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Abstract
The paper proposes the 3-D mathematical model for analytic determination of exhaust concentra-
tion dynamics in the city regions under a priori information on airflow velocity. In this model it is
provided that the turbulent and molecular diffusion coefficient changes depending on the vertical re-
moteness above the ground surface. The numerical example of problem solving is presented. The
created model can be used for solutions of operative problems on urban traffic organization, of long-
term planning of urban agglomeration development and new highway building.
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INTRODUCTION

Environmental pollution, noise and vibration exploration of the urban traffic becomes
more serious with every year. Evaluation problem of transport negative impact on urban ecol-
ogy is the subject of many scientific researches. The evaluation of air pollution by automobile
transport takes a special place in the analysis of town pollution level, since hazardous pollu-
tants emission into the atmosphere is resulted by burning of fuel. According to the data [1] the
environmental pollution from automobile transport is 60,6% of all the atmosphere pollution.
The chemical constitution of emissions depends on the fuel type and quality, production tech-
nology, the type of fueling in the car engine, and its technical stage in future emission filtra-
tion. Among the harmful substances that are being emitted into the atmosphere, carbon dio-
xide, nitrogen oxides, hydrocarbons, aldehydes, sulfides and lead have to be pointed out in the
first place. In this list carbon dioxide (CO2) has the main influence on the atmosphere. It ex-
erts maximal influence on the glasshouse effect specifically. Besides, nitrogen oxides, hydro-
carbons, aldehydes, sulfides, lead and other substances have negative impact on urban people
health. The proof of that is the increase in quantity of urban people's oncological diseases,
heart-vascular system and lungs diseases. As an example, cancer incidences rate in Switzer-
land is 9 times higher for people who live close to highways with the intensive traffic rather
than for people who live in suburbs located 400 meters away from the highway.
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Annual air pollution management costs are 100 million pounds sterling in Great Britain,
700 billion yen in Japan, and 1,5 billions dollars in the USA. There is an opinion in the USA
that pure air could reduce the expenses on medicine by more than 2 billions dollars per
year [1].

Issues of urban environment protection against transport pollution require development
and environment protection actions plan implementation. The scheme of urban environment
protection inter-relation problems caused by transport is overviewed by authors in the
work [2].

The main subjects of authors’ research are the air pollution status evaluation and dynam-
ics forecasting in urban traffic circumstances; actions development for clearing and preven-
tion of pollution in a town area, and foremost, living areas. The present article analyses the
mathematical model for the evaluation of such factors as traffic and transport structure, urban
agglomeration planning and meteorological conditions influence on air pollution in urban
quarters. The introduced model can be used for long-term planning of urban agglomeration,
new urban quarters designing, and new highway building. This model can also be useful in
operative questions solutions on a traffic organization matter within a living area.

1. THE GENERAL DEFINITION OF THE PROBLEM

In general case the following definition of the problem takes place. Let the set

S0 ={:):5,(0),-5,()}  pe defining air condition in the given point of tree-dimensional

s;(),j=12,..,n

space at the time 7, where is determining the concentration of j-th substance.

t

It 1s assumed that at some moment of time "¢ the condition of the air can be specified

from the functional equation

S ()= F[ S i =12, ks Y (031 2 (05t 1,) | )

where £ is some functional, §(4),8(t),->5(%) g the set specifying the condition of the

air at the analyzed point at the moments of time liolysole that are anteceding to the moment

.Y (et L .

e, 1.e.; ( etk e)ls the set of uncontrolled parameters, that are describing specification
of external environment, influencing to the concentration of the substances in the air, meteor-
ology in the first place (a temperature of the air, direction and speed of the wind) et al,

z (tl’ ol ’le) is the set of partly or fully control external environment parameters, regulation
of which influences on the concentration of the substances in the air, for example, a traffic
intensity, in total and per a car type.

