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i i i� � �= ± ∆� =G>

,i i i� � �= ± ∆� =I>

4#*&$? ,i iθ β� � F	)"%&"/	&#$"-)+	=B$*B,;#)+>N iθ∆ 	F	!"/.�5D	B$*!*4-;#)"	B,;1

#0	 ;iθ∆ 	 iβ∆ 	F	!"/.�5D	B$*!*4-;#)"	B,;#0	 .iβ∆
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.$%".+'*)+'(>	&:*:!"/&")'�A	
2
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%"-)+	/*A#	/�*!&)&;'&"	)�O	�	%�7)"	/�*!"7")A	@0) '�;	6/$#+ '�&	6/*$#�."!&D

! 6��."'&?

( ) ( ) ( )( ) ( )(2)
0 0 0 ,i i i if f f R ′= + ∇ − +xx x x x x x =L>

4#*&$?	 0x 	F	!$ .�/	6/*+60�*'*"-)+'(	!�69,/*;#)+'(	�EN	 ( )(2)
iR ′x 	F	'*,�)

)&$-&)&�!+	/�*!&)&;'&"	@0) '�&	6/$#+ '�&�

�"'&$/*�!+	�6$/".�/	6�'(�#)+'(	'*A�. �!+'(	∇x 	#*&","�A'+'(	)"	@0) '�;

� "-"/)A	 ( )if x 	#"�$	!	!+)& 0	!$ .�/	�	!+%&"/*$	!$ .�/"	 ,x 	)"*+!")+	4/"1

#&$).$%	.$�	@0) '�&�	
$ .�/	4/"#&$).0	%"	6��."D
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⎡ ⎤∂ ∂∇ = ⎢ ⎥
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�$5-&	)&$-&)&�!A	@0) '�;	6/$#+ '�&	*"�.A6&%+	�$�	6/*+B-&7$)&$%	!	6��."'&	�0%+

#!9'(	6&$/!�*+'(	!+/"*9!	�$�	/�*!&)&;'&"	!	�*$/$4	�"+-�/"�	.�	/9!)")&$	�B�$/1

!"'�&	6/*+�%&$	6��."D	 �%B&)"'�&	-&)&�!$�

( ) ( )( )0 0 0 ,i i i iu f f �= +∇ − +xx x x x =2>

6�)&$!"7	*��."�A	�#/*0'�)$	!�*+�. &$	#"-�*$�	)&$-&)&�!$	'*,�)+	/�*!&)&;'&"�
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( )0 0i if f= x =��>

�/"*
T ,ig f= ∇x =��>

/9!)")&$	�B�$/!"'�&	=2>	%�7)"	*"6&�"D	!:6��."'&

( )T
0 0 .i i i iu f g ε= + − +x x =��>

E/*$ �*.",'"�A'	6�!+7�*$	 /9!)")&$	 ." �	 "B+	6�	 -$!$�	 �./�)&$	*)"-"*,+	 �&;

!&$- �5'&	*)")$	�/"*	." &$�	 .9/$	%�7)"	��*"'�!"D	6/*$#	#� �)")&$%	$�.+%"'�&

!$ .�/"	x 	�./*+%0�$%+?
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T T
0 0 .i i i i iu g f g ε+ − = +x x =�G>


6/�!"#*"�A'	6��;'&$	�B�$/!"'�&	*%�#+@& �!")$�	�" �	!&$- �5'&

T
0 0i i i iw u g f= + −x =�I>

/9!)")&$	�B�$/!"'�&	*%�#+@& �!")$�	#$@&)&�!")$	�$�.	!	6��."'&	!+/"7$)&"

T ,i i iw g �= +x =�J>

!	 .9/+%	!&$- �5D	 iw 	� /$5-")"	�$�.	�" �	�0%"	!+)& 0	�B�$/!"'�&	/*$'*+!&�.$�

iu 	&:6$!)$�	6�6/"! &�	'*+-&	� ,"#)& "	 �/+40�A'$4��

E�!+7�*$	0 ,"#+	/9!)"<	%�7)"	*"6&�"D	!	6��."'&	*"4/$4�!")$��	0*+� 0�A'

