is reduced to make a conclusion why such descriptions
should be improved and in what direction it should be done. Omne considers in
literature the cracking of thermal barrier coatings. Elastic and viscoplastic mod-
els are applied for description of deformation of material. Finite element methods
are predominantly applied. Delamination of layers in TBC is also frequently dis-
cussed. Fracture mechanics is applied for functionally graded materials which are
also applied for TBC production. Above discussion gives an image on methods
which are applied for description of mechanical behavior of TBC. All approaches
are directed towards particular aims and use well elaborated methods in mechan-
ics of materials usually applied for considerably larger objects. Scale is taken into
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account by division of layers into small parts by finite elements. However, this
does not lead to modification of constitutive equations which frequently can de-
pend on scale especially for thin structures and in context of varying temperature.
The conclusion is that modelling of processes in TBC layer is rather traditional.
However, by further discussion we estimate that such a modelling can be very
complex. This is the case for modelling of damage which depend on various
mechanisms of inelastic deformation depending on temperature. Therefore, it
seems to be necessary to discuss wider context which would provide premises for
modelling phenomena in objects which are small at least in one dimension.

The design of thermal barrier coatings should take into account ability of such
a structure to protection against the external temperature. However, necessity of
operation of TBC layer in thermal cycles when thermal stresses appear, in envi-
ronment inducing corrosion as well as wearing follows that its resistance against
damage is, as a matter of fact, of primary importance. Consequently, design of
TBC needs appropriate mechanics of materials for its structure.

Structure of TBC layer depends on the way of its production. The process
of production contains both preparation of material for deposition as well as the
method of deposition as such. Thereby, we would like to design the layer with
respect to properties and its behavior during working but such properties depend
just on the structure obtained during the production. It seems that the design
process should be concerned with the way of production as well as properties of
TBC during its operation. Consequently, the theoretical description should unify
both the production process of the layer of material and mechanics of materials
related to description of behavior of TBC. Then, the question is, what kind of
theoretical description is appropriate for realization of the aim discussed above.

First, we see that fundamental notions of the theoretical description should
be associated with preparation of deposited substance and methods of deposition
since such processes are responsible just for the kind of material as well as struc-
ture which will be obtained within the deposited layer. However, this aspect is
not sufficient yet since we have not any aims for preparation of material at this
moment. After the deposition we are in fact within the mechanics of materials
since we are interested in mechanical, thermal, physical or chemical properties of
the obtained layer. Therefore, the second aspect of theoretical description should
give a possibility of expression of properties designed for the layer within me-
chanics of materials. Having at our disposal both mentioned above aspects we
have a chance to design the deposited layer and analyse methods of controlling its
production within a unified theoretical description. In such a case we could also
have a possibility of realization of numerical simulations of processes still before
realization of the deposition in practice.
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Summarizing, the aim of this paper is to present the concepts which could lead
to unification of theoretical description of production and behavior of thermal
barrier coatings. The concept discussed here is based on notion of the index
of structure and multiscale mechanics of materials. The index of structure is
introduced in order to manifest which components of structure are associated with
various stages of the preparation as well as realization of the depositon process.
Multiscale mechanics of materials is the second pillar of description. It provides
theoretical environment for expression of design criteria for the deposited layer.

In this paper one also discusses in a general way problems and physical phe-
nomena which appear especially in ceramic materials constituting TBC layers in
order to elucidate complexity of possible theoretical descriptions.

2  On the notion of index of structure

Index of structure is introduced in order to reflect within constructed theory
the fact that deposited structure depends on the whole process of preparation
of material to spraying, process of spraying and finally the deposition. Let us
consider the situation when we prepare a powder for instance. Then, the structure
can be characterized by variables describing kind of single crystal contained in
subgrains of the powder grain. Thereby, this structure will be present in final
deposition layer. Consequently, we should have at our disposal this fact expressed
within the theory.

We would say that indexes of structure are related to various stages of the
deposition process. However, the term stage can be not sufficiently precise since
the stage is in fact related to the time interval in which it occurs. In the deposi-
tion process some subprocesses can be carried out in parallel or even can change
the order. This is possible since they can happen at various places. Therefore,
we introduce the term segment of the deposition process. Thus, preparation of
powder is a different segment than spraying which in turn is different than the
deposition as such. Within the segments we distinguish processes when indexes
of structure depend on time. We assume that the kind of index of structure is the
same within the given segment. Taking into account above preliminary discussion
we define the index of structure in the following manner:

Definition 2.1 The index of structure related to a segment of deposition pro-
cess is a set of variables which represents characterization of structure of material
which is next transported to the deposition layer.

The term stage can be also applied in what follows. We use them when some
segments have to be realized successively and when the context of such a situation
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is clear. Let us distinguish some segments corresponding to the deposition process.
First the matter should be prepared to spraying. Let it be a powder for instance.
Then, the index of structure is related to the form of structure contained in
the powder. However, the powder can also be transformed still before spraying.
Let us mention nanostructurization for instance [43]. In such a case we would
consider several segments during preparation of powder. We distinguish here one
segment only for simplicity. As a result we can distinguish the index of structure
corresponding to preparation of matter to spraying process. Let it be expressed
in the form

Iprep =4Zp1,...Ipn}, (1)

where Zp; stand for various components of index of structure, in particular corre-
sponding to various possible components of powder. We can consider for instance
graded material produced during deposition by spraying various components [33].
Let us discuss possible variables which could be components of the index of
structure. Let us consider for instance an example which contains variables

IPj = {C, 9, Sh} ’ (2)

where group of variables ¢ represents kind of crystal structure of particles in the
powder, group of variables g represents size of grains and group of variables sy,
reflects shape of grains. We do not discuss variables in more detail at this moment.
Let us mention that variables are related to the scale of averaging applied in
modelling. Let us note that the free energy V. related to single crystal grain
can be attractive and perhaps very important variable. It characterizes crystal
structure similarly as ¢ but contains also additional information on material. In
case of ¢ or ¥, we have to do with discrete variables since they follows from a finite
set of possible crystal structures. Variables of type g or sp, can be continuous. The
next segment of deposition process is related to spraying. We assign the index of
structure to this process in the following form

IJ:{Ijl,...,ZJn}. (3)

Let us note that components of Z; should coincide with Zpgrgp since spraying does
not transform the matter which is sprayed. However, eflux of sprayed matter can
be divided into parts in case when various components of powder are sprayed.
Then, indexes of structure are also assigned to corresponding parts. It is also
admissible that process of spraying has an effect on the structure of sprayed
material. The next segment corresponds just to the deposition process as such.
Then, the index of structure can be expressed as

Iom = {Zg, Ty} . (4)
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The component Zg stands for the index of structure related to surface of deposited
matter. Let us note that form of the surface depends on methods of deposition and
by this creates new variables related to the structure. Let us mention for instance
local peaks and cavities of the surface which next will be responsible for production
of pores in deposited material. Size of such objects and their geometry can be
considered as new kind of variables considered as the index of structure. The
component Zy; represents structure of three-dimensional deposited material. In
this case only the pores are the important elements of structure. Consequently its
geometrical characterization can be carried out by means of corresponding index
of structure. Role of scale in modelling the deposition, description of evolution of
surface of deposited material, and methods of defining of index of structure for
deposited material in context of scale, is discussed in [6].

We can also introduce additionally indexes of structure for post-deposition
processes. Let they be expressed by

Iyt =A{Zvrs - Iurp) - (5)

The last step means that we admit various possibilities in changing structure of
deposited layer after the deposition process for its improvement.

Let us comment on the role of index of structure in theoretical description of
the deposition. Let us mention that when we distinguish some indexes of structure
then we are able to observe by theory a path of matter which goes towards the
deposition place. Then, it is arguable which part of matter should be placed
in a given position and which environment for such a particle of matter should
take place.

In case when we use free energy V¥, for prepared particle than we are able
to discuss also additional, mechanical and physical properties of the deposited
matter. All this gives hope that it is possible to design properties of the deposited
layer of material together with its production.

3 Discussion of design criteria of the deposited layer

Let us notice that the index of structure corresponding to deposited material is
responsible for the form of free energy. Indeed, let us consider for instance the
situation where pores are produced in the deposited layer. Then, the density of
pores undoubtedly influences the free energy corresponding to the scale applied
in modelling of larger structures than size of pores. In case when we are able to
control the form of pores then, we control to some degree also the form of free
energy. On the other hand this function is of key importance in modelling of
mechanical behavior of material. Thereby, we can expect that some criteria for
material design can be expressed just by means of free energy.
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Above discussion suggests that in order to realize a technological process of
production of TBA with required properties we should first create some models
of TBC. Such models should have degrees of freedom for a design and should
be based on the form of free energy. First we could propose a criterion for the
behavior of material in the deposited layer. This criterion would be interpreted
as a design. Next taking into account dependence of the free energy on the index
of structure we could look for a technology of deposition. Then, the index of
structure would be useful since we can modify the deposition process changing
just the index of structure.

Let us carry out a general discussion how criteria for design of material layer
could be defined. We concentrate our attention on mechanical properties. Then,
frequently, strength of the layer is an important property. The strength of layer
can be associated with a critical stress for slip in order to accommodate possible
change of shape which could happen in another material layer cooperating with
the first one during a thermal cycle applied to the system. Critical stresses for
crack propagation can also be important. Expression of criteria for material layer
design is not simple and immediate in general. This is so since we should first
discuss which scale of averaging is appropriate for expression of the criteria. We
can have to do with atomic scale. Indeed, during preparation of powder and mak-
ing various possible dopants we influence arrangement of atoms. In case when we
control very precisely atomic arrangement we could be also interested in criteria
expressed at atomic level of description. Then, molecular dynamics simulations
could have dominant role in expression of mechanical behavior including thermal
properties. Usually the deposion process is not so precise. Then, nanoscale level
of description can be useful.