Note that depending on the problem observed, some indexes of an external environment

Y (8,158,

t

can be uncontrolled parameters of set

Z (tyenstyst : o :
( et @) . For example, such interesting indexes as town quarters planning, a profile and
specification of highways, specification of green space are related to the uncontrolled parame-

Y (1,nst5t,)

and controlled parameters of set

ters of the set , if problem of operational control of transport flow is considered,

and to the controlled parameters of the set z (tl""’t";te), if the problem of urban develop-

ment long-term planning and execution of ecology actions, for example, a green space im-
plantation is considered. The tasks for operational control of transport flow, urban develop-
ment long-term planning and building of new highways in general case are stated as follows:

. Y (8,0t 5t Z (tentist) ., . : .
with the stated set ( ke e)and ( Ptk 6) it is required to determinate a concentra-
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tion of hazardous substances °(e) in the examination area of town air space, and with the

max

excess of j-th substance concentration allowed level 5t s required to change the con-
Z (bt 5t
trolled parameters ( 1200020k e)

trations "/ (t)es () would be within tolerance limits: .
Note, that solving of problem (1) should be executed for different variants of external en-

. oo Y (bt st . : . .
vironment conditions ( Ptk f), besides, a corresponding managerial decision (the set of

control impacts) will be defined for each variant. The set of these solutions allows to formu-
late the urban transport system management strategy and to find the proposals of its develop-
ment.

For determination of the functional £ in equation (1) different mathematical methods can
be used, primarily, the methods that are based on mathematical description of physical
processes, and statistical methods (for example, the methods of multiregression), that use the
statistics which has been gathered in the process of ecological monitoring of the city. The
main advantage of physical methods is the possibility to use them for each new situation,
while the statistical methods are applied only after a large number of observations has been
gathered. The physical models allow receiving more exact solutions, but in opposite to statis-
tical models they are more complicated and require more sophisticated mathematical tools for
their solution.

In this research the authors are building exactly the physical model, namely, under the
functional £ in the functional equation (1) a differential operator is being formed, which is
describing the process of turbulent diffusion when mass transfer in the space is dictated by the
turbulent motion of environment. In the present work the solution of the building model is
analytically in closed formula. Besides, this research carries out numerical implementation of
the obtained analytical solution with certain simplifying assumptions.

in the way to have eligible set elements § () , 1.e. concen-
s;(t,)< S;‘lax, j=12,..,n

2. MATHEMATICAL MODEL

In present work the 3-D mathematical model for analytic determination of exhaust con-
centration dynamics in the city regions under a priori information on air flow velocity is pro-
posed. In this model it is provided that the turbulent and molecular diffusion coefficient
changes depending on the vertical remoteness above the ground surface, i.e. the condition of
vertical layering of town air is designed-in the proposed mathematical model owing to long-
term harmful substances accumulation therein produced by vehicles.

The mathematical statement of the problem formulated above is following: it is required

) ) =LN .
to find the concentration ¢ (3 %,,%,.1) of 7-th (n ) harmful substance at any spatial

[0,7,]x[0,4,]%[0,1;]

point (32, in the bounded and closed domain at any moment of time

tefo.7] from the equation
oCc" (xt) (i {n S ). T )
= = le(D(S(x,t))gde (x,t))—g(x,t)-gde (x,t), >0,
x=(x,x,x): 0<x, </, (izﬁ); 2)
from the initial condition
C () =G (%), x=(xxx): 0<x, <1, (i=1,3); )

from the boundary condition (for each fixed/ = 0, M _1) (see [3-5])
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aC™ (x,t P ,
71{,Tff'(§c) - i{,z},;f'cJl }(x’t)x,:a,, :Ci{,/} (X/{xl},l), ;<% b, (121’ )’ t20,
)
act (x,t , . _
i, L (] = (i), @, <x b, (i=T3). r20,
T (5)
from the matching condition
(), =C"(xg) L j=LM-1,0<x </ (i=12),
x;3=l"" -0 x3=1"1+0 (6)
{n} {n)
D(3(e) 20 p(G) 2R ss (1=12).
ax3 6x3 X, :1§1}+0 (7)

