
PAK vol. 58, nr 9/2012    815 
 
Tadeusz KACZOREK 
BIAŁYSTOK UNIVERSITY OF TECHNOLOGY, FACULTY OF ELECTRICAL ENGINEERING 
ul. Wiejska 45d, 15-351 Białystok 

 
Positive realizations for descriptor continuous-time linear systems 
 
Prof. D.Sc. eng. Tadeusz KACZOREK 
 
MSc. (1956), PhD (1962) and DSc (1964) from Electrical 
Engineering of Warsaw University of Technology. Since  
1974 he was  full professor at Warsaw University of 
Technology, and  since 2003 he has been a professor at 
Bialystok University of Technology. He was awarded by 
nine universities by the title doctor honoris causa. His 
research interests cover the theory of systems and  
the automatic control systems specially, positive, and  
fractional 1D and 2D systems. He has published 24 
books (7 in English) and over 1000 scientific papers.  
 
e-mail: kaczorek@isep.pw.edu.pl 

 
 

Abstract 
 

Conditions for the existence of positive realizations for descriptor 
continuous-time linear systems are established. A procedure for 
computation of positive realizations for improper transfer matrices is 
proposed. The effectiveness of the method is demonstrated on numerical 
example.  
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Dodatnie realizacje dla singularnych układów 
liniowych ciągłych 

 
Streszczenie 

 
W pracy podano warunki wystarczające na istnienie dodatnich realizacji 
dla singularnych układów liniowych ciągłych. Podano procedurę 
wyznaczania tych dodatnich realizacji na podstawie danych niewłaściwych 
macierzy transmitancji. Proponowaną metodę zilustrowano przykładem 
numerycznym. 
 
Słowa kluczowe: dodatnie, realizacje, procedura, liniowy układ 
deskryptorowy. 
 
1. Introduction 
 

A dynamical system is called positive if its trajectory starting 
from any nonnegative initial state remains forever in the positive 
octant for all nonnegative inputs. An overview of state of the art in 
positive theory is given in the monographs [2, 9]. Variety of 
models having positive behavior can be found in engineering, 
economics, social sciences, biology and medicine, etc. The 
positive fractional linear systems have been addressed in [6, 7, 18]. 

An overview on the positive realization problem is given in [1, 
2, 9, 10]. The realization problem for positive continuous-time and 
discrete-time linear systems has been considered in [3, 4, 13, 16, 
17] and the positive minimal realization problem for singular 
discrete-time systems with delays in [12]. The realization problem 
for fractional linear systems has been analyzed in [11, 14, 18] and 
for positive 2D hybrid systems in [15]. A method based on the 
similarity transformation of the standard realizations to the desired 
form has been proposed in [13]. 

Positive stable realizations problem for continuous-time 
standard and fractional linear systems has been addressed in [4, 
11] and computation of realizations of discrete-time cone systems 
in [5]. 

In this paper a method for computation of positive realizations 
of descriptor continuous-time linear systems will be proposed. 

The paper is organized as follows. In section 2 the positive 
realization problem for standard continuous-time linear systems is 
recalled. The positive realization problem for descriptor 
continuous-time linear systems is formulated and solved in section 
3. The proposed procedure for computation of positive realizations 

of a given improper transfer matrix is illustrated by numerical 
example in section 4. Concluding remarks are given in section 5. 

The following notation will be used:   - the set of real 

numbers, mn  - the set of mn  real matrices, mn
  - the set 

of mn  matrices with nonnegative entries and 1
  nn , 

)(smp  - the set of mp  rational matrices in s with real 

coefficients, ][smp  - the set of mp  polynomial matrices in s 

with real coefficients, Mn - the set of nn  Metzler matrices,  
In - the nn  identity matrix. 

 
2. Preliminaries and positive realization 

problem for standard systems 
 

Consider the standard continuous-time linear system 
 

 )()()( tButAxtx  ,                           (2.1a) 
 

)()()( tDutCxty                              (2.1b) 
 

where ntx )( , mtu )( , pty )(  are the state, input and 

output vectors and nnA  , mnB  , npC  , mpD  . 
 
Definition 2.1. The system (2.1) is called (internally) positive if 

ntx )( , pty )( , 0t  for any initial conditions 

nxx  0)0(  and all inputs mtu )( , 0t . 