Let us discuss possible form of design criteria corresponding to nanoscale.
Layer produced by spraying cooperates with material on which this one is de-
posited. Frequently both materials undergo some thermal cycles. As a result
thermal stresses following from various properties of materials can destroy the
deposited layer. When we would like to improve this situation we can expect
that both materials can be chosen in order to have the same thermal strains or
similar ones when they are considered separately. If it would not be possible then
in order to avoid fracture of the deposited layer we would like to have property
expressed by possibility of stress relaxation in the layer by slips or other forms
of inelastic deformation in material. Summarizing we see that critical values of
stresses for slip initiation or crack propagation can play very important role in
the design of deposited layer. In nanoscale model of plasticity [7,9] we assume
that slip is initiated when stress considered in a slip system attains a critical value
expressed by

T=7". (6)
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Similarly, the crack propagates within the nanoscale model of fracture [8,9] when
critical stress in a fracture system

oc=o0". (7)

attains a corresponding critical value.

Structure of slip is defined by slip systems {m;, n;}, where m; indicates
direction of slip and n; is perpendicular to the surface of slip. Slip surfaces are
considered as discontinuity surfaces for displacements where deformation by slip
is continued. Thus, beyond the slip surfaces the material is nonlinearly elastic.
Let us note that slip systems as well as fracture systems are expressed within the
nanoscale model by means of free energy [7,9].

Let us distinguish also the stress oy in a vicinity of boundary of the deposited
layer where the contact with another material is realized. Within this symbolic
notation we can interpret oy also as a surface force associated with the contact be-
tween layers. Thus, oy is interpreted here as one symbol for various mathematical
objects for simplicity.

We can discuss design of the deposited layer corresponding to nanoscale mod-
elling within the set of conditions

los| — min, (8)

T € [Ta, Tb) (9)

" " — mazx , (10)
(V) <ep 0" (V) , (11)

o* — mazx , (12)

{m;, n;}(V) =2, (13)

where ® is a given function. The condition (8) leads to decreasing of stresses in the
region where contact between various materials takes place. The condition (9) can
be useful for design of possibility of stress relaxation in case when various material
layers interact. This perhaps should be considered together with Eq. (11), where
the relation <gp means that 7*(¥) goes before *(¥). We have accentuated here
dependence of both stresses on the form of free energy W since slip systems and
fracture systems are defined just in terms of this function. The condition (11) can
be interpreted as a criterion for ductility. Thus by Eq. (11) we express tendency
to preferring first slip before crack.

Sometimes we could be interested directly in property (10) together with the
condition (12). Having at our disposal slip systems expressed by means of the
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free energy we could influence also the structure of slips by option of appropriate
dopants and changing in such way the Zprpp. It affects the form of ¥. Then, the
given function ® in the condition (13) expresses our expectations on the kind of
admissible slip systems in connection with the index of structure. Let us note that
in nanoscale models we use free energy for defining all critical conditions. Then,
such conditions are expressed by critical strains directly but intermediately only
by critical stresses. In above discussion we use stresses for making interpretation
of our intentions more clear.

Modelling at a larger scale of averaging leads to another description. Let
us mention the crystal plasticity [11,12], which is designed to modelling plastic
phenomena in a single crystal with scale of averaging related to micrometers.
Then, slip systems are also distinguished. Plastic deformation is described by the
strain tensor. However, slip bands can be modelled as motion associated with the
discontinuity surface. The design criteria can be associated with critical value of
stresses expressed in slip systems in similar manner as this was considered above
for nanoscale models by

T € [Tay T - (14)

Furthermore, we can be interested how small cracks develop when the slip is
continued. We can expect that slip within slip bands is not perfect. It means that
some instabilities in flow lead to breaking of interatomic bonds on slip surfaces.
Then, evolution of cracks within slip bands is much more probable than in other
regions of material. In order to describe evolution of such cracks we can introduce
some internal state variables. Let us consider for instance the variable

Scr
§cr = S (15)
SL
where Scg is a surface measure of cracks referred to measure Sg;, of amount of
whole slip surfaces contained in the slip band. Then, evolution of this variable
can be described by means of the evolution equation

écr = Acr(h) (16)

where h represents all variables applied within this model.
We are interested to possible degree on slowing down of development of cracks
in the slip band. Consequently, we can postulate a criterion

0Acr
oh

| — min (17)

where we consider the length of vector of derivative of the function Acg as a mea-
sure of velocity of changes which we would like to decrease.
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Let us note that we have to do with an open problem how precisely the
evolution equation (16) should be determined. However, its form depends on
structure of deposited material and by this on the index of structure. Hitherto
we have discussed descriptions in a single crystal. However, a part of index of
structure describes porous structure and other features which are created by the
deposition process. Thereby, we should discuss also more averaged descriptions
related to scale of averaging larger than size of pores.

We have to do with several possibilities. Perhaps structure produced by depo-
sition enables us discriminating some slip systems with the aid of the free energy
in a similar manner as this is done for nanoscale level of description but in case of
more averaged medium. Then, we can consider similar criteria for material design
as those discussed by means of Eqs. (16) and (17).

If the averaged medium is more homogeneous we can apply plasticity related
to still larger scale of averaging. It is preferable to apply approaches using free
energy and internal state variables as this is done in [13,14] for instance. Option
of such an approach is motivated by relations between the free energy and index of
structure and following from this fact unified theoretical description of deposition
process and mechanical properties of the layer.

Above discussion is devoted to accentuating role of methods of modelling in
determination of possible criteria for design of deposition layers. It seems that
multiscale aspect of modelling is of great importance. This is so when we would
like to describe particular mechanisms of inelastic deformation which in turn can
be of key importance for correct working of thermal barrier coatings.

4 Structural and physical properties of pure zirconia
and partially stabilized zirconia

We have discussed above some general aspects associated with mathematical de-
scription and design of deposited layers. By this discussion we tend to develop
gradually views on method of modelling of deposition process and deposited lay-
ers. Furthermore, doing this we try to promote particular category of deposited
layer, namely we would like to accentuate validity of thermal barrier coatings. Va-
lidity is related to their technical applications. Furthermore, complex phenomena
in thermal barrier coatings provide also motivations for development of multiscale
machanics of materials us such. Consequently, by above discussion we would like
to obtain also some justification why multiscale and especially nanoscale mechan-
ics of materials should be developed in the context of thermal barrier coatings
production and modelling.

In order to indicate such reasons we discuss processes in zirconia which is
an important material for building just thermal barrier coatings. Complexity of
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phenomena in zirconia and zirconia based mixtures as well as multiphase com-
posites shows that simple and very averaging approach by traditional continuum
mechanics approach perhaps is not sufficient. The question which approach would
be appropriate for such material, especially placed in layers, leads to some conclu-
sions developed in the next part of this paper. Zirconia (ZrOs) crystal structure
changes with temperature. At atmospheric pressure it transforms from cubic crys-
tal lattice into tetragonal one for 2200 °C. Next with decreasing of temperature
it can be transformed into monoclinic crystal structure for 1150 °C [15].

tetragonal (t) monoclinic (m)

Figure 1. Change of distribution of atoms in ZrO> during tetragonal to monoclinic transforma-
tion.

In the last case we have to do with martensitic transformation. Changes in dis-
tribution of atoms during the transformation ¢ — m are shown in Fig. 1. Possible
orientations of monoclinic structure with respect to tetragonal one are shown in
Fig. 2 following from [16]. In Figs. 3 and 4 we show how various variants of
martensite of zirconia accommodate within parent phase and create by this mi-
crostructure. Above illustrations allow us to imagine complexity of martensitic
transformation. Various orientations are associated with various placements of
habit planes in parent phase. This induces various kinds of rotations of separate
martensite variants.

Transformation of pure zirconia from tetragonal to monoclinic phase induce
large volume changes which can induce fracture. As a result of this the material
is not too convenient for applications. However, the addition of oxides such as
CaO, MgO or Y405 reduce the m-phase and stabilize tetragonal phase (partial
stabilization) at the same temperature. Such material is frequently called the
partially stabilized zirconia (PSZ). With increasing of amount of dopants we can
stabilize also the cubic phase (full stabilization) [17].
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Figure 2. Various orientations of monoclinic structure with respect to tetragonal one in ZrOs.
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Figure 3. Selfaccomodating martensite variants in ZrOa.
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Figure 4. An example of martensitic structure in ZrO>.
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Interesting mechanical properties appear when the grains in tetragonal phase
are metastable [18|. Such a situation happens when grains containing low con-
centration of yttria are placed within matrix with high concentration of yttria.
Then, stress induced martensitic transformation is possible. This phenomenon is
associated with transformation strenghtening [19].

Possibility of transformation of stabilized metatstable tetragonal phase grains
placed in cubic phase by stress makes more difficult propagation of crack. Indeed,
when plastic zone near the tip of the crack is created then, large stresses produced
there can transform the tetragonal phase into monoclinic one. This changes dis-
tribution of stresses in vicinity of the tip of the crack. When structure and dis-
tribution of grains is appropriate than the change of stresses makes propagation
of the crack impossible. It means that larger external stress has to be applied in
order to activate fracture. As a result strenghtening of material increases what
makes this form of zirconia more applicable. Above discussed property can be
attained at low temperatures. Such a situation is shown in Fig. 5 [19]. Let us
mention that doped with yttria fine grained zirconia polycrystal have also in-
teresting mechanical properties for larger temperatures. It exhibits structural
superplasticity [18,20,21]. This effect can be useful in applications in many tech-
nological processes. Let us note however, that inclination to superplasticity can
also be convenient in relaxation of stresses when the material cooperates with
another one in a kind of composite for instance.