I
x;=1," -0

In the unsteady-state initial boundary value (2)-(7) problem the coefficient of turbulent
and molecular diffusion is designated as D(S(x’t)), which is assumed as piecewise constant

function in this work:
D, =const if 0= 13{0} <x; < 13{1},

0<d gp(g(x’t))d;f D, =const if IV <x <,

min

D, =const if IS{M%} <x; = for Vx, € [0,]1.], (i = 1,2),

where M is the quantity of layered domains on the vertical axis 0Xy , 1.e. these layered

domains are parallel to the plane X,0X, ; the vector—function 8(x.1) signifies an airflow veloc-
ity, which it is purposed experimentally known and piecewise constant function in this work:

9 =const if 0=1" <x, <,

3 av . }
@(x,t)dzef 192{ ' = const if 13{1} <x, Sl3{2 ,

and finally, the points %/ and b.i mean the boundary points of layers, namely, the points

9 and b are definition as
0 if i=12,

def )
IWif i=3; j=0, A [l if i=12; V),
WY i=3, V)

al.’j
1 i i=3 j=0,

3

In the problem (2)-(7) we assume that the following constants are known initial constants:
et (i=13 j=0,M) 9" (j=1,M)

3 2

N el Mel] TEDI+ DjeDi (jzm)

{n} V(i1 14 - _
1 if j=0; i=1 k=13,
yi =100 i =0y i=l k=2,4,
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o —y e
Besides, in the problem (2)-(7) we suppose that the initial functions * ,
c () (i=16 j=0,M~1) Vn=LN

are given functions, and for itis

o 0 otherwise .

{n} . . . .

C{"_} (D,t) — {Ci\,j (D’t) lf{] - 0} A {l - 3’6}’
Finally, besides the conditions (1)-(7) in the mathematical statement of the considered
problem we require the satisfaction of the corresponding consistency conditions, i.e. the initial

{n}
function 0 (x) and the boundary functions 7/ ( satisfy the consistency conditions at the

corresponding conjugate points for each = LN harmful substance.
Using standard approach (see [6]) we can prove that the formulated problem (2)-(7) has
an unique solution. In present paper we will suppose that the quantity of vertical layers, which

are between the ground surface and the upper bound 13, equals to four, i.e. M =4 and the
bounds of each layer are given empirically.
Now we start to solve the formulated problem (2)-(7). For the purpose we will introduce the
following new function

w" (x.0) if 0=1%<x <1V,

W{n} (x,t)d;f wi”} (x,t) if 13{1} <x < 13{2},

where

C"(x,t), 120, 0<x, <1 (i=12),
W< < (=105 1 =0, 1 =1,).

(8)
Taking into account the notation (8) in the equation (2) and in the initial condition (3), we
{n} P
have the following new problem: it is necessary to find the functions " (xr) (7=12) from
the equation

W:D/-g%@, 1>0, 0<x, <[, (i=1,2),
W <x <t (j=1M; 1 =0, 11 =1,), ©)
from the initial condition
wl (x,t)LO =wy(x), 0<x </, (i=12), 70 <xy <t (j=1,05 1 =0, 1M =1,), (10)

where

lgj{.m*} 3
def  — X

wy(x)=e AL (x)
and from the corresponding boundary and matching conditions.
Thus, with the help of the nondegenerate transformation (8) the original problem (2)-(7)
with inhomogeneous equation (2) is reduced to the problem (9)-(10) with homogeneous equa-

tion (9). The obtained problem is simpler than the original problem (1)-(7). Now we will find
the solution of the received problem (9)-(10) in the form (see [6])

ne (xl,xz,x3,t):W(xl)-W(xz)'W()@)-T(t), 0<x </, (izl,_3).

(1)
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Substituting (11) into (9)-(10) and having some not difficult transformations we have the
solution of the reduced problem (9)-(10):

=(n
| Ak

w o o N wa} 2_ 7{/'} =in} 2_’
) SSS aow (oneOE
i=l j=1 k=1 (12)

deljdxzjwo(xl,xz,x3) W{ " b (x5, 53 ) dx, Jdtjdewm X, X,,1)- Vl/i’{j'.’}k(xl,xz,%)dxz

i,j.k I b I b I I +
deljdxzj{l/l/;,{;"}k (xl,xz,x3)} dx, jdxljdxzj{ o (961,362,363)}2 dx,
0 0 0 0