 
Theorem 2.1. [2, 9] The system (2.1) is positive if and only if  
 

nMA , mnB 
 , npC 

 , mpD 
 .        (2.2) 

 
The transfer matrix of the system (2.1) is given by 
 

)(][)( 1 sDBAsICsT mp
n

  .             (2.3) 

 

The transfer matrix )()( ssT mp  is called proper if and only if 

 
mp

s
KsT 


)(lim                            (2.4) 

 
and it is called strictly proper if K=0. Otherwise the transfer matrix 
is called improper. 
 
Definition 2.2. Matrices (2.2) are called a positive realization of 
transfer matrix T(s) if they satisfy the equality (2.3). The realization 
is called positive stable if the matrix A of (2.2) is an asymptotically 
stable Metzler matrix. 
 
Theorem 2.2. [2,9] The positive system (2.1a) (or the Metzler 
matrix nMA ) is asymptotically stable if and only if the 
coefficients of the polynomial are positive, i.e. ak > 0 for  
k = 0,2,…,n1. 

Other asymptotic stability tests of positive linear systems are 
given in [9, 18]. 

Different methods for computation of a positive realization 
(2.2) if a given proper transfer matrix T(s) have been proposed in 
[4, 9, 11, 18]. 
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3. Positive realization problem for descriptor 
systems 

 
Consider the descriptor continuous -time linear system 
 

 )()()( tButAxtxE  ,                          (3.1a) 
 

)()( tCxty                                    (3.1b) 
 

where ntx )( , mtu )( , pty )(  are the state, input and 

output vectors and nnAE , , mnB  , npC  . 
It is assumed that det E = 0 and the pencil of (E, A) is regular, 

i.e. 
0]det[  AEs  for some Cs .                  (3.2) 

 
where C is the field of complex numbers. 
 
Definition 3.1. The descriptor system (3.1) is called (internally) 

positive if ntx )( , pty )( , 0t  for any initial 

conditions nxx  0)0(  and all inputs m
k

k
k

dt

tud
tu 

)(
)()( , 

0t , k = 0,1,…,q. 
The transfer matrix of the system (3.1) is given by 

 

)(][)( 1 sBAEsCsT mp  .                   (3.3) 
 
If the nilpotency index μ of the matrix E is greater or equal to 1 [8] 
then the transfer matrix (3.3) is improper and can be always written 
as the sum of the strictly proper part Tsp(s) and the polynomial part 
P(z), i.e. 

)()()( sPsTsT sp 

 

                           (3.4) 

 
where 
 

,...}2,1{],[...)( 10   NqssDsDDsP mpq
q

 

(3.5) 

 
and q = μ – 1. 
 
Theorem 3.1. Let the matrices 
 

nMA , mnB 
 , npC 

                    (3.6) 

 
be a positive and asymptotically stable realization of the strictly 
proper transfer matrix Tsp(s). Then there exists a positive 

asymptotically stable realization of )()( ssT mp

 

of the form 
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 (3.7) 

 
 

if and only if 
mp

kD 
  for k = 0,1,…,q.                        (3.8) 

 
Proof. If the matrices (3.6) are a positive realization of Tsp(z) then 
the standard system 

  )()()( tButAxtx                              (3.9a) 
 

)()( tCxty                                    (3.9b) 
 

is positive and asymptotically stable and ntx )( , 0t  for any 

initial conditions nx 0  and all inputs mtu )( , 0t . 

Defining the new state vector 
 

n

q tu

tu

tu

tx

tx 
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                            (3.10) 

 
and using (3.7) we obtain 
 

)()()( tuBtxAtxE                           (3.11a) 
 

)()( txCty                                  (3.11b) 
 

From (3.11) if follows that ntx )(  and pty )(  for 0t  

if and only if the condition (3.8) is met since ntx )( , 0t  

and by assumption mku )(   for 0t . Using (3.7), (3.3) and 

(3.4) it is easy to verify that  
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  (3.11) 

□ 
 

The positive asymptotically stable realization problem for the 
descriptor system can be stated as follows. Given an improper 

asymptotically stable rational matrix )()( ssT mp , find its 

positive asymptotically stable realization (3.7). 
If the conditions of Theorem 3.1 are satisfied then the desired 

positive realization (3.7) of T(s) can be computed by the use of the 
following procedure. 

 
Procedure 3.1. 
Step 1. Decompose the given matrix T(s) into the strictly proper 

part Tsp(s) and the polynomial part P(s) satisfying (3.4). 
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Step 2. Using one of the well-known methods [4, 9, 11] find the 
positive realization (3.6) of Tsp(s). 