Above concise discussion shows that inelastic deformation of partially sta-
bilized zirconia has various mechanisms. First, the martensitic transformation
appears as transformation from tetragonal to monoclinic crystal structure. Fur-
thermore, we can admit also slips as mechanism of inelastic deformation in some
temperature range and applied external stresses [22,23]|. In case when PSZ is
considered as a kind of composite, considering grains of tetragonal phase within
cubic phase then the stress induced transformation in grains can be considered.
When, we apply such a situation to crack tip zone then processes are rather com-
plicated. Inclination to superplasticity can also be important in some temperature
range. Let us mention that we have an intention to apply this material in ther-
mal barrier coatings where cycles of temperature are rather frequent. Then, the
mechanisms of deformation associated with processes near to boundary of grains
can be important.

Creation of microstructure related to martensite, especially in thin layers,
needs carefull modelling. It seems that nonoscale models of martensitic trans-
formation are appropriate to this end. Such models have been constructed for
copper based alloys in [9,24]. Possible cooperation of slip plasticity and marten-
sitic transformation at nanoscale level of description has been discussed in [9,25].
This approach could also be developed towards application in ceramics. Nanoscale
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models are convenient to cooperation with molecular dynamics methods. In above
discussion we see that temperature has important influence on quality of processes
and change of mechanisms of inelastic deformation. In general it seems that appli-
cation of molecular dynamics is inevitable in order to support nanoscale models
and explain finer processes. Therefore, above discussion supports the point of
view that mechanical models applied in modelling of complex processes in small
scale, such as those ones in PSZ for instance, should be realized on the way which
gives a chance in a perspective, for cooperation of introduced models just with
the molecular dynamics method.

5 Thermal barrier coatings

Thermal barrier coatings (TBC) are produced in order to protect chosen parts
of constructions against high temperature. Usually they have multilayer struc-
ture and lower temperature on protected surface in case of additional cooling of
this surface.

Thermal coating systems can be applied to turbine blades [26]. Usually they
consist of partially stabilized zirconia top coat (YSZ), thermally grown oxide
(TGO) and a metallic bond coat deposited on surface of turbine blade composed
of superalloy. Many other materials are also investigated with respect to their
potential application to construction of TBC [27]. TBC applied to turbine blades
allow us to reduce temperature on the surface of superalloy up to approximately
150 °C. In the last case thermal barrier coatings are produced usually by deposi-
tion process with the aid of plasma spraying process [28] or electron beam-physical
vapour deposition (EB-PVD) [29].

Thermal properties of TBC are mainly represented by a layer of Y-PSZ which
has convenient thermal strains and is able to reduce stresses, in case of presence
of various layers, induced during thermal cycles. However, the PSZ is transparent
to oxygen, As a result thermally grown oxide (TGO) is produced between top
coat built of partially stabilized zirconia and bond coat. TGO is composed of
Aly03. The bond coat is the reservoir of Al for production of TGO. As a result
TGO increases and its structure changes during working. Thermal strains in TGO
layer are not well fitting to other layers of the thermal barrier. Therefore stresses
generated by the growing layer lead with time to damage of the thermal barrier.

Various challenges are associated to the design of TBC. We can try to control
TGO. This is however difficult. Therefore we can try to reduce influx of oxygen
into the region of bond coat by application of various methods of surface modifi-
cation. Let us mention high-intensity pulsed ion beam (HIPIB) [30] or laser treat-
ment of surface of TBC [31,32]. Above methods lead to melting of surface of ther-
mal barrier coatings and by this introduce modification of its structure. As a result
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influx of oxygen into bond coat within TBC can be reduced. Improving of TBC
properties against oxidation can also be attained by production of graded coat-
ings. Graded transition of concentration from Al,Os to YPSZ leads to obtaining
good thermal insulation of stabilized zirconia with low oxygen diffusivity [33,34].
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Figure 5. Propagation of crack in matrix with tetragonal, metastable grains of YPSZ.

Graded materials can also reduce thermal stresses owing to gradual transition be-
tween layers of various properties. Graded thermal barrier coatings can be more
resistant to damage than non graded ones [35]. Thermal properties of TBC can
be modified by decreasing thermal conductivity within the layer structure or by
improving reflexivity of thermal radiation. This can be attained by adding some
dopants into the layer [36] or by controlling of structure of pores, eg by producing
zig-zag pore microstructure [37]. Widely applied method of improving thermal
insulation for TBC is creating its multilayer structure [36, 38].

Summarizing, we see from the above discussion that thermal barrier coating
are rather complex objects in small scale and have various functions assigned to
various elements of this structure. In particular important properties are associ-
ated with thermal properties. However, good thermal properties are not sufficient
for correct work of TBC since the layers have to be stable in conditions frequently
extremal with respect to stresses. Thus, both thermal properties and mechanical
properties have to be the aim in design of thermal barrier coatings.

The deposition process complicates additionally the structure of thermal bar-
rier coatings. We obtain usually a porous structure during the deposition. Fur-
thermore, we produce frequently nonhomogeneous distribution of components in-
tentionally. Let us mention the graded coatings for instance. On the other hand
we have discussed previously phenomena in zirconia and partially stabilized zir-
conia which are estimated as complex. Therefore, an additional complication
of structure by introduction of pores or composite character of the layer makes
modelling of thermal barrier coatings still more complicated.
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6 Remarks on multiscale modelling in mechanics of ma-
terials

6.1 General framework

Previous discussion shows that thermal barrier coatings are structures in which
complex phenomena in material can happen. Furthermore they are burdened
with responsibility for fulfilling various functions ensuring resistance and safety
of coated construction. Mechanisms governing behaviour of such layers are fre-
quently related to very small scale or even need analysis associated with atomistic
scale. Thereby, in order to take into account whole phenomena in TBC and to
have the possibility of expression of design criteria we should consider a mathe-
matical description for mechanics of materials related to various scales.

Small scale behavior of materials leads to increasing role of dynamics of pro-
cesses in comparison with larger scale models. In particular, the most complex
dynamics is related to atomistic scale where we usually apply molecular dynamics
methods. All this suggests that methods of modelling should take into account for-
malization of the scale of averaging of processes and a dynamical system approach.
Such kind of modelling has been introduced and discussed in papers [9,10,42] and
is called the collection of dynamical systems with dimensional reduction. We
discuss here concisely just this method of modelling.

Our discussion is related first to two-scale modelling in an abstract form. We
consider the most elementary model as a foundation for determining by means
of it a more averaged and simpler model. Consequently, we introduce a dynam-
ical system aimed at description of phenomena on the most elementary level.
Such a system called further the elementary dynamical system (ED.S) is given in
a general form

¢ =L(p, f), (18)

where p& M, is the variable of this system, M,, is a space of admissible values
of this variable, f € F represents external interactions acting on this system and
F stands for space of admissible values of f.

External interactions are not always expressed in relative simple form given
by f. They can also appear as interactions with other dynamical systems. There-
fore, we introduce also an extended dynamical system

@" = L(e", ), (19)

where " ={¢p, p°}e M, and f" = {f, £°} € F,.. In other words the dynamical
system (18) is a part of that one defined by (19) and can be viewed as a particular
case of (19). As a result an external dynamical system with variable ¢° can be
additionally distinguished, as a source of external interactions acting on EDS.
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This gives a possibility of discussing larger class of interactions of (18) with an
external world.

The dynamical system Eq. (18) describes more elementary processes and its
form is, by assumption, the most complex. We tend towards simplifications of
this system. To this end we introduce a partition of Eq. (18) into a collection
of P dynamical systems. This is carried out by partition of variable ¢ ={p}},
help= {1,2, ,P}

In order to use this partition for further simplifications we introduce also
additional notations, sets and mappings. Let [ [, M}, be Cartesian product of sets
M, where M, stands for the set of admissible values of {¢}}. Let us introduce
Mn C [], Mp, as a subset of the Cartesian product. Then, My consists of
@ ={pn} which are possible solutions of Eq. (18). We consider also a projection
mp » M — My, in the Cartesian product.

Let us distinguish also a collection of dynamical systems for the extended
system and a set of indexes I related to them. Then, Ir = IpUIg, IpNIg =0,
where Ip is related to (18) and Ip = Ir — Ip is connected with the external
system. Furthermore we distinguish a group of dynamical subsystems I C Ip
by selection of corresponding indexes. Then, Ip = Ir — Ig represents indexes
defining external with respect to Iz dynamical subsystems within (19).

New simplified equations have to be based on balance of mass and energy
equations as the most fundamental physical laws for mechanics of materials. In
order to create such equations for the collection of dynamical systems we should
have at our disposal a set of additional notions making possible to formulate them.
Therefore we introduce the following assumptions which represent general prop-
erties of the collection of dynamical systems distinguished within the elementary
dynamical system:

1. Subsystems are distinguished by determination of groups of variables ¢ =
{¢ha}, where a € Iy, Iap is a finite set related to separate h-th subsystem
and h € Ip.

2. There exists a function mp(ep) = {mp1,...,mpg, } which assigns a set of
masses for h-th subsystem. The total mass of the system is my = Y, mp;.
We have also that ), 3, = N, where N is the total number of masses.
Then, the functions m : My — RF with property 7, o m({¢n})= my, and
m : M — R, m({en}) = > my determine the total mass related to each
subsystem and the total mass related to (18) respectively.

3. There exists a function E : My — R, 7, o E({¢n}) = FEj, which assigns
a value of energy to each of subsystems and E : My — R, E({en}) =
>n En determines the total energy related to (18).
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4. There exists a family of mappings J;; : My — R, i,j € Ip, Jij({en}) = Jij
called flux of mass from j-th subsystem to i-th subsystem and J;; +J;; = 0,
Jii = 0.

5. There exists a family of mappings W;; : Mn — R, i,j € Ip, Wij({en}) =
W;; called the flux of energy from j-th subsystem to i-th subsystem and
Wij + Wji =0, W; =0.