T
J‘a’t_[dxlj.wﬁ0 (xl,xz,t)~Wl{j}k (x,,x,,x; ) dx,

l
K

j.dxj.dx '([{ ()cl,)cz,)c3)}zcz’)c3

A ’1"' ’ l" (i.j.kell) are roots of transcendental equation, respectively

1{,’;},1 7 1{:1},1 Y 1{,;},2 7 1{;’1},2 Y 1{,;},3 7 1{,’;},3 Sl{avemge}
tg (z{"} N )_ z{"} ) e 7}1 7, 1{2}1 4 7 1{7}2 7 1{;}:2 7 1{,'11,}3 7 1{2}3 n D,
1= n n n n n n 2
/1{"} _ 7/1{,2},1 . 71{,4},1 in _ 71{,2},2 i 71{,4},2 z{”} _ 71{,2},3 . 71{,4},3 —{n} 3{mmge
n n n n n rll
7/1{1}1 71{ 3}1 7/1{,1,}2 71{,3%2 7/1{,1,}3 71{,31,3 D,
7 yi"i 0 o . 7, 7, . s 7, . s
. (,:1{"} l j =0 ) oA %) AT R/ (PR ¢ yy s
2 | n n n n n n >
j{"} 75 2}0 7§ jo =t} 75 2} 75,2,1 —lnp 7/;2},2 72{,2},2 =lnh 7;{,2},3 ) 7/;2,3
7;1},0 72{73},0 75,1},1 7/33},1 75,’11},2 7/;,1},2 72{2},3 7;"3},3
3{,'12},0 n 73{,'1},0 7/3{,”2},1 n 73{,”4},1 7/3{,}72},2 73{,'1},2 73{,”2},3 73{,”2},3
; i{n} g = i{n} _ g ’;}o 73{,’13},0 n 73{,’11%1 73{,’13},1 N 73{,’;},2 73{,’13},2 73{,’11},3 73{,’11},3
£ 2= =t T U T i S
7 _20 Tao T 3{,2},1 ) 3{,4},1 1 — 3{,2},2 ) 3{,4},2 1 — 3{,2},3 ) 3{,2},3
7/3{3%0 73{,}13},0 73,'11,1 73,'13,1 73:,2 73,}13,2 73,'11,3 7/33,3

{n}
For each layer the function W5 (32,3, from the formula (12) can be defined as fol-
lowing:
1
— the first layer O<x <k, 0=x, <5, 05, <57 4o circumterraneous layer, and in this lo-

{n}
wermost layer the function Wi (31552, %) has the form

cos(6":x 0 ) — —{n} 2.7 D -9 =(n)
W,{]}k(xl,xz,x3) % cos(ﬂl{, }xl)— lgl_{ﬂ[ sin(ﬁi }xl) cos(ﬂi xzj yz”—{sm(ﬁ xzj ;
COS(@,,,-,'k I ) 2D B, 2-D, 210:3

0<x,</, 0<x,<I, l <x3<l

{n}
— in the second layer 3 the function (ACTEY has the

form

cos(é’l{ M2 (1 x ) i 3 2 a 9 _2, M p —(n}
W (xx,,x,) = - (3 3) cos(ﬂ,{. }X1)+¢5m(ﬂi }x]) i B % Nt in(ﬂi x2j+

0l
cos(H{ el (1§2} —1 )) 2D271,1,1ﬂ,- 20,71, B
(7'
+cos| B, x, ||
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{2} 3 {n}
— in the third layer 0<x <h, 0=x,<b, 7<% <57 o function /it (3%, 3,,) has the
form

{

cos (7 (=) [ (= \ 9 —2p1.D g 2.0 p o
W (3, %,,x,) = {’}l{(}}({}} {23}) cos(ﬂ,- xzj+—3 Hiaz s (ﬂ xl) —7“{2} : (/’7 xzj
COS(H,),-Y;} (13 -1 )) 7112:3 2D372)112ﬂ

(:{n} ):|
+cos| B, x, | |5

— the last layer

<x < F<x <l .
0<x <k, 0<x, b, ¥ <x <1, is the most removed from a ground surface

layer in considering bounded and closed parallelepiped [0.4]x[0. ][0, 13]. In this upper-

