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Abstract 
In the general case measurements performed in navigation are those of position coordinates − points on the 

trajectory, and trajectory derivatives − speed vector and acceleration vector. Due to the occurrence of 

systematic and random errors, there is no full conformity of results obtained from measurements by various 

navigational instruments and systems in the mathematical model of the process of navigation, as well as in 

specific measurement models. This study attempts to compare trajectories, speeds and accelerations 

determined by different measurement tools (navigational equipment and systems). The results may be used in 

an analysis of measurement reliability and of the correct performance of navigational systems and equipment. 

A comparison of various sources of information also allows to detect and identify systematic errors, so that, 

consequently, mathematical models of specific phenomena and processes can be verified. 
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Abstrakt 
W nawigacji wykonywane są pomiary współrzędnych pozycji – punkty na trajektorii oraz pochodnych trajek-

torii – wektor prędkości i wektor przyspieszeń. Ze względu na pojawianie się błędów systematycznych 

i losowych, zarówno w modelu matematycznym procesu nawigacji, jak i w poszczególnych modelach pomia-

rowych, nie występuje pełna zgodność wyników pomiarów wykonywanych za pomocą różnych urządzeń 

i systemów nawigacyjnych. W prezentowanym artykule podjęto próbę porównania trajektorii, prędkości 

i przyspieszeń określonych różnymi narzędziami pomiarowymi (urządzeniami i systemami nawigacyjnymi). 

Wyniki mogą być wykorzystane w analizie wiarygodności pomiarów oraz poprawności pracy urządzeń i sys-

temów nawigacyjnych. Porównanie różnych źródeł informacji umożliwia również wykrycie i identyfikację 

błędów systematycznych, a efektem tego może być weryfikacja modeli matematycznych poszczególnych 

zjawisk i procesów. 

 

 

Introduction 

The simplest concept of navigation may be  

understood as a section of “knowledge on steering 

a vessel, methods of its position determination and 

choice of a track” [1] or – process of steering 

a vessel (vehicle) during its movement from one 

place to another. Another approach defines naviga-

tion as “science of methods and means of obtaining  

information on vessel position and movement and 

steering it from one point in the time-space to  

another point along a preset trajectory” [2]. Without 

going into further details describing navigation as 

a science and art it can state that the movement 
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of navigational object is essential in navigation. 

If there is movement, it has to deal with a trajectory 

(track), speed and acceleration. Therefore, the basic 

feature of navigation is the fact it is connected with 

the movement of material bodies and with steering 

their movement. 

Vessels’ trajectory, speed and acceleration are 

interrelated. Hydrodynamic equations of ship mo-

vement in practical navigation are not used as some 

forces affecting the movement cannot be measured 

[3]. That is why relevant navigational measure-

ments are made: points on a trajectory – observed 

positions (position systems), speed components – 

courses and length of speed vector (compasses, 

logs) and acceleration components (accelerome-

ters).  

Quantities describing vessel movement 

The description of a body movement requires 

that the manner in which all its points are moving 

should be given. In general, the movement of 

a given body may be divided into two components: 

progressive motion and rotary motion. Progressive 

motion is such that all the points of a body move in 

the same way; the straight line joining any two 

points of the body travels parallel to itself. Rotary 

motion is such that all the points draw circles that 

lie on planes parallel to one another, with the cen-

tres of these circles lying on one straight line re-

ferred to as the axis of rotation. The motion of real 

objects is often a combination of the two motions – 

linear and rotary. Motion can be uniform, when it is 

described by an equation linear relative to time or it 

is non-uniform (variable), when it is described by 

an equation non-linear relative to time.  

Vessel’s movement is mostly described by  

kinematical equations of material point movement. 

Sometimes, however, such a description is not  

sufficient, particularly while manoeuvring in areas 

whose sizes are comparable with vessel’s size. 

Let us specify the notions connected with vessel 

movement. Due to the character of vessel move-

ment (in two- or three-dimensional space) vector 

functions will be mainly used. Let us introduce 

the following notations and definitions [4]. Let T 

denote space (axis) of time, T  I = (t1,t2) – fixed 

time interval.  

Definition 1 

The trajectory (track) of a material point in 

the interval I is called as an image of the set I with  

vector representation: 

 
3)( EttT  x  (1) 

i.e. set 
3)( Et x , E

3
 – Euclidean space. It usually 

assumes that E
3
 = R

3
. In marine (surface) naviga-

tion it reduces the space to two dimensions (ellip-

soid, spherical or plane coordinates). The form of 

a function describing a trajectory in a given coordi-

nate system is called the movement equation. 

In order to determine the movement of a material 

point it has to know the representation (1). This can 

be [5]: 

– vector equation of a curve; 

– parametric equation of a curve; 

– curve equation in the orthocartesian system. 