6. Source of mass is determined by the function ¢ : M — RY, c({¢n}) = {c:}.
Then, ¢; = m; o c({¢p}) can be considered for each subsystem of the whole
system and stands for the source of mass in i-th subsystem.

7. Source of energy is determined by the function R : My — RY, R({pn}) =
{R;}. Then, R; = m;0 R({¢n}) can be considered for each subsystem of the
whole system and stands for the source of energy in i-th subsystem.

8. Geometrical objects can be assigned to each subsystem. This is carried
out with the help of mappings G, : Mg — EF, Gp : Mg — (2F)F
Gs: Mg — (2F)F Gy : My — (2F<)F| where E. is the Euclidean space.
The map G, assigns some distinguished points to subsystems, G intro-
duces one-dimensional, Gg two-dimensional, Gy three-dimensional geomet-
rical objects considered as subsets of E. and accompanied by distinguished
subsystems.

9. Position vectors q = {qn1,...,qns, : h € Ip} can be introduced by means of
mapping Py. @ = {{an1,--,qng, }}, dimQ < o0, Py : M, — Q, Py(¢) = q.
All discussed assumptions and functions can also be introduced for the ex-
tended dynamical system (19).

Above assumptions enable us to discuss various notions associated with possible
simplifications related to elementary dynamical system. In particular geometrical
object can create relation between FDS and space in which the dynamical system
acts. They can assign a volume of space occupied by a dynamical subsystem for
instance. This can lead to various approximations with ths help of geometry and
introducing continuum for instance.

With the help of above assumptions we are able to carry out analysis of in-
terchange of mass between subsystems as well as to consider possible sources of
mass which appear within subsystems. Let us consider an arbitrary part of EDS
defined by I C Ip. Let Ip define the external with respect to I dynamical sys-
tem. Then, we are able also to express the balance of mass equation for collection
of dynamical systems in the following form

i)+ Y Tyt Y. (Jytdi)+ Y T+ Y (mi—c) =0. (20)

i€lg 1,j€lq i€lg,j€lo i,5€l0 i€lp
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Sum of masses interchanged between subsystems within I without any inter-

change with an external subsystems is equal to zero. Thus, we have »  J;;=0.
i,j€la

As a result we can express the balance of mass equation connected with the group

of subsystems represented by I with the help of formula

Z(mi—ci—kZJi]—):O. (21)

i€lg Jj€lo

In equation (21) the terms J;; describing interchange of mass with external system
Io appear. Then, the equation (21) is not entirely determined. Therefore we
should introduce an additional condition

Jij=Jdij, j€lo. (22)

The external efflux jij should be postulated by a kind of constitutive equations
or can be defined by evolution of the dynamical system defined by means of Ip.

The balance of energy equation has a similar structure as the balance of mass
equation and is given by

Z (B — R) + Z (Wi + Wj;) + Z (E;— R;) =0. (23)

i€lg i€lg,j€lo i€lp

The balance of energy equation for group of subsystems I interacting with groups
of subsystems I, is given by

Z(E’ — R, + Z Wij) =0 (24)

i€lg j€lo

with additional conditions
Wij = Wij R j € IO . (25)

Equations (21), (22) and (24), (25) represent a general form of balance of mass and
energy equations related to arbitrary distinguished group of subsystems within the
collection of dynamical systems and can be premises for further considerations.

6.2 Dimensional reduction procedure

Dimensional reduction procedure is introduced in order to carry out transition
from elementary dynamical system to the more simple one which describes chosen
properties of DS in an averaged manner. Thereby, the simpler dynamical system
represents the more averaged level of description in comparison to EDS.

In the first step of the dimensional reduction we select new variables appro-
priate for description after averaging. Let d = {d;}, h € Ig be a set of new
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variables which allows us to describe, approximately, physical states represented
by miscellaneous " considered as solutions of an extended elementary dynamical
system. Let M stands for space of admissible values of d. The variable d;, is
designed to describe behaviour of A-th subsystem in a simplified form. The index
h is related to previously discussed division of elementary dynamical system into
subsystems. Thereby, the division represented by set Iy is related to both EDS
and an averaged dynamical system obtained after application the dimensional re-
duction procedure. By assumption we have that dim.M is considerably smaller
than dimM, owing to applied averaging.

Let Vip={opt): teT}, Vi, ={@"(t): t €T} and Vp = {d(t) : t € T}.
Introduced spaces represent processes described by EDS an extended EDS and
averaged dynamical system. The first element of the dimensional reduction pro-
cedure is based on introduction of a mapping mr : Vp, — Vp which assigns
dimensionally reduced process d(t) to ¢"(¢) on the time interval 7. We introduce
also Fr = {f(t), t € T} and Fr = {f(t), t € T} with mapping 7yr : Fr — Fr
which transform force processes between elementary and reduced system. We can
discriminate parts dP(t) and d°(t) related to ED.S and external dynamical system
within the process d(t). Similar partition is possible for f(¢) and f(t) since they
are considered here for extended system. Thus, we carry out the dimensional re-
duction for the extended dynamical system (19). However, our interest is related
mainly to EDS given by (18).

Let us introduce an operator L : /j(cp, ) where L is obtained from equivalent
to (19) equation in the form L(p, ¢) = f". By this we assume also that such
a reformulation is possible. Then, the operator acting on processes L1 : Vi, — Fr
is induced directly by means of £ for each ¢ € T'. Let us consider a diagram

(26)

Consequently, the initially introduced equation L7(¢(t)) = £(t) at the EDS level
induces, owing to introduced mappings w7 and w7, a dimensionally reduced
equation

Ly(d(t) =*, (27)

where L7 = wrro Ly 07751. The operator L7 can be determined with the help of
solutions of equation (19) and postulated mappings 7y, 7pr for each value of d(t)
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obtained with the aid of mapping 7r. However, structure of the operator Lp is
not discussed yet since too small number of assumptions is done at this moment.

Let us discuss a similar diagram for a group of subsystems I C Ip. Then, we
carry out the following decomposition Vr, = Vrg xVro = {¢(t) = {p,(t), ¢i(t)},
g € Ig, l € Ip}. We introduce also decomposition Fr = Frg X Fro in a sim-
ilar way. Above decompositions of domain and range leads to expression of the
form of operator L1 by L1 = Ly, ({py(t)}) x L, {#i(t)}). The operator
L7y : Vre — Fre depends on ;. Usually, not all ¢; € Vro are necessary for
determination Lop(y,).

Let Iqo stands for a set of indexes which indicate variables necessary for
determination of the operator Lrg := Lrp(,,). Then, the operator L1 can be
expressed in a simplified form as Lrg x T, where To = To(g,, #.), ¢ € Igo -
With the help of T we are able to introduce additional equations necessary for
determination of ¢, defining form of Lrg within £7. The space Vp, is reduced
to Vpra X Vpe in this case.

The diagram (26) with application of decompositions discussed above can be
expressed now in the following form

Vra x VTCETG—XTC> Fra x Frc

Lys T TfTC

VTG X VTCETG—XTC> ~7:—TG X ch .

(28)

Accordingly, the dimensionally reduced equation describing evolution of a group
of subsystems is given by

Lroa){ds()}) = (&) . (20)
Toe(dy (1), do(t)) = B . (30)

Decomposition of the operator L is carried out in order to accentuate separately
the behavior of EDS and the reduced EDS as associated with part representing
external interactions. In case of continuum mechanics, for instance, such a de-
composition can be associated also with boundary conditions.

Diagram (28) allows us to solve Egs. (29) and (30) by means of solutions of
Eq. (19) and postulated form of 77, 71, mrrc. However, we would like to have
a precise structure of Lrg and T¢ in order to have at our disposal dimension-
ally reduced equations possible for solving, without using Eq. (19) incessantly.
Obtaining of such equations is possible by means of postulating of the skeletal
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dynamical system SDS(C) which depends on the family of constants C. The
role of SDS is to represent a larger class of systems which encompass approxi-
mately Egs. (29), (30). Accordingly, the general form of SDS taking into account
Egs. (29), (30), can be expressed as

{ETGa TC’}(C)(dg7 dc) = {fa B} : (31)

Then, with the help of the identification method, we determine C = C and, as
a result, a reduced dynamical system RDS = SDS(C). Finally, RDS represents
an approximation of Egs. (29) and (30).

Previous discussion of balance of mass and energy equations in relation to the
elementary dynamical system divided into subsystems and above decomposition
of operators into qualitatively various parts provides premisses for determination
of the form of SDS. Let us mention that since balance of mass should be satis-
fied, we obtain that masses related to dynamical system also undergo dimensional
reduction. This is introduced by additional mapping mas({mpni}) = {Mp,}. Con-
sequently, My, are inertia coefficients related to h-th subsystem and should be
present in the postulated form of SDS.

Efficiency of dimensional reduction procedure with respect to quality of ap-
proximation depends among others just on assumed form of the skeletal dynamical
system. We can postulate its form arbitrarily admitting possible inconsistencies
in approximation of EFDS. We can proceed in a more advanced form taking
into account discussed above premises. There is imaginable also a mathemati-
cal derivation of the form of SDS following from mathematical structure of the
elementary dynamical system.

Let us discuss a concept of identification of constants which are present in
SDS(C) in order to obtain RDS. Let C = {t(t) : ¢» € M, t € T} be a space
of continuous time processes in M with a metric p: C x C — Ry U{0}. We can
construct two kinds of processes. The first one is based on solution ¢ (¢, f)(t) of
equation (19) and has the form 77 (¢ (py, £)(t)). The second one is created by the
skeletal dynamical system with assumed constants C. Thus, we have a solution of
equations of SDS as d(C, w(¢y), £))(t), where £(t) = m¢r(£(t)). Let us consider
the function

hipo, £) = dnf p(d(C, m(pg). £)(1), mr(e(0, H)(1))) (32)
where Cg is an admissible set of constants.

