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Abstract

Terrestrial navigation is one of the method of parametric navigation, i.e. a method of fix determination.
Recently the method has become quite common again thanks to automated measurements of navigational
parameters (radar navigation, radio direction finders and others) and connection with the ECDIS. The
accuracy of position coordinates determined by such method is affected by navigational measurement errors
and the accuracy of navigational mark coordinates used for position determination. The coordinates values
are obtained from nautical publications (including charted data) or from an electronic chart data base. This
article presents an original method for an analysis of how the accuracy of navigational mark coordinates
affects the accuracy of ship’s fix. Considerations are supplemented with an example of the most common
terrestrial position determination in marine navigation.

Introduction

In today’s navigation the main method of posi-
tion coordinates determination (more generally:
state vector) is parametric navigation [1]. The so
called fix is determined by various methods and
technical means (terrestrial, celestial, radio, satellite
navigation etc.). Considering the methods for
the processing measurement (observation) results
(navigational parameters), it usually deals with
solving systems of nonlinear equations, relating
ship position coordinates to coordinates of naviga-
tional marks and measured navigational parameters.

In classical methods for the assessment of posi-
tion coordinates determination it assumes that co-
ordinates of navigational marks (or ephemerides of
celestial bodies and satellites — mobile aids to navi-
gation — navigational marks) were determined with
an accuracy higher by one order than the predicted
accuracy of ship’s position determination. To put it
simple it may say that positions of navigational
marks have no error. In reality it is not the case.
It also occurs these days that positional accuracy
of navigational marks is comparable with the pre-
dicted accuracy of the system. It, therefore, should
be accounted in the algorithms for calculating posi-
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tion coordinates and position accuracy assessment.
The effect of initial mark coordinates errors on the
series of subsequent positions is taken into account
in, e.g. [1] that, however, discusses a particular case
and only in the range of changes in mean elliptical
error of the point being determined.

The accuracy of navigational marks (ephemeri-
des) coordinates affects the accuracy of the deter-
mined generalized vector of measurements (pro-
jected parameters, dead reckoned measurements).
These, consequently, influence the values of covar-
iance matrix elements of this vector. A method
presented below allows to take into account the
accuracy of navigational marks’ (ephemerides)
coordinates affecting the accuracy of the position
being determined (its covariance matrix).

Influence of the navigational mark position
covariance matrix on the covariance matrix
of navigational parameters

Generally, a system of non-linear equations of
navigational functions can be written in a form of
vector function of multiple variables [1, 3, 4]:

(1

f(x,znl,znz,...,znk)z u
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where:

X — m-dimensional state vector (of ship’s co-
ordinates, searched-for position);

zn;,— [-dimensional vector of the coordinates of
i-th navigational mark (i=1, 2, ..., k);

u — n-dimensional vector of measured naviga-
tional parameters;

f — n-dimensional vector function;

usually m =/ (the same navigational space);

n=m,

k>n—more navigational marks than position
lines (e.g. hyperbolic / elliptical systems,
halop and others);

k =n —number of navigational marks is equal to
the number of position lines;

k <n—number of navigational marks is lower
than the number of position lines (two
position lines from one mark).

For n < m not a point solution, but an area (solu-

tion interval) will be obtained.

Assuming the presently most general case of
navigational space (@, A, h, At or x, y, z, At), it can
write equation (1) as a system of equations with
multiple variables):

f1(X,yaZ,Af;x1ay1aZ1,115xz,y2,Zzatz§---;xk,ykazk,tk):
2“1

_f‘z(xayaZ)At;xlaylaZl9t1;x29y2)22’t2;-~-;xk9ykazk9tk):

J xayaZaAt;xlayl,Zl:tl;xbyzaZZJtZ;-";xk’yk7Zk’tk):

—~

)
Note that these equations will not always in-
clude all navigational marks. This depends on the
kind of navigational lines (hypersurfaces).
Equation (1) solved by the Newton’s method of
solving nonlinear equations system will have this
form:

X\ =Gflz:G71(u—f(xl.)) 3)
while the least squares method yields:
x=(G'R'G)'G"R 'z )

where: G = f'(x) — Jacobian matrix of the function f
in respect to X,

-
0x, 0x, 0X,,
%h % %
G=|ox, ox, ox,, (%)
o o Uy
| Ox;  OX, 0X,,
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u — vector of direct measurements;
f(x;) — vector of dead reckoned measurements;
z =u — f(x) — generalized vector of measurements.

