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On some elliptic operator of order one
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Abstract. The purpose of this paper is to determine explicitly well-posed transmission
problems for some elliptic system. It is well known that for this system there is no
well-posed boundary value problem in any bounded domain in R*.
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Consider the following operator in R*:

01 —0y —03 —04
0y Oy —04 03
A(—)I 83 84 81 _82 9
0y —03 09 Oy

where 0, = %.

Note that A is the elliptic operator. det A(£) = [£]*, |€|* = & +E3+E2+£3.
Let u =" [uy,ug, us, uq], f ="' [f1, f2, f3, fa]. If we write the vectors u and
f as the quaternions uw = uq + tug + jus + kug, f = fi +ifo + 73+ kfs
then the equation Au = f has the form
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895%:][,
where 895:81—|-282 —|—j83—|-k84,i2 Ij2 Ik2 = —1,2]2167]16:2,]62:]

Let Q be the open bounded subset of R* with the smooth (C'°°) boundary
0. M. Solomyak proved in [1] that every boundary problem

Au=f in €,

BU|aQ =¥,

is not well posed. Here B is a 2 x 4-matrix of pseudodifferential operators
and ‘¢ = [y, 2] is a given vector-function on 992.

Let Qt be the bounded domain in R*, Q_ = R*\ Qt, and 9Q+ = I
be the smooth manifold. In this paper we study the following transmission
boundary value problems:
dyut = in QF
dou =0 in Q_
ut+=Gu +¢g on I
u (00) =0
dout =0 in QF
dou =0 in Q_

- ; (2)
ut+=uG+¢g on I
u” (00) =0

where G = G + +iGay + jG3 +kGy, g = g1 + 192 + jg3 + kgy are I' smooth
enough quaternions on I'. We give also an example of well-posed boundary

value problem for the operator
A 0
0 A

in R} = {x: 21 > 0}. We treat Eqs. (1) and (2) as the systems of equations
for the functions u?’,ul_ (I =1,2,3,4) in Sobolev spaces. If u satisfies the
equation d,u = 0 in QT and is continuous in QF then (see [2])

u(z) = ﬁ /[azi]nu(av)d%7

r2
I
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where r = |z — z| and n is the exterior unit normal to I' in the point z.
We look for the solution of Eq. (1) of the form

1 1
u(z) = ) [8ZT—2]nc,o(x)dUl,.
r
According to formulae
ut(y)=  lim  wu(z) = #y) + LPV /[8 ;]mp(qﬁ)dagg
Q+3z—yelr 2 472 Yr2(z,y) ’
- : —ely) 1 / 1

= 1 = — PV [ [0y 5—— do,,

v (y) Q—airgyefu(z) 2 + A2 [ yﬂ(w,y)]mp(q;) o

r

one can transform problem (1), to the following equivalent system of inte-
gral equations:

e+ Co=—-Go+GClp+y, (3)

where

Celr) = 3PV [0y Ine(e)do.
I

Now, consider the operator S acting on ¢ given by Eq. (3).

Theorem. The operator S : H*(I") — H?*(I") is elliptic (problem (1) is
well posed) iff Gy(z) # 0.

Proof. Tt is enough to calculate the symbol o(¢’) of the operator §
(5/ = (51752753)) on |£/| = 1. Let

a=1+G; — Gy + G3ily + G416
b= Gy —ils + G1&3 + G4i&y — G316

c = Gy + iy + Gai&z — G1i&y + Gai&y ’
d= Gy +1& — Gails — Gai&y — Ghi&y
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then
a —b —c —d
b a —d ¢
o(f)gn=1 =det | ¢ d a —b
d —¢c b «a

= (a® + 0% + ¢ + d*)? = (4G1 +4i(Ga&y + G36 — Ga&s))7,
which completes the proof. O
Similarly one can prove that the problem (2) is well posed iff

2G1(G + G5 + G5 + G+
+2G — MG+ G2+ GEHGE) — (G 4+ Gy + Gs + Gy) #0.

Now let w =" [uy, us, ..., ug]. It is easy to show that there exists the constant
d such that the boundary value problem

. 4

Pu=F in R,
4

Bu = ¢ on ORY,

with

and

001000O00Q0
000010O00Q0
B = 010001O0OQ
—d 1000020
is well posed in Sobolev spaces.
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O pewnym operatorze eliptycznym pierwszego rzedu

Streszczenie. Celem tej pracy jest wydzielenie pewnej klasy dobrze postawionych
zagadnien transmisji dla operatora eliptycznego, o ktorym wiadomo, ze nie istnieje
dla niego dobrze postawione zagadnienie brzegowe i to na dowolnym obszarze.
Stowa kluczowe: zagadnienia poprawnie postawione, zagadnienie transmisji
Symbole UKD: 51