Let C* stands for constants for which the function h attains a minimum.
Then, a satisfactory approximation should have the property that C* exhibits
a weak dependence on ¢, and f. This, in turn, is connected with assumed form
of functions mp and SDS which reflects the correctness of averaged modelling.
Taking into account the discussed above degree of freedom in approximation we
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can obtain a set of C*. Finally, we have to choose a constant C from the set of
C* by an averaging method. Then,

C = Av{C*} (33)

where Av means the averaging operation. Obtained constants C determine a di-
mensionally reduced dynamical system RDS(C). By means of Egs. (32), (33) an
approximation and identification procedure denoted further in general as app is
established.

We can discuss also another kind of approximation procedure. Let us assume
that there is a relation R, between variables and forces of SDS and constants
cgps considered in the elementary dynamical system. Let us consider a system

of equations

{ETG7 TC}(C7 dg7 dC) - {f7 B} ) (34)
Rapp(dy, de, £, Be, cpps) =0. (35)

We assume that the equation (34) and the relation Ry, create together such
a system of equations which enables us to determine C = C(cgpg). In such a case
the reduced dynamical system is also determined. This kind of determination of
constants is closer to this one applied in micromechanics for instance [40].

Summing up these considerations let us notice that the following general pro-
cedure is established

{EDS, DR} — RDS(C) . (36)
It means that the dimensional reduction procedure
DR = {ﬂ-Ta TFTs SDS, app} (37)

acting on elementary dynamical system (19) leads to obtaining the reduced dy-
namical system RDS. Consequently, RDS is considered as describing approxi-
mately, evolution of our initially introduced physical system.

We tend towards creating the situation when widely applied continuum me-
chanics approach to modelling various physical systems could cooperate with dis-
crete methods. We would like to have at our disposal also the possibility when
various scale continuum models could cooperate within the multiscale system.
Thereby, we should show how continuum mechanics emerges from collection of
dynamical system approach. Formalization of scale of averaging is also important
in this case.

6.3 Remarks on placement of continuum mechanics within col-
lection of dynamical systems

Continuum mechanics is widely applied in mechanics of materials. Such a theory
is applied even for very small scale models. Let us mention here the nanoscale
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models of plasticity [7] or martensitic transformation [24|. However, with decreas-
ing of scale many effects which are usually discontinuous are revealed. Then, we
introduce within the continuum mechanics various additional notions for taking
them into account. Let us mention the discontinuity surface considered in a small
scale model as slip plane or various kinds of interfaces for phase transition models.
Additionally, some effects related to smaller scale can be averaged and then rep-
resented by various internal state variables [9,14] in a larger scale. Let us mention
here such phenomena as small defects, cracks or dislocations.

Nanoscale continuum models are rather complex in comparison with larger
scale continuum models. This is manifested by the presence of larger number of
constants which should be determined in order to determine entirely the model
with a smaller scale. On the other hand it is difficult to carry out experiments
related precisely to separate small scale phenomena in materials in order to de-
termine mentioned constants. Therefore, a possible way for identification of con-
stants is cooperation of molecular dynamics and nanoscale models within a two-
scale model just in order to solve this problem.

The last demand needs adjustment of formulation of continuum mechanics
for realization of the dimensional reduction procedure. Let us note that fields
on continuum create infinite-dimensional spaces. On the other hand, models of
molecular dynamics are finite dimensional. This is formal difficulty in viewing
continuum models which are physically simpler, as more averaged and obtained
by means of the dimensional reduction procedure from the molecular dynam-
ics. Therefore, classical formulation of axioms of continuum mechanics should be
modified into the case when fields on continuum would be finite dimensional.

Method of introducing finite dimensional fields consists in assumption on va-
lidity of balance equations not for all subbodies of the body B as in classical
formulation of continuum mechanics [39], but only for their determined finite
family C. It is in fact a generalization of the classical formulation since all sub-
bodies create a particular case of K.

We try to introduce continuum in relation to an elementary dynamical system
(18). In order to do it we introduce the mapping Gk associated with the division
of EDS into collection of dynamical systems. Consequently, the mapping G in-
troduces three-dimensional disjoint subsets of the Euclidean space E. which will
be further interpreted as partition of the body B to the set of subbodies K} and
U Kh. Thereby Gr({¥p}(t)) = {Kn}(t) describes evolution of B(t) = |, Kn(t)
in time. Kj(t) will be also denoted by x¢(K}) in what follows.

Definition 6.1 The body associated with the dynamical system ¢ = L(¢p, f)
is defined with the help of mapping Gk as B, = Uhelp K;,.
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Let Vp = {{x, a} : {X, a} = {xn, an}, h € Ip}, where ay, is a function
determined on the set {x;} and designed to take into account relations of value
of the deformation function assigned to h-th subsystem with other neighboring
subsystems.

Let us define the space V,; of deformation functions y, of the body B with
respect to a given configuration x as Vi, = {xx : X« = Aok, \, k € C}, where
C is the placement of the body in Euclidean space F, in a similar way as this is
done in classical formulation of continuum mechanics [14,39,41]. Let furthermore,
oy, : Vp — V, be a function and XX = o, ({xn, an}), X*(Xn) = xn.

Definition 6.2 The deformation function associated with the distinguished
family of subbodies K is a function x* of the form x* = ay({xn, an}).

Definition 6.3 The motion of the body B associated with the family of sets K
is a continuous map x; : [0, T] — {x*}.

With the help of above definitions we have obtained deformation function and
motion of the body in connection with the elementary dynamical system. We
also introduce a function T on K, which represents temperature, as T : K — RF,
T({Ky}) = {T}}. However, temperature has not as clear geometrical interpreta-
tion as the deformation function. We have discussed relation of the deformation
function to the elementary dynamical system. Therefore, we should also discuss
concisely the relation of temperature to elementary dynamical system within this
approach. Considerable number of physical systems can be characterized by vari-
ables of two types. The first one is related to slowly varying and the second one to
quickly varying processes. The most known example is a system with deformation
and atomic oscillations represented in an averaged way by temperature.

Motivated by this let us introduce a special case of mapping 77 = {7sr, mQr}
in which two parts related to slowly and quickly varying variables are discrim-
inated. As a result d(t) = mr(e(t)) can be expressed as d = {dg, dg} =
{msr(p), mqr(e)}-

Let us assume also that in this discussion, the elementary dynamical system
is a Hamiltonian dynamical system (HD.S) and takes the form

daq; v,
a '
dVi aH
o=+,
mi s + (38)

where i € Iy = {1,2,..., N}, H is a Hamiltonian and f; is a force acting on i-th
material point. Let q = {q;}, v = {v;}.
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Let us take a set of time instants tg < t; < ... < tx which belong to the time
interval T' = [tg, to + T, tx = to+ T, and let Iy = {0,1,..., K}. By means of
these instants we divide the time interval into the sum 7" = {J, T, Tk = [tk—1, tx),
k=1,..., K. Then, for each k we can calculate the value of q; as

- 1
U= 7 q(t)dt . (39)
kT,

A value qp = q(to) is assigned to k = 0. With the aid of the sequence of
values {qQx}, k € Ix we can generate a function q(t) = I,({qx}), where I, is an
approximation procedure. Now, we are able to decompose the variable q(¢) into
two summands

q(t) = q(t) + dq(t) - (40)

Thus, q(t) represents the slowly varying part of q(¢) and dq(t) its rapidly varying
part.

The question arises what properties should the approximation procedure I, has
in order to describe real slowly varying process in accordance with the introduced
set {qr}. Slowly varying variable should gradually change its values between
given points. This fact should be expressed by possible small values of the second
time derivatives. Consequently, the approximation procedure I, could be defined
as a process of finding a function q(¢) which satisfy the following set of properties:

Li({ax}) = a(t),

suprer(|58]) — inf

a(mk) = ar, % = 0.5(tk—1 +tx) ,
qit)yeC", n>2,teT.

(41)

It should be expected also that ka (q— q)dt = ka 0qdt ~ 0, where "~" means
equality with an admissible error. An example of realization of above procedure
is given in the paper [42].

We assume here that temperature should be defined within deterministic dy-
namical system by means of an averaging procedure related to quickly varying dis-
placements of particles expressed at atomistic level. The precise definition of this
averaging is not simple since temperature has physical interpretation. Thereby,
the definition of temperature should lead to accordance with all effects which
are measurable as physical effects related to temperature. Nevertheless, we can
discuss formally the field of temperature having in mind above interpretation as
related to quickly varying processes.

Let Vi = {{T, b} : {T, b} = {Th, bh}, h e [p}, Ve = {T(X) I XE X(B)},

where by, is function defined on the set {7} which allow us to take into account
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effects of values of T); from neighboring dynamical system on value of 7},. Role of
this function is similar as aj,. Let us consider a function ar : Vpyr — Vs and

T’C = aT({Th, bh})

Definition 6.4 The temperature field T associated with the distinguished
family of subbodies K is the field obtained with the help of the function ar as

T’C = aT({Th, bh})

The function by, is important since it enables us to take into account gradients
of temperature for instance. This can improve approximation of continuum dis-
tribution of temperature by means of the mapping ar. The function «, assigns
a deformation function field x* to the set of its discrete values. The aim of this
function is to introduce a continuous field y on the body B. Similar role plays the
function o for T'. Thus, the spaces of such fields I'ma,, C V,, and I'mar C Vrar
are finite-dimensional, where I'm¢ means the image of the function ¢.

Our previous discussion on collection of dynamical systems follows existence
of a set of notions introduced formally on £DS. We admit the existence of func-
tions m, Jyij, cp, By, Weij, R, which introduce masses m;, efflux of mass J;;,
source of mass ¢;, efflux of energy W;; and source of energy R; accompanied by
subsystems. Consequently, mentioned functions indexed here by ¢ are referred
directly to the elementary dynamical system. We use these functions to refor-
mulation of general form of balance of mass and energy equations defined for
collection of dynamical system to the case of continuum.