The position x coordinates vector covariance
matrix is expressed by this formula [2, 5]:

P =(G'RG)' 6)

where:
(7

If u and f(x) are independent, which practically
1s the case, then:

R=R, + R~ Ry —Rugy)

R= Ru + Rf(x) (8)
where:
Rf(x) = HI{anT (9)
H — Jacobian matrix of function f in respect to zn,,
I afi afi cee aﬁ |
ozn, 0zn, ozn,
9% %
H=|06zn ozn, ozn, (10)
o, o, o,
| O0zny  Ozm, ozn; |

o, o o o
[ df )= U B A _ _
en ~ 4o {axj o ez o | E

J
dient of function f; in respect to coordinates of a j-th
navigational mark.

R, O 0
0 R, .. 0
R, - (1)
0 0 R,
O_2 (o2 (o2 (o2
X X Vi XiZj Xil;
2
(o2 (o2 (o2 (o2
_ X;y; v iz it
Rzni — O_l i o i 0-121 O-lx (12)
X;Z; YiZi Z; zit;
2
O-xit[ O-yiti O-Zitf Gti

If each position line is determined only from one
navigational mark, then:

9 o .. 0
ozn,
Ok
0o = 0
H= oan, (13)
: 0 (3f,,
ozn, |
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Mean error of ship’s position coordinates
from bearing and radar range

Let us illustrate the above considerations with
a simple case of position determination from bear-
ing on and radar range (distance) to the same navi-
gational mark [6]. This is quite frequent case of
position determination in maritime navigation,
where radar measurements are used. The situation
is shown in figure 1.
Data:
Navigational mark: coordinates (x,, y,), covariance

matrix elements (O'fo , Gjo 2Oy )-

Range parameters: D, op.

N

NR

IN E

Fig. 1. A position from the bearing on and range to one naviga-
tional mark

Partial derivatives of range relative to the coor-
dinates of the position being calculated:

oD X" % _ % [nondimensional];

& D
D _y=y_W [nondimensional].
oy D D

Partial derivatives of range in respect to naviga-
tional mark position coordinates:

oD _ x-xy_ Ax

Bearing parameters: NR, oygz.
Partial derivatives of bearing in respect to navi-
gational mark position coordinates:

6NR__y—y0__Ay[l} ,

o D’ D’ m]|’

ONR x-x, Ax |1
o0 ~D* D?
Partial derivatives of bearing in respect to navi-
gational mark position coordinates:

ONR _y—y, _Ay| 1],
0ox, D* D m]’

ONR _ x-x, Ax[l}

m

v DD
The matrix of position lines gradients (Jacobian
matrix of the navigational function):

m

oD D | [ & Ay
| &x & || b D
“Sloo, o, |7\ sy A Y
ox Oy D* D?

The transition matrix of reckoned measure-
ments:

&Ny

_| b D

H=| 02 (15)
D' D

The covariance matrix of the measured naviga-
tional parameters:

2

0

R,=|7" (16)
0 ow

The distance (range) measurement is not corre-
lated with the bearing measurement.
The covariance matrix of navigational mark

%_ 5 D [nondimensional]; coordinates:
2
o o
B R = Xo X0Yo 17
D__y-h__ N [nondimensional]. “ {G o, } (17
ayo D D X0Yo Yo
1 1
—Z(szafo +2MxAyo +Ay20'§0) —3[(Ax2 —Ayz)awo —AxAy(O'fO —0';) )]
Rf(x) = Hl{anT = lD P 1
2 2 2 2 2 2 2 2
E[(AX _Ay %Xo)’o _AXAy(O-xo _GYU )] F(Ay UXO _2AXAyGX0y0 +Ax 03’0)
(18)
R=R,+R, =R, +HR, H" =
1 1
2 2 2 2_2 2 2 2 2
op+ F(Ax oy, +2MxAyo, , +Ay GJ’O) o,, + F[(Ax -Ay )JWU —AxAy(o-xO -0, )] (19)

X Yo

Oyyy + %[(sz - Ay2 )me - AxAy(O')f0 —-o? )] G]%,R arcl®+ %(Ayzofo - 2AxAnyOy0 + szaf,o )
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The covariance matrix of the dead reckoned
measurements: (18).
The covariance matrix of the measurement vec-

tor: (19), orzarcl® [radians].
The covariance matrix of ship’s coordinates vec-
tor:

P =(G'RG) .

The mean error of position is found as:

sz/ﬁ

(20)

An example

The following are calculations of the mean error
of position obtained from bearing on and radar
range to one navigational mark.

The input data are as follows:

coordinates of the navigational mark ZN(0,0);
elements of the covariance matrix (o, =0,

=185m, o,, =0); this corresponds to the

accuracy of the determined coordinates of the
navigational mark of 1' order;

parameters of range measurement:

D =10,000 m, op =150 m (typical measurement
error of adar range);

bearing measurement parameters:

NR =180°, op = 0.8° (typical measurement error
of radar bearing);

range measurement is independent of bearing
measurement (these measurements are not corre-
lated).