The movement equations should be twice differ-

entiable, which results from Newtonian dynamics.  

Definition 2 

The speed vector (speed) of a material point at 

the moment t is called a derivative: 
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Speed is a vector tangent to a trajectory (curve). 

Definition 3 

Acceleration is called a derivative of speed rela-

tive to time, i.e. the second derivative of the trajec-

tory relative to time: 
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Besides, higher derivatives of trajectory are also 

known in physics. The third derivative of a trajecto-

ry (first derivative of acceleration) is called the jerk 

(j) [6]. Higher derivatives are referred to as snap 

(s), crackle (c), pop (p). These notions were intro-

duced as terms of the expansion of strong nonline-

arity of movement [7], e.g. in the Hubble telescope 

control.  

With the parametric representation of trajectory 
3)( EttI  x  a new parameter defined by this 

equation can be introduced: 

  d)()(

1


t

t

tS x  (4) 

where the symbol   denotes a metric in the space 

E
3
. The number S(t) (length of trajectory x([t1,t])) 

expresses a track covered by a material point from 

the moment t1 to the moment t. The function 

[t1,t] 
1)( RtSt    is a differentiable function 

where for any t  (t1,t2) this equation can be writ-

ten: 
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The derivative S'(t) = V(t) describes speed. As 

the derivative )()()( tVttS  v  is non-negative, 

the function S = S(t) is non-decreasing. If )(tx  does 

not disappear at any point of the interval (t1,t2), then 

there exists an inverse function t = t(S). In this case 

the points of a trajectory by a variable can be 

parametrized: 

   3
2 ))(()(,0 EStStS  x  (6) 

This is a natural description of a curve repre-

senting the trajectory of a material point. The fol-

lowing relations exist between speed and track: 
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Comparison of navigational DGPS,  
DR and IMU measurements 

Navigational position systems where time is dis-

crete (in a DGPS receiver t ~ 1 second) measure 

coordinates of points on a trajectory burdened with 

measurement errors and movement disturbances 

(plus errors of time measurement). Besides, the 

form of a trajectory function is not known (1).  

Doppler methods of measurement in receivers 

of navigational satellite systems, in which relative 

speed is measured (speed of receiver relative 

to transmitter) is disregarded. Therefore, using 

a DGPS speed can be determined making use of the 

definition of mean (resultant) speed [8]: 
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Let us note that the mean speed is a function of 

t1 and t2. In a general case the mean speed is differ-

ent from an instantaneous speed. In uniform motion 

only the mean speed is constant and equal to the 

instantaneous speed. 

It should also be noted that in navigational posi-

tioning systems trajectory points from only one 

point attached to the vessel – receiver antenna are 

determined. That is why position coordinate meas-

urements do not describe ship movement as a solid 

body. For a two-dimensional (2D) position two 

antennas should be used, (or, additionally, data 

from dead reckoning navigation should be includ-

ed), while in the case of a three-dimensional posi-

tion (3D) – three antennas would be needed.  

Accelerations in positioning systems are calcu-

lated as averaged values of the mean acceleration. 

This results from the fact that mean acceleration is 

expressed by this relation: 
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Mean acceleration is also a function of moments 

t1 and t2. However, the numerator of the formula 

(9) includes instantaneous values of speed, and 

a DGPS yields mean values – formula (8). Bearing 

in mind that the speed mean value is an arithmetic 

mean of instantaneous speeds and assuming that 

t = ti+1 – ti = const., after transformations the 

arithmetic mean of two mean accelerations can be 

obtained, i.e.: 

 

t

tttt

tttt








),(),(

)),(),((
2

1

12śr23śr

12śr23śrśr

VV

aaa

 (10) 

The vessel speed module, i.e. (instantaneous) 

speed is measured by means of a log, while speed 

direction by a compass. These measurements fea-

ture both random errors and essential systematic 

errors. Logs measure an instantaneous speed, as 

compared to navigational positioning systems, as 

the measuring frequency is about 8 Hz, whereas 

acceleration measured by a log is a mean value 

expressed by the relation (9).  

Instantaneous acceleration is measured by accel-

erometers and compasses (direction). In this case 

DR 

Fig. 1. Comparison of navigational measurements: a) speed 

determined from DGPS and DR (log – gyrocompass); b) accel-

erations determined from DGPS, DR (log – gyrocompass) and 

an IMU – gyrocompass system 

Rys. 1. Porównanie pomiarów nawigacyjnych: a) prędkości 

określonej z pomiarów DGPS oraz DR (log – żyrokompas); 

b) przyspieszeń określonych z pomiarów DGPS, DR (log – 

żyrokompas) oraz układu IMU – żyrokompas 
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the major source of errors is in the drift of accel-

erometers.  