Step 3. Knowing the realization (3.6) and the matrices 
mp

kD 
 , k = 0,1,…,q of (3.5) find the desired 

realization (3.7). 
 
4. Example 
 

Find a positive asymptotically stable realization (3.7) of the 
transfer matrix 
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Using Procedure 3.1 we obtain the following. 
 
Step 1. The transfer matrix (4.1) has the strictly proper part 
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and the polynomial part 
 

)2(,

122

13232)(

2
210

22

2


















qsDsDD

sss

ssssP
                 (4.3a) 

  
where 

.
11

02
,

20

33
,

12

12
210 


























 DDD           (4.3b) 

 
Step 2. The strictly proper transfer matrix (4.2) can be rewritten 

in the form 
 















)1)(2()3)(1(

)3)(1()3)(2(2

)3)(2)(1(

1
)(

ssss

ssss

sss
sTsp (4.4) 

 
and the well-known Gilbert method can be applied to find its 
positive asymptotically stable realization [4, 9, 19] since the poles 
of (4.4) are distinct and negative ( 3,2,1 321  sss ). 

Following Gilbert method we compute the matrices 
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Thus, the positive asymptotically stable realization of (4.2) has the 
form 
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Step 3. Using (3.7), (4.3) and (4.5) we obtain the desired positive 

asymptotically stable realization of (4.1) in the form 
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(4.7) 

 
and the matrices A, B, C, D0, D1, D2 are given by (4.6) and (4.3b). 
 
5. Conclusions 
 

A method for computation of positive realizations for descriptor 
continuous-time linear systems has been proposed. Conditions for 
the existence of positive realizations for given improper transfer 
matrices have been established. A procedure for computation of 
positive realizations has been proposed and illustrated by  
a numerical example. The proposed method can be easily 
extended to asymptotically stable descriptor discrete-time linear 
systems. An open problem is an extension of this method for 
fractional descriptor linear systems. 
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publikowanych w PAK, 

 
 
 

W trosce o jak najwyższy poziom punktacji miesięcznika PAK zwracam się z prośbą o cytowanie artykułów opublikowanych w PAK  
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(Impact Factor) miesięcznika PAK. 

  
W algorytmach oceny czasopism współczynnik IF ma największą wagę. Na zwiększenie wartości współczynnika IF redakcja czasopisma 

nie ma żadnego wpływu, ale wszystko zależy od Autorów cytujących. W przypadku miesięcznika PAK aktualnie każde cytowanie 
zwiększa IF o około 0,002. Oczywiście cytowanie artykułu tylko wtedy jest uzasadnione, jeżeli jest on tematycznie związany z artykułem 
cytującym, a autor korzystał z niego przy przygotowaniu pracy. 

 
Aby ułatwić Autorom korzystanie z artykułów opublikowanych w PAK (a także możliwość cytowania) została opracowana przez 

redakcję PAK „Wyszukiwarka”, umożliwiająca wyszukiwanie artykułów według nazwiska autora, słowa tytułu artykułu, albo frazy 
kluczowej. 

 
Aby skorzystać z „Wyszukiwarki” należy: 
 

-  wejść na stronę: www.pak.info.pl 
-  w menu „Wyszukiwarka” (po lewej stronie ekranu) wybrać „Artykuły”. 

 
Strona zawiera również szereg innych łatwo dostępnych funkcjonalności, m.in. wykazy artykułów opublikowanych w PAK,  

a cytowanych w artykułach opublikowanych w czasopismach z listy filadelfijskiej. 
 
Zdaję sobie sprawę, że redakcje niektórych czasopism usuwają cytowania artykułów publikowanych w czasopismach spoza listy 

filadelfijskiej, np. argumentując, że są one mało dostępne. Taka argumentacja będzie mniej uzasadniona, jeżeli tytuł naszego miesięcznika 
oraz tytuły artykułów będą podane w cytowaniach w języku angielskim. Proszę zauważyć, że oficjalny tytuł anglojęzyczny miesięcznika 
PAK (występujący na okładce) ma formę: Measurement, Automation and Monitoring (MA&M), a wszystkie artykuły naukowe 
publikowane w PAK są napisane albo w języku angielskim, albo mają rozszerzone abstrakty w tym języku. 
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