Let m : M — {{ms}} be mapping which determines a set of masses related
to collection of dynamical systems. Let My = {{M}} and M : Mg — My
be a function which determines masses assigned to Kj. We have also that
7p o M(K) = My, where My, is the total mass related to Kp. M are defined
by means of the relation M o Gg = ¢ o m, where i is the identity mapping.
Consequently, a system of mass related to continuum is introduced by means of
mapping m defined on elementary dynamical system. Let B = |, Kp, h € Ip,
where Ip C Ip is a set of indexes defining an arbitrary subbody B of the body
also denoted by B. Then, M(B) = .7, M. Using this definition we obtain
mass related to subbodies as a kind of measure defined on the body.

Energy accompanied by the elementary dynamical system is introduced by
means of the function E, : My — RP. Then, energy € : Mg — {&},
En = w0 E({K}}) assigned to each Kj, is defined by means of the relation
oGk =1i0FE, Asaresult, we are able to define energy related to subbody
as E(B) = >, &, We assume further that £ = F + 7 is a sum of internal
energy and kinetic energy. Source of mass ¢, : Mg — R and source of en-
ergy R, : M — RF are defined now as C : Mg — RF, R: Mg — RP by
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means of relations C'o G = ioc, and Ro Gk = io R,. These quantities are
defined for subbodies by means of expressions C(B) = ), Cy, R(B) = >, Ry.
Efflux of mass Ji;; : Mp — R and efflux of energy W;; : My — R are defined as
Jij  Kix Kj — R, where J;; is determined by means of J;j0(Gk; X Gk j) = i0Jyi;
and W;; : K; x K;j — R, where we obtain Wj; from Wi o (G x G j) = 10 We;.

Let us consider the boundary of the body 0B = dJ,, K;. Then, J(0B) =
ZiEIB,mGIp—IB Jim and W(aB) = ZiEIB,mEIP—IB Wim.

We consider also 0Bs C 0B which is defined as 0Bs = U¢;, (0K, N 0B),
I, C Ig. There exists relation between 0B and a set of J;,,,. We assume that the
pair of indexes {i, m} is associated with 0B, if 9B; is a border between subsystems
i and m. Then, J(0B;) = Ziels, mel,; Jim- With the help of introduced functions,
the balance of mass equation (21) interpreted in terms of continuum is given by

M(B)+ J(©B)-C(B)=0. (42)
with the additional condition satisfied for arbitrary 0Bs C 0B
J(0Bs) = J(0Bs) . (43)

The balance of energy equation (24) expressed in terms of continuum is assumed
in the following form

E(B)+T(B)+W(0B) - R(B)=0, (44)

with the additional condition satisfied for arbitrary 0Bs C 0B

W (9B,) = W (9B,) . (45)

Neglecting at the moment detailed representations of introduced below quanti-
ties, we formulate also the second law of thermodynamics as a supplementary
postulate. This is given with the help of the balance entropy expressed as

P(B) = $(B) + H(OB) — N(B) > 0, (46)

where S is entropy, H is eflux of entropy and N stands for the source of entropy.
P represents production of this quantity.

Detailed continuum models can be considered when we introduce represen-
tations of quantities appearing in balance equations. Let us note that obtained
models are considered for chosen family of subbodies K. This induces that spaces
of fields on continuum are finite-dimensional. It means in turn that our contin-
uum models are directly finite-dimensional and no discretization procedure should
be applied.

Formulated on this way continuum models can be considered within multi-
scale modelling since, owing to their finite-dimensionality, they can be applied as
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a result of the dimensional reduction procedure. In particular, they can cooper-
ate with other discrete methods within multiscale approach. Therefore, unified
approach of molecular dynamics and continuum mechanics for solids can be dis-
cussed [42].

When we apply multiscale modelling with continuum approach on the reduced
level then we have to determine skeletal dynamical system. Premises for formu-
lation of this system follow from the aware option of scale of averaging which
is expressed by the family of subbodies K. Let us note that a similarity with
discretization method appears here. In both cases we obtain finite-dimensional
dynamical systems. We can also choose as K a family of finite elements which
can be interpreted as a set of subbodies. However, in the case considered in
this paper we define equations without intermediate stage which is done by an
infinite-dimensional continuum dynamical system which needs discretization.

Formally we can also introduce the skeletal dynamical system by a discretiza-
tion of infinite-dimensional model. Then, scale of averaging will depend on the
size of finite elements applied. However, since the scale of averaging was not de-
termined formally for the infinite-dimensional model than we are not sure whether
the constitutive equations are correct in relation to the scale of averaging. Form
of constitutive equations is just most dependent on the scale of averaging applied.

7 Role of multiscale mechanics of materials for thermal
barrier coatings

Thermal barrier coatings can have miscellaneous structures. They can be complex
which can be expressed in relation to various scales. Thereby, it justifies modelling
of properties and behavior of TBC by means of multiscale mechanics.

Thermal cycles and multilayer structure of thermal barrier coatings produce
stresses induced by frequently different thermal expansion of separate layers.
Then, ability to stress relaxation has connections with inelastic deformation.
Mechanisms of inelastic deformation can be various. We can consider slips at
nanoscale level. We can consider slip bands corresponding rather to microscale.
Porous structure needs considerations of inelastic deformation in larger scale then
the previous ones. Superplasticity should also be taken into account for appro-
priate range of temperatures. Then dynamical properties of interactions between
grains can be discussed also in relation to various scales.

Resistance of TBC against fracture and finally against damage is of key impor-
tance. As a result modelling of crack propagation within multilayer structure of
TBC at various scales can provide premises for design of TBC. Stress distribution
in zone near crack tip can be considered with various degree of approximation.
In particular we can have to do with martensitic transformation in this region.
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Small grains of partially stabilized zirconia can be transformed into monoclinic
phase due to stresses near the crack tip. As a result of this, stresses in the zone
decreases and crack propagation is stopped. This leads to increasing of toughness.
Thereby, we are able to design thougheness by controlling form and distribution
of grains of tetragonal phase dispersed in the cubic one in YPSZ [19].

Thermal properties of TBC are associated with thermal conductance which
should be lowered to a possibly small extent. Thus, various types of microstruc-
ture or even nanostructure can affect this property. We can decrease directly
thermal conductivity of material by modification of microstructure or produce
a porous structure which also decreases thermal conductivity.

Larger temperatures at which TBC works need consideration of thermal ra-
diation and ability to reflect this radiation. In such case, especially the multilayer
structures can be useful [38]. Let us note that thermal properties should be de-
signed together with mechanical ones since durability of TBC is very important
for its practical use.

Above discussion accentuates the role of a variety of phenomena which are
important for correct operation of TBC. This discussion indicates also which phe-
nomena should be modelled and which scale should be applied. In particular the
martensitic transformation is of great importance especially at nanoscale level.
Let us note that nanoscale model of the martensitic transformation has been de-
veloped in several papers [9,24] mainly in case of shape memory alloys based on
copper. Therefore, it would be well justified to extend such models to the case
of ceramic materials and especially to the case of zirconia and partially stabilized
zirconia.

Nanoscale models of slip plasticity have been discussed in [7,9]. Furthermore,
extension of this approach to the case of cooperation of slip plasticity and marten-
sitic transformation at the nanoscale level is done in [9,25|. Development of such
approach could be convenient especially for possible plastic deformation of cubic
matrix of zirconia which has considerable component of yttria. Within this phase
the tetragonal grains with smaller content of yttria are produced. Then, cooper-
ation of plasticity and martensitic transformation is also imaginable in a similar
manner as in [25]. We can suspect also some additional mechanisms of inelastic
deformation in zirconia-yttria system. They can be similar to superplasticity or
even to be superplasticity for appropriate temperature range. Then, nanoscale
modelling seems to be adequate in order to reflect mechanisms of this kind of
inelastic deformation.

In so complex environment of phenomena as discussed above we should model
the fracture. In order to reflect correctly stresses near the tip of the crack we
should have at our disposal models which reflect, with appropriate precision,
all effects of inelastic deformation in this zone. This suggests also application
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of nanoscale modelling of crack propagation. Such a model has been discussed
in [8]. We can introduce nanoscale models phenomenologically by postulating
variables and constitutive equations. However, it seems that finally cooperation
between molecular dynamics and nanoscale modelling is inevitable. We have to
do with considerable temperature changes in case of TBC. This accentuates the
role of thermal processes within mechanisms of inelastic deformation. Molecular
dynamics is just appropriate for simulation of this kind of phenomena.

Let us note that produced TBC layer is not homogeneous. It has frequently
pores or it is a multilayer structure. Then, the nanoscale models of a small part
of material which is placed within the layer is responsible for a part of TBC
properties. Therefore, we should discuss the problem how composition of various,
different smaller parts of TBC creates new more averaged properties. We promote
the multiscale approach. Therefore, we should discuss possibility of placement of
a nonhomogeneous structure within the collection of dynamical systems. Let us
assume that we consider as an elementary dynamical system a nanoscale model.
Then, in case of nonhomogeneity of structure only a small part is represented
by our nanoscale model. In general, nonhomogeneity means in this case that
various nanoscale models can be applied to different parts of material which can
next have to be averaged. Let us consider a set of mappings mp, representing
in our discussion various applied nanoscale models related to homogeneous with
respect to modelling parts. Then, the whole mapping mygy corresponding to
nonhomogeneous material is expressed by

e = H(Ila7mHe) (47)

where II stand for the product of mapping operation. Thereby, skeletal dynamical
systems for nonhomogeneous material should be built on basis of possible smaller
homogeneous systems taking into account new qualitative effects corresponding
to the new scale which is expressed just by mapping H.