The graphic charts below show a comparison of 

measurements and calculations of speeds and ac-

celerations. Figure 1a compares the vessel’s mean 

speed calculated from its position coordinates with 

instantaneous speeds obtained from a dead reckon-

ing (DR) system, consisting of a log and gyrocom-

pass. Figure 1b, in turn, presents a comparison of 

acceleration calculated from DGPS measurements, 

DR with instantaneous acceleration measured in an 

IMU inertial converter coupled with a gyrocom-

pass. 

As it can be seen in the charts, calculated mean 

values differ substantially from instantaneous val-

ues. In general it is obvious. However, one should 

expect high deviations of the instantaneous values 

from the mean value, while in fact it is the opposite. 

This indicates poor accuracy of the measurements 

used for calculating the mean values of speed and 

acceleration.  

Figure 2 presents an approximated trajectory 

of a vessel obtained from DGPS measurements by 

a third-order polynomial. The chart visibly shows 

the phenomenon of lower precision of coordinates 

measurements that resulted from discretization. 

A better approximation, particularly concerning 

y = –0,0235x3 + 0,4247x2 + 
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Fig. 2. Approximation of a trajectory (DGPS) by a third-order 

polynomial 

Rys. 2. Aproksymacja trajektorii (DGPS) wielomianem trze-

ciego stopnia 

Fig. 3. Comparison of speeds determined from raw DGPS 

measurements and those smoothened by a third-order polyno-

mial 

Rys. 3. Porównanie prędkości określonej z surowych pomia-

rów DGPS oraz wygładzonych wielomianem trzeciego stopnia 
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Fig. 4. Comparison of hodographs of speeds during vessel’s turn from DGPS and DR (log-gyrocompass) 

Rys. 4. Porównanie hodografów prędkości na cyrkulacji z DGPS i DR (log-żyrokompas) 
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turning of a vessel, is obtained by using the mean 

ARMA (Fig. 5), but for better perception the ana-

lytical form of the trajectory is more convenient. 

Figure 3 depicts a comparison of the mean speed 

calculated from raw DGPS measurements and 

a smoothened trajectory. 

Figure 4 illustrates hodographs of speeds of 

a vessel making a full turn, obtained from dead 

reckoning (DR) and the mean speed from DGPS. 

High peaks of the mean speed (DGPS) are clearly 

visible; besides, at the bottom of the diagram a sys-

tematic error (drift) of log measurements will be 

seen. This is the consequence of the lack of meas-

urements of the transverse component of ship’s 

speed. 

 

Fig. 5. Comparison of trajectories from DGPS, DR, smooth-

ened by a polynomial and the mean ARMA 

Rys. 5. Porównanie trajektorii DGPS, DR, wygładzonej wie-

lomianem i średniej ruchomej (ARMA) 

For navigational purposes trajectory derivatives 

can also be calculated – speed and acceleration. 

The inverse procedure is also performed, i.e. after 

integrating speed a trajectory (DR) is obtained. 

It can also be obtained after twice integrating of 

accelerations (INS). The above mentioned figure 5 

presents a comparison of trajectories obtained from 

raw DGPS measurements with those calculated 

from speeds in dead reckoning navigation, the 

mean speed determined by a polynomial and the 

mean ARMA.  

As it can be seen, the most deviated trajectory 

from the real one (raw DGPS measurements) is the 

DR trajectory. This results from the previously 

mentioned drift (systematic error). On the other 

hand, deviations from the trajectories calculated 

with the use of mean speed (approximation by 

a polynomial and the mean ARMA) result from 

a specific inertia of the mean value as compared 

to the instantaneous speed value. 

Conclusions 

As presented above, the differences between 

mean values of speed and acceleration calculated 

from points on a vessel’s trajectory or log meas-

urements are affected by a number of factors that 

normally are not considered. These can be included 

in the following conclusions: 

– interval of measurement discretization t in 

(D)GPS has a significant effect on the accuracy 

of calculated speeds and accelerations (only low 

frequency components are reproduced, which 

results from Shannon’s theorem); 

– accuracy and precision of coordinate determina-

tion have a similar effect; 

– too long period of smoothening also leads to 

false results, e.g. on a ship’s full turn; 

– with one DGPS receiver the ship’s trajectory 

reproduced is not that of a solid body; this is 

particularly important when the antenna is locat-

ed outside the hull axis of turn or the axis is var-

iable; 

– measurement integrating systems ((D)GPS and 

DR/IMU) provide very good results of estima-

tion of trajectory, speed and acceleration.  

It turns out that, basically, presently used meas-

urement methods – DGPS receivers and DR navi-

gation and inertial devices – they may complement, 

but not replace each other [7]. Experiments with 

determining speed from Doppler DGPS measure-

ments have been promising [5].  
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