Each element is calculated as follows:

coordinates difference: Ax=0 m, Ay = 10,000
m

9

. 0 1
matrix G = ;
—-0.0001 0

o -1
0 b

0.0001
0

2500 ‘
0 oooo%L
34225 0 |
3%22%}

matrix H= [

matrix R, =[

0
34,225
0
36725 0 |
0 000054’
0.000027
0

[53,720515
B 0

matrix R, =[

. 0
matrix Ry =[ 0 00034}

matrix R = {

0
matrix R™!' = ;
1861.486

0
36,725|

Therefore, the mean error of position equals:

matrix P

M =/oP =300.742 [m]

The table 1 contains the results of calculated
mean error of position coordinates as a function of
measured range and the accuracy of navigational
mark coordinates. The range measurement was
assumed to have 1 nautical mile steps (from one to
ten), except the values of 1 kilometre, 10 kilometres
and 20 nautical miles. The accuracy of navigational
mark coordinates has these values: 2 cm (practical-
ly idealized value), 18.5 cm (0.0001') as the limit
value for differentiability of coordinates in GPS
receivers, 1.85 m (0.001"), the value corresponding
to the diameter of a navigational mark, 18.5 m

Table 1. Mean error of position coordinates as a function of measured range and the error of navigational mark coordinates

D [m] Error of navigational mark coordinate [m]
0.02 0.185 1.85 18.5 50 100 185

1000 51913 51914 51.979 58.133 87.721 150.648 266.730
1852 56.291 56.292 56.352 62.074 90.381 152.213 267.617
3704 71.935 71.936 71.983 76.545 100.870 158.665 271.339
5556 92.294 92.294 92.331 95.930 116.267 168.873 277431
7408 114.886 114.886 114916 117.828 134.903 182.205 285.743
9260 138.625 138.625 138.650 141.072 155.618 198.033 296.086
10000 148.309 148.309 148.332 150.599 164.303 204.928 300.742
11112 163.010 163.011 163.031 165.097 177.686 215.806 308.257
12964 187.790 187.790 187.809 189.604 200.662 235.086 322.048
14816 212.827 212.827 212.843 214.429 224.266 255.530 337.262
16668 238.040 238.040 238.054 239.473 248.320 276.881 353.713
18520 263.378 263.378 263.931 264.674 272.705 298.944 371.238
37040 519.587 519.587 519.594 520.246 524.377 538.490 581.740
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(0.01"), the value corresponding to the limit differ-
entiability of points on navigational charts, 50 m
and 100 m, which correspond to the accuracy of
range measurement, respectively, in 1:1 and 2:1
ratio, while the last column includes the 185 m
accuracy (0.1"), as in the calculations above.

A graphic interpretation of calculation results is
given in figure 2. It is obvious that the ship’s posi-
tion error increases along with the distance (range)
to the navigational mark, while the influence of
navigational mark coordinates accuracy on the re-
sultant ship’s position is less obvious. The firm line
shows changes in position accuracy as a function of
measured distance for position errors up to a few
meters. The dotted line corresponds to the limit
(maximum) cartographic accuracy of the naviga-
tional mark. The lines above correspond to errors of
navigational mark errors of 50m, 100 m and
185 m.
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Fig. 2. The mean error of ship’s position coordinates as a func-
tion of measured distance and erros of navigational mark coor-
dinates

The diagram analysis shows that when naviga-
tional-hydrographic data from an electronic data
base are used, with highly accurate coordinates of
navigational marks, the influence of their errors is
not significant in case of analytical calculations of
coordinates. However, when errors of mark coordi-
nates are close to or larger than measurement er-
rors, the final result is burdened with a large error,
particularly when short distances are involved.
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In an extreme situation the error is 215 metrow
(position at a 1000 metres range).

Conclusions

The article presents a method of assessing the
influence of the coordinates accuracy of naviga-
tional marks or ephemerides of celestial bodies on
the accuracy of observer’s position. The method
consists in the transformation of covariance matrix
of navigational mark coordinates (celestial body,
navigational satellite) into the measurement space,
and, consequently, taking it into account as a com-
ponent of measurement error of navigational pa-
rameters. This method is general and can be used
for an analysis of observer’s position accuracy as a
function of navigational mark coordinates accuracy
(their covariance matrix), as well as for an analysis
of predicted accuracy of designed navigational sys-
tems.

In the example illustrating the method it can see
a significant influence of navigational mark coordi-
nates accuracy on the final result, i.e. calculated
coordinates of ship’s position. It has to realize as
well that in a general case it should take into
account the time factor (simultaneous measure-
ments) and the correct identification of navigational
marks [4, 7].
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