/9!)")&$	-&)&�!$4�	%�#$-0	�.".+�.+'*)$4�

,= +w Gx e =��>

4#*&$? 0 0 ,= + −w u Gx f 	 w 	F	!$ .�/	�B�$/!"'�&N	 G 	F	%"'&$/*	4/"#&$).9!N

x F	!$ .�/	6"/"%$./9!	6�#-$4"�A'+'(	$�.+%"'�&N	 e 	F	!$ .�/	B,;#9!	-���1

!+'(	6�%&"/0	
MN	u 	F	!$ .�/	6��$#+)'*+'(	�B�$/!"'�&N	 0f 	F	!$ .�/	6��$1

#+)'*+'(	@0) '�&	6/$#+ '�&	=@0) '�"	6/$#+ '�&	�$�.	@0) '�A	)&$-&)&�!A	!+/"7"1

�A'A	#-"	 	1.$�	�B�$/!"'�&	5'&�,A	*"-$7)�5D	%&;#*+	%&$/*�)A	
M	"	!*"�$%)+%

/�*%&$�*'*$)&$%	6/*$�./*$))+%	��	&:�B&$ .0	�B�$/!�!")$4�>�

��* ,"#	!$ .�/9!	B,;#9!	e 	%"	!"/.�5D	5/$#)&A?

( ) .E =e 0 =�L>

�,;#+	 � ,"#�!$	 e 	 �A	 )&$� �/$-�!")$�	!&;'	%"'&$/*	 �!"/&")'�&	 B,;#0	 e
6/*+�%&$	6��."D?

T 2( ) .E δ= =ee R I =�3>

��.+%".�/	 x̂ 	!$ .�/"	 x 	!�69,/*;#)+'(	�E	%�7)"	0*+� "D	%$.�#A	)"�1

!&; �*$�	!&"/+4�#)�5'&	=�
>	H��K�	�-"	6/*+�;.$4�	/�* ,"#0	)�/%"-)$4�	!&$-1

 �5'&	 e 	 $�.+%".�/	 .$)	 �6/�!"#*"	 �&;	 #�	 $�.+%".�/"	%&)&%"-&*0�A'$4�	 @�/%;

 !"#/".�!A�	�	!"/0) 0	%&)&%"-&*"'�&	@�/%+	 !"#/".�!$�?

T 1( ) ,S −=x e R e =�2>

4#*&$? ;= −e w Gx

( ) ( ) ( )T 1min min ,S −= − −x w Gx R w Gx =��>
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"	5'&5-$�	*	/�*!&A*")&"	/9!)")&"	%"'&$/*�!$4��	�.")�!&A'$4�	!"/0)$ 	 �)&$'*1

)+	&�.)&$)&"	%&)&%0%	!!�	@�/%+	=�2>

( ) 0S
∂ =
∂

x
x

=��>

%�7)"	0*+� "D	$�.+%".�/	)"�%)&$��*$�	�0%+	 !"#/".9!	!	6��."'&?

T 1 1 T 1ˆ ( ) .− − −=x G R G G R w =��>


$ .�/	 w 	%"	/�* ,"#	 ( , ),N Gx R 	)".�%&"�.	$�.+%".�/	 x̂ 	6��&"#"	)"�.;60�A'$
!,"5'&!�5'&?

=">		 ˆ( ) ,E =x x

=B>		
T 1 1

ˆˆ ˆ[( )( ) ( ) ,xE − −− − = =Tx x x x G R G R
4#*&$	 x̂R 	�*)"'*"	%"'&$/*	 �!"/&")'�&	B,;#9!	$�.+%"'�&	!$ .�/"	 ˆ ,x

='> x̂ 	�$�.	$�.+%".�/$%	�	%&)&%"-)$�	!"/&")'�&	!	 -"�&$	$�.+%".�/9!

-&)&�!+'(�

=#> x̂ 	%"	/�* ,"#	 ˆ( , )xN x R 	#-"	#07$�	-&'*B+	�B�$/!"'�&�

��.+%".�/	 x̂ 	*��.",	0*+� ")+	#-"	*-&)$"/+*�!")$4�	/9!)")&"	�B�$/!"'�&	6/*+
*)")+%	60) '&$	/�*!&)&;'&"	 0.x 	
	/*$'*+!&�.�5'&	�$#)" 	/9!)")&$	6&$/!�.)$

�$�.	)&$-&)&�!$	&	%�7$	B+D	6/*$#�."!&�)$	!	6��."'&?

( ) ,= +u f x e =�G>

4#*&$?
T

1 2( ) [ ( ), ( ), , ( )] .nf f f=f x x x x�

*)"'*"�A'

0 0 0 0 ,= + −w u G x f =�I>

4#*&$? 0x 	F	�$�.	!+B/")+%	6�'*A. �!�	&).0&'+�)&$	60) .$%	/�*!&)&;'&"N

0w 	F	!$ .�/	�B�$/!"'�&�

�.��0�A'	%$.�#;	M"0��"1�$!.�)"	0*+� 0�$%+	!+/"7$)&$	� /$5-"�A'$	6&$/!�*A

$�.+%".;	!$ .�/"	 :x
T 1 1 T 1
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