{n}
most layer the function ACIEEY has the form

cos ("9 (1, - x o\ 9™ 2y p, 9™ _2l D (=t
W,{j}k (1,3, %) = ( {"}’;} . I33})) cos(ﬁi }xl)+¢ (ﬂ x) —72i"}4 in(ﬂi x2)+
COS(‘gi,j,l’( (ls_lsl )) 2D 113:3

4 21}%ﬂ
(:{n} H
+cos| B, x, ||

Here
./ ﬂ,{ } ﬂ{"}i{n} 2 2 2 2
glrhim 2 Lo LR (=1 M=14)
e Dm 112 122
—(n} ={n}
B and Pi are positive roots of the transcendental equation, respectively

1 7 1 7 1 7 1 7
D |—-"ctg |———5=D, | ——"-ctg | —-—,
D, I D I D, I D, I
1 7 1 7 1 7 1 7
D |—-Z g |—-Z =D, |—-Z g |— -2
D, I R D, I D, I

Thus, the formula (12) is the solution of the reduced problem. Then the solution of the
original problem (1)-(7) can be found by the nondegenerate inverse transformation:
9/“'”"""”"} 3 3_( sﬁuwmgu})z

ct (x,x,,x5,1)=e DR ~w{"}(xl,x2,x3,t), 120, 0<x, <1 (i:1,_3).

(13)

: : : tr}
The formula (13) lets to determine required concentration C (225, %,,0) of the ”-th

1€[0,T]

harmful substance at any moment of time in any spatial point (32,3, for each of N

harmful substances.

3. EXAMPLE OF RESULTS

Let’s consider the example of calculation of concentration change of harmful substance
on a different height above the road area at the postinitiation fixed time moments 1, 2, 6 and
12 hours, respectively. We consider the road section with the width of 21 m and the length of
165 m. It is supposed that there are multistory buildings in both sides of considered road, at
that the average height of buildings is 20 m. Besides, we assume that the number of cars driv-
ing through the road section per 12 hours is known and equals to 11000 units, i.e. the traffic
flow rate in the considered road is accepted as equidistributed, namely, it equals to 917
cars/hour approximately. Other initial data are following: depending on the altitude wind ve-
locity on layers changes from 4 m/s till 1 m/s; the coefficient of turbulent diffusion depends
on altitude and it changes from 0.13 (highest) to 0.16 (lowest); average concentration of the

AUTOBUSY’



investigated harmful substance (as investigated material is taken CO, particularly) is assumed
as 179 g/km; exhaust speed near cars is 60-100 m/s.

Computations will be performed for an "imaginary vertical column", the foundation of which
is exactly in the middle of the considered road and it is determined for the point

(% =10.5m; x, =82.5m) . Numerical implementation of considered mathematical model has been

realized by the packaged MathCAD. The results of calculations for the different moments of time,
passing after the beginning of turbulent diffusion process, are presented in Figure 1.
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Figure 1. Change of the concentration of harmful matter on a different height above a road area

C(xl =10.5,x, =82.5,x,,t =1

Figure 1a shows a change of concentration ) depending on the

variable 3, i.e. the constructed curve reflects a change of harmful substance concentration

depending on a height % in 1 hour after the beginning of process of supervision of harmful

substance turbulent diffusion in the fixed point of the road area (% =10.5m; x, =825 m)

Changes of concentration depending on a height in the same point at the moments 2, 6 and 12
hours after the beginning of turbulent diffusion process are presented in Figure 15, 1¢ and 1d,

respectively. Note that in Figure 1a scale of ordinates is compressed 10° times less, and in the
other figures scales of ordinates are taken 10 times less, i.e. there is the graph of function

C(x3)=10’2 -C(xl,xz,x3,t)

w=1050=8250=1 in Figure la, and there are the graphs of functions

lO’l-C(xl,xz,xyt) IO_I-C(xl,xz,x3,t)

x=10.5;x,=82.5; 1=2 R x=10.5;x,=82.5; =6 and

IO_I-C(x,,xz,x3,t)

n=105:=8251=12 i Figures 1b, 1c and 1d, respectively.