We have discussed a variety of phenomena which we can encounter in thermal
barrier coatings during their operation. Furthermore, we have indicated problems
associated with modelling of such phenomena. The first conclusion is that we sug-
gest nanoscale methods for modelling considered as a main segment of multiscale
approach for description of TBC. Such an approach seems to be the most conve-
nient since mechanisms of inelastic deformation are frequently well expressed just
in nanoscale. Let us notice that we cannot or should not apply the full multiscale
approach to each designed thermal barrier coating. First, it can be very complex.
Furthermore, methods of design can be sometimes restricted to some averaged
effects. We should be aware however which scale of averaging is appropriate for
our needs in the design.

Full multiscale approach seems to be rather a distant perspective. We have to
built first particular nanoscale models for various phenomena. Next, we should
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elaborate ways for construction of skeletal dynamical systems for various methods
of averaging. Cooperation with molecular dynamics within multiscale approach
is viewed also as a large area for investigation.

The next conclusion is associated with nanoscale modelling and their par-
ticular role. It would be convenient to have at our disposal entirely developed
nanoscale models of materials which could be applied in TBC design and valid
for the whole range of phenomena which we can expect during the TBC operation.
It accentuates the necessity of independent development of nanoscale modelling
for inelastic deformation in metals, alloys and ceramics.

8 Concept of unified description of the deposition pro-
cess and behavior of thermal barrier coatings

We have discussed above the need for description of behavior of thermal barrier
coatings within multiscale method of modelling in mechanics of materials. Having
such a description at our disposal we are able to express a design criteria as it
was discussed in Section 3.

We try to suggest a way which would be viewed as unified description of pro-
duction as well as mechanical behavior of thermal barrier coatings. The aim of
such a unification is achievement of possibility of design of TBC in order to trans-
late, in the next step, the design criteria into mathematically expressed properties
of the deposition process, Then, we would also obtain a criteria for design of the
deposition process. All this is aimed at production of thermal barrier coatings
with required properties. We assume that two segments of this unification are of
key importance. The first one is represented by the possibility of expression of
design criteria for TBC. The second one is manifested by notion of index of struc-
ture which inform us to what degree the method of production of TBC layers is
associated with initial preparation and realization of the deposition process. We
should discuss relations between mentioned two segments of mathematical mod-
elling. Let us notice that criteria for design are frequently related to a critical
condition for some phenomena. Let us mention here plastic deformation by slip
for instance. Initiation of slip is expressed by attaining a critical value of stresses
obtained during elastic deformation. Attaining of the critical condition changes
quality in behavior of material.

When we design a material we usually would like to obtain the resistance
against a process viewed as a property of this material. Critical condition for
crack initiation for instance, is also very important design criterion. However, let
us notice that discussed above criteria have various forms for various scale models.
The question is which criteria should be considered. Let us note that preparation
of the deposition process also depends on scale. In this case we have to do with
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the scale related to controlling of preparation of structure of material for deposi-
tion and with the scale associated with modelling of such process. It seems that
scale associated with design criteria should be associated with the scale which is
controlled during preparation and deposition process. However, this is not en-
tirely clear. Design of materials is associated with atomic composition and also
with larger its structures such as grains of single crystal for instance. Thus, it is
inevitable to discuss arrangement of atomic structure even in the case when we
are not able to control them precisely. Consequently, the best criteria for material
design are related to atomic scale.

Let us note also that controlling of preparation and realization of the deposi-
tion process can be associated with varying scale. At first stage we can prepare
a powder for instance, having grains of a given size. Next it can be deposited with
a determined precision which frequently leads to production of pores. However,
post-deposition process can also lead to recrystallization recovering a small scale
structure. All this support multiscale modelling of the preparation of deposition,
the deposition process as well as multiscale approach to modelling and design of
thermal barrier coating including even atomic scale.

Let us note that the free energy is an important mathematical object which
is present in models related to various scales. By means of this function we are
able to express various critical conditions. Let us mention for instance critical
condition for slip activation in a nanoscale model [7]. Within this model even slip
systems are defined by means of the free energy.

Tending towards unified multiscale approach to description of miscellaneus
phenomena in materials we postulate within nanoscale models critical conditions
for initiation of martensitic transformation and initiation of crack propagation also
by means of the free energy. Therefore, free energy is viewed as having convenient
properties for creating unified theoretical approaches in mechanics of materials.
Thereby, at larger scales than nanoscale we should prefer descriptions having free
energy as notion of key importance. Let us mention here a model of plasticity
which follows from [14] for instance. Consequently, it would be convenient to use
the free energy as an element of index of structure in stage of preparation of grains
of powder for instance. We can assume that

Tp = {Uy, .., Uy}, (48)

which means that within this stage of preparation of material, its n-th grains have
the free energy W,,n = 1,.., N. Then, after the deposition the free energy related
to an assumed scale related to a small part of material placed between pores, has
the form

U =>op(0y,...,¥y), (49)
where the function ®p represents the method of transformation of small particles
into larger one and calculating the free energy for such a structure.
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However, at larger scales we have to do also with various defect and pores in
particular. Then, still more averaged free energy should depend also on the index
of structure related to deposited material expressed previously by Zp;. Thereby,
the free energy is not a pure composition of simpler elements but also depends on
new variables. We can express this by

U=y (Vy,..., YN, Tu) - (50)

At this moment we do not specify any variables of the free energy. Rather we try
to comment where from the free energy follows.

Let us consider a set of variables of the free energy. For description of defor-
mation we can apply the strain deformation tensor e. In case of nanoscale models
variables are simpler but form of the free energy is more complex. Nevertheles,
the deformation by slip for instance, has a more clear structure at nanoscale level
than at more averaged description, where at the same material point various slip
systems can be activated. Therefore, critical conditions for slip for instance are
simpler at the nanoscale level. Let Sy¢ be a hypersurface in space of strain ten-
sors. Let us assume that when deformation attains this surface a slip is activated
on a slip system. Thus, the hypersurface Sy¢ represents just critical conditions
for slip activation.

In case of more averaged model the critical condition can also formally have
simple form as the hypersurface in space of strain tensors Sa,c. However, then
with attaining the critical conditions many additional processes can be associated.
This is so since we have to do with larger degree of averaging. The subprocesses
can be represented by internal state variables for instance. Then, attaining of the
critical condition on the surface Sa,c can be associated with attaining a manifold
M by a set of internal state variables &.

The free energy is part of the skeletal dynamical system in case of multiscale
modelling by collection of dynamical systems. Transition between variables of
various scales is realized by means of mapping 7 as it was discussed in Section 6.
The skeletal dynamical system can be postulated arbitrarily in more simpler cases.
However, it can be also constructed by analysis of the form of FDS. Thereby,
we can introduce additionally a mapping mcrc which could be precisely defined
within whole multiscale modelling process, which transform critical conditions
between scales. Thus we have

more(Sne) = {Savc, Me} (51)

for the case discussed above between nanoscale slip plasticity model and a more
averaged plasticity model. Let us accentuate that we use the free energy in more
averaged description for determining of the critical condition.
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Above discussion presents an idea of 7o rc mapping which cannot be in general
related to the plastic slip. This mapping represents transition between critical
conditions between various scales.

Let us consider the situation when our model of the deposition layer is rather
averaged. Then, expression of a designed property at this level can be associated
with considerations of the set 71'511%0 which represents a variety of structures at
a lower scale which leads to the averaged critical condition. Consequently, tran-
sition between scales, in case of criterion formulated at larger scale, can provide
a space for speculation how to manipulate by structures and also by indexes of
structures in order to satisfy the criterion.

Let us accentuate the key role of index of structure in unified modelling of be-
havior and production of TBC. Indeed, we should be aware where from the struc-
ture of deposited layer follows. It appears as a result of application of previously
prepared components to the deposition. Process of preparation is not always sim-
ple and deserves more attention in modelling. Let us mention the situation when
powder is produced, especially in case when we would like to control the nanos-
tructure. Too small particles of powder are not useful for spraying. As a result
larger particles are produced. However, then they have controlled nanostructure
in separated particles. Such a process is called the nanostructurization [43].

Consequently the index of structure

Iprer ={Zpr1,--»Irn} . Zpi = INanostr (52)

should have a part Zygnostr related to nanostructurization. In case when part of
I Nanostr contains also the free energy for such a powder particle then the problem
of modelling of preparation of powder particles can be complex.

Further role of index of structure is also important. Especially relation be-
tween Zg and Zp; which are not entirely independent is important. Let us note
that mentioned indexes also depend on the scale of averaging applied in mod-
elling of the deposition process. It has been discussed in [6], where evolution of
deposited surface is described mathematically.

We can schematically summarize our considerations by introduction of some
operations. Let

Zat1 = 0a(Za) , (53)

where O, is a mapping transforming index of structure Z,, corresponding to a stage
« into index of structure Z,,1 corresponding to a stage o + 1. Then, whole
transformation of indexes of structure is expressed by

Ir = Onp 0..04q41 0040 ...04,(I1) = Or(Zg) . (54)

Then, the mapping Op represents transformation of initial index of structure into
its final form and represents the whole technological process including deposition.
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Unification of theoretical approach would be expressed concisely as finding the
relation between 775}%0 and O, L

Above discussion has been devoted to expression of concept of unified descrip-
tion of the deposition process as well as behavior of the deposited layer. Intention
of such unification is to create a theoretical environment for engineering activity
related to design of thermal barrier coatings form and its production.

9 Final remarks

Discussion carried out in this paper shows that theoretical modelling of production
and behavior of thermal barrier coatings is a complex problem. Controlling of the
deposition process is necessary in order to obtain appropriate structures of layers.
Furthermore, we should also control what is deposited. Therefore, modelling of
preparation of structure of material for deposition also should be theoretically
described. Profits from such modelling rest on possibility of expression require-
ments related to way of preparation of powder for instance, basing on previously
determined aims on properties which the TBC layer should have as final product.

Complexity of phenomena in materials creating thermal barrier coatings such
as for instance martensitic transformation, inelastic deformation based on various
mechanisms, possible superplasticity, considerable role of temperature in all men-
tioned processes indicate that nanoscale mechanics of materials should be applied.

Application of nanoscale in modelling allows us to model exactly particu-
lar mechanisms responsible for mentioned above phenomena. Construction of
nanoscale models can be carried out phenomenologically. Then, nanoscale mod-
els can be produced for needs directly following from particular phenomena. More
advanced approach which is also much more complex consists in application of
two-scale method of modelling which contains nanoscale model as a skeletal dy-
namical system and molecular dynamics method placed in elementary dynamical
system. It is expected that such an approach would be useful for explanation of
more complex phenomena in relation to temperature. Above discussion indicates
that thermal barrier coatings provides reasons for development of nanoscale me-
chanics of materials and multiscale approach.

This paper shows possible way which would theoretically unify the process
of design and production of thermal barrier coatings. This approach, in a suffi-
ciently advanced stage of development, would create theoretical environment for
discussion of premises on improvements of the deposition process and the whole
production of thermal barrier coatings.

Summarizing, we try to accentuate the fact that the aim of this paper is not
devoted to solve problems of a particular thermal barrier coating. In my opinion
we have to do with a more general question how to transfer engineering activity
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to objects smaller than those considered usually by engineers. Let us notice also
that nowadays nanotechnology develops as promising direction just in relation to
smaller objects. However, the question how to support nanotechnology by theo-
retical investigations is rather open. Frequently, traditional methods of mechanics
are applied. The question of more precise formalization of theoretical description
in this direction is rather not discussed. Let us mention for instance that scale
of averaging is not usually discussed when equations are applied. Therefore, pro-
moting thermal barrier coatings we have also opportunity to consider problems of
modelling viewed as a base for design at various scales. This paper accentuates
necessity of development of methods of modelling by formalization of scale of av-
eraging among others. This paper presents also the point of view of the author
on the context of modelling which thermal barrier coatings should have.

Received 1 December 2008

References

[1] Jaworek A., Sobczyk A.T.: Electrospraying route to nanotechnology: An
overview. Journal of Electrostatics 66(2008), 197-219.

[2] Enomoto Y., Taguchi M.: Modelling of columnar growth in continuum bal-
listic deposition. Applied Surface Science 244(2005), 213-216.

[3] Sekerka R.F.: Morphology: from sharp interface to phase field models. Jour-
nal of Crystal Growth 264(2004), 530-540.

[4] Miranda R., Ramos M., Cadilhe A.: Finite-size scaling study of the ballis-
tic deposition model in (1+1)-dimensions. Computational Materials Science
27(2003), 224-229.

[5] Zhang Peifeng, Zheng Xiaping, Deyan H.E.: Kinetic Monte Carlo simulations
of thin film growth. Science in China G 46(2003), 4.

[6] Kaczmarek J.: Discussion of mathematical modelling of the deposition process
in relation to various scales. Report of the Institute of Fluid-Flow Machinery
PAS 260, Gdansk 2008.

[7] Kaczmarek J.: A nanoscale model of plasticity. Int. Journal of Plasticity
19(2003), 1585-1603.

[8] Kaczmarek J.: A nanoscale model of the crack propagation. Proc. of Sym-
posium on the Mechanics of Material and Structure Damage, Augustow
23-26.05.2001, 115-122.

[9] Kaczmarek J.: Multiscale modelling in mechanics of materials. Report of the
Institute of Fluid-Flow Machinery PAS 514/1473, Gdarisk 2000.



Problems related to theoretical modelling of production and behavior. .. 41

[10]

[11]
[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

Kaczmarek J.: Concept of a formal system aimed at modelling biological
processes in cell. Computational Methods in Science and Technology 8(2002),
1, 31-62.

Asaro R.J.: Crystal plasticity. J. Appl. Mech. 50(1983), 921.
Bassani J.L.: Plastic flow of crystals. Adv. Appl. Mech. 30(1994).

Perzyna P.:.  Fundamental problems in viscoplasticity. Adv. Appl. Mech.
9(1966), 243-377.

Perzyna P.: Thermodynamics of Inelastic Materials. PWN, Warszawa 1978.

Kriven W.M., Fraser W.L., Kennedy S.W.: The martensite crystallography of
tetragonal zirconia. In Science and technology of zirconia (A.H. Heuer, L.W.
Hobbs, eds.). Advances in Ceramics 3(1981), 82-97.

Shima N.K.: Twin and habit plane microstructures due to the tetragonal to
monoclinic transformation of zirconia. J. Mech. Phys. Solids 45(1997), 2,
261-292.

Fabris S., Paxton A.T., Finnis M.W.: A stabilization mechanism of zirconia
based on oxygen vacancies only. Acta Materialia 50(2002), 5171-5178.

Martinez-Fernandez J., Jimenez-Melendo M., Dominguez-Rodrigues A.: Mi-
crostructural evolution and stability of tetragonal precipitates in Y20y par-
tially stabilized ZrOg single crystal. Acta Metall. Matter. 43(1995), 2,
593-601.

Xue-Jun Jin: Martensitic transformation in zirconia containing ceramics
and its applications. Current Opinion in Solid States and Materials Science
9(2005), 313-318.

Wakai E., Kondo N., Ogawa H., Nagano T., Tsurekawa S.: Ceramics super-
plasticity. Deformation mechanisms and microstructures. Materials Charac-
terization 37(1996), 331-341.

Wakai F., Kondo N., Shinoda Y.: Ceramics superplasticity. Current Opinion
in Solid States and Materials Science 4(1999), 461-465.

Baufeld B., Bartsch M., Messerschmidt U., Baither D.: Plastic deformation
of cubic zirconia at temperature between 1150 °C and 700 °C. Acta Metall.
Matter. 43(1995), 5, 1923-1933.

Mufioz A., Gomez Garcia D., Dominguez-Rodriguez A., Wakai F.: High tem-
perature plastic anisotropy of YoOs partially stabilized ZrQy single crystals.
J. European Ceramic Society 22(2002), 2609-2613.

Kaczmarek J.: A thermodynamical description of the martensitic transfor-
mation. A model with small volume of averaging. Arch. Mech. 50(1998), 1,
53-81.



42

J. Kaczmarek

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Kaczmarek J.: A nanoscale model of the transformation-induced plasticity.
Trans. of the Institute of Fluid-Flow Machinery 108(2001), 5-32.

Sohn Y.H., Lee E.Y., Nagaraj B.A., Biederman R.R., Sisson R.D.Jr.: Mi-
crostructural characterization of thermal barrier coatings on high pressure
turbine blades. Surface and Coatings Technology 136-147(2001), 132-139.

Levi C.G.: Emerging materials and processes for thermal barrier systems.
Current Opinion in Solid State and Material Science 8(2004), 77-91.

Schwingel D., Taylor R., Haubold T., Wigren J., Gualco C.. Mechanical
and thermophysical properties of thick PYSZ thermal barrier coatings: cor-
relation with microstructure and spraying parameters. Surface and Coatings
Technology 108-109(1998), 99-106.

Harris K.D., Vick D., Gonzales E.J., Smy T., Robbie K., Brett M.J.: Porous
thin films for thermal barrier coatings. Surface and Coatings Technology
128(2001), 185-189.

Wu D., Liu C., Zhu X/P., Lei M.K.: Numerical study on maodification
of ceramic coatings by high-intensity pulsed ion beams. Vacuum 83(2009),
198-200.

Chwa, Sang Ok; Ohmori: The influence of surface roughness of sprayed zirco-
nia coatings on laser treatment. Surface and Coatings Technology 148(2001),
1, 87-94.

Khor K.A., Jana S.: Pulsed laser processing of plasma sprayed thermal barrier
coatings. Journal of Materials Processing Technology 66(1997), 4-8.

Schulz U., Peters M., Bach Fr.-W., Tegeder G.: Graded coatings for thermal,
wear and corrosion barriers. Materials Science and Engineering A362(2003),
61-80.

Krell T., Schulz U., Peters M., Kaysser W.A.: In: Functionally Graded Mate-
rials 2000 (K. Trumble, K. Bowman, I. Reimanis, S. Sampath, eds.). Ceram.
Trans. 114(2000), 197.

Bahr H.A., Balke H., Fett T., Hofinger I., Kirchhoff G., Munz D., Neubrand
A., Semenov A.S., Weiss H.J., Yang Y.Y.: Cracks in functionally graded
materials. Material Science and Engineering A362(2003), 2-16.

Nicholls J.R., Lawson K.J., Johnstone A., Rickerby D.S.: Methods to reduce
the thermal conductivity of EB-PVD TBCs. Surface and Coatings Technology
151-152(2002), 183-189.

Gu S., Lu T.J., Hass D.D., Wadley H.N.G.: Thermal conductivity of zirconia
coatings with zig-zag pore microstructures. Acta Mater. 49(2001), 2539-2547.



Problems related to theoretical modelling of production and behavior. . . 43

[38] Huang X., Wang D., Patnaik P., Singh J.: Design and computational analysis
of highly reflexive multiple layered thermal barrier coating structure. Material
Science and Engineering A460(2007), 101-110.

[39] Truesdell C.: A First Course in Rational Continuum Mechanics. Baltimore
1972.

[40] Mura T.: Micromechanics of Defects in Solids. Martinus Nijhoff Publ., 1982.

[41] Kosinski W.: Field Singularities and Waves Analysis in Continuum Mechan-
ics. Ellis Horwood Ltd. and PWN, Warsaw 1985.

[42] Kaczmarek J.: A method of integration of molecular dynamics and continuum
mechanics for solids. TASK Quaterly 6(2002), 2, 253-271.

[43] Chen H., Ding C.X.: Nanostructured zirconia coating prepared by atmospheric
plasma spraying. Surface and Coatings Technology 150(2002), 31-36.