Let's note that this example considered by authors has illustrative character, because the
solving of the offered mathematical model with respect to the considered example has been
executed under some simplifying assumptions. For wide application of the offered mathemat-
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ical model in practical questions it is necessary to develop more complex program using the
high-level language.

4. DISCUSSION

As can be seen from the mathematical statement (2)-(7) of the investigated problem, there

is assumption to the effect that a priori information on airflow velocity ¥ and its direction, at
that this vector velocity is considered the known piecewise constant function of variable ™

only and consequently this is independent of other two spatial variables ™ *2 and temporary

G=d(x,)

variable 7, i.e. . In addition, in present work it is assumed that the coefficient of tur-

o . D(3) . . : . ,

bulent and molecular diffusion ( ) is also piecewise constant function, which changes de-
pending on a vertical remoteness from the ground surface. Obviously, these assumptions sim-
plify the equation (2) and the matching conditions (6)-(7). In general, both the vector velocity

J and the coefficient of turbulent and molecular diffusion D(Q) are not of necessity to be
piecewise constant functions. Moreover, these functions cannot be considered a priori known.
In the near future, the authors of present work intend to investigate a more general case preli-
minarily relinquishing above-mentioned strict requirement.

In the process of this investigation the program system must be develop allowing computa-
tions of atmospheric air pollution in dwelling zones of city in view of manifold initial data. As
evident from the example of results, these computations are intricate and laborious problem.

CONCLUSIONS

1. The present work proposes the 3-D mathematical model for analytic determination of ex-
haust concentration dynamics in the city under a priori information on airflow velocity. In
this model it is provided that the turbulent and molecular diffusion coefficient changes de-
pending on the vertical remoteness above the ground surface.

2. With the help of the nondegenerate transformation an original problem, where in equation
has summands answering to the turbulent phenomena, is reduced to the equivalent prob-
lem, where already in equation has no terms in an explicit form answering to the turbu-
lence effect.

3. In the research it has been proved that the reduced problem has unique solution. Conse-
quently, with the help of the nondegenerate transformation the formulated original ma-
thematical model has unique solution also. This solution is determined analytically in the
closed form.

4. It can draw on results of these researches at the decision of operative questions on organi-
zation of urban traffic within the limits of dwellings boroughs. The offered model can be
used for the perspective planning of urban agglomeration and building new motorways.

REFERENCES
1. Troickaja N.A.: Integrated transport system. Moscow: Akademija, 2003, 240 p. (In Rus-
sian).

2. Grishin S., Kopytov E., Shchiptsov O.: Research of Transport System Influence on Ecolo-
gy of the City, [In:] Proceedings of the 7th International Conference ,,RELIABILITY and
Statistics in Transportation and Communication” (RelStat'07). October 24-27, 2007, Riga,
Latvia, pp. 2-9.

3. Davidson P.A.: Turbulence: An Introduction for Scientist and Engineers. Oxford Univer-

sity Press, 2006, 657 p.
AUTOBUSY i



4. Occendon J., Howison S., Lacey A., Movchan A.: Applied Partial Differential Equations.
Oxford University Press, 2006, 449 p.

5. Abramovich G.N.: Applied Gas Dynamics. Part I. Moscow: “Nauka” Press, 1991, 601 p.
(In Russian)

6. Tikhonov A.N., Samarsky A.A.: The mathematical physics equation. Moscow: Moscow
State University Press, 2004, 798 p. (In Russian)

Reviewer: dr hab. inz. Tadeusz Cisowski, prof. WSEI

Authors:

inz. Stanislav GRASHIN - Transport and Telecommunication Institute, Riga

dr Janis S. RIMSHANS - Institute of Mathematical Sciences and Information Technology
Liepaja, University of Latvia

prof. dr hab. inz. Eugene A. KOPYTOYV - Transport and Telecommunication Institute, Riga
dr Sharif E. GUSEYNOYV - Transport and Telecommunication Institute, Riga, Institute of
Mathematical Sciences and Information Technology Liepaja

dr inz. Oleg V. SCHIPTSOYV - Transport and Telecommunication Institute, Riga

F AUTOBUSY



