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Abstract

A method of reduction of descriptor 2D continuous-discrete linear systems
with regular pencil to equivalent standard linear systems is proposed. The
method is based on the shuffle algorithm. A polynomial matrix version of
the method is also given. The inverse problem of reduction of standard
systems to descriptor systems is considered as well.
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Redukcja singularnych ukladéw 2W
ciagto-dyskretnych liniowych do
uktadéw standardowych

Streszczenie

W pracy podano metod¢ redukcji singularnych uktadow 2W ciaglo-
dyskretnych o pekach regularnych do rownowaznych uktadow
standardowych. Metoda ta opiera si¢ na algorytmie przesuwania. Podano
rowniez wersj¢ wielomianowa tej metody oparta na dziataniach
elementarnych na macierzach wielomianowych. Pokazano, ze odwracajac
procedurg metody wielomianowej mozna przeksztalci¢ uktad standardowy
do uktadu singularnego.

Stowa Kkluczowe: singularne ukfady, ciaglo-dyskretne, pgk regularny,
redukcja, algorytm przesuwania.

1. Introduction

Descriptor linear systems with regular pencils have been
considered in many papers and books [4-12, 16-19]. The
descriptor linear systems with singular pencils has been addressed
in [10, 11]. The Drazin inverse of matrix to analysis of linear
algebraic-differential equations has been applied in [4-7, 9, 11].
The positive descriptor linear systems with regular pencils have
been analyzed in [1-3, 19]. The shuffle algorithm has been applied
to checking the positivity of descriptor linear systems with regular
pencil in [12].

A new class of descriptor 2D continuous-discrete linear systems
has been proposed in [14]. The reachability and minimum energy
control of positive 2D continuous-discrete linear systems have
been investigated in [15].

In this paper a method for reduction of descriptor 2D
continuous-discrete linear systems with regular pencils to
equivalent standard linear systems will be proposed. A polynomial
inversion of the method will be also given.

The paper is organized as follows. In section 2 a method of the
reduction of descriptor 2D continuous-discrete linear systems with
regular pencils to equivalent standard linear systems is proposed.
A polynomial matrix method of the reduction is presented in
section 3. An inverse problem of the reduction of 2D standard

linear systems to descriptor systems is discussed in section 4.

Concluding remarks are given in section 5.

In the paper the following elementary row operations will be

used [11]:

- Multiplication of the i-th row by a real number ¢ (or operators s, z).
This operation will be denoted by L[ixc].

- Addition to the i-th row of the j-th row multiplied by a real
number c (or operators s, z). This operation will be denoted by
L[i+jxc].

- Interchange of the i-th and j-th rows. This operation will be
denoted by L[4, j].

The following notation will be used: R - the set of real
numbers, R - the set of nxm real matrices, Z, - the set of
nonnegative integers, /, - the nxn identity matrix.

2. Reduction of descriptor systems to
equivalent standard systems

Consider the descriptor 2D continuous-discrete linear system

Ex(t,i+1) = Ayx(t,0) + A1 x(t,i) + Apx(t,i +1) + Bu(t,i) (1)

where  reR, =[0,+], ieZ,={0l..}, x(t,)eR”",

u(t,iyeR™ are the state and input vectors and

E, Ay, A, 4y € RPN BeR™™ It is assumed that detE=0, and
det[Esz — Ay — Ajs — Apz]# 0 for some s,ze(C, 2)

where C is the field of complex numbers.

The systems (1) satisfying (2) will be called the descriptor
system with regular pencil otherwise with singular pencil. It will
be shown that the descriptor system with regular pencil can be
reduced by the use of the shuffle algorithm [17, 18, 11] to the
equivalent standard 2D continuous-discrete linear systems

X(t,i+1) = Ayox(t,i) + Agpx(t,i +1) +...+ AO,pox(t7i+ o)
+Alo)‘c(t,i)-rAlz)'c(t,i+2)+.4.+Al,plfc(t,i+p1)+...
+ 4, 08D (1,i)+ Ay XD (i + D+t 4, vy X D(,i+ )
+B()0u(t,i)+B()lu(t,i+1)+...+BO,p0u(t,i+ o)+ Byou(t,i) (3)
+ Bty i + )+t By p (i pp) et Bq,ou(q)(t,i)

+ Bq,lu(q)(t,i+ D+...+ Bq,pqu(q)(t,w pq)

d'x(ti)
dr"
B, e R k=0,1,....q;j=0.1,....p,.

The equation (2.1) and (2.3) are called equivalent, if and only if,
they have the same solution x(#,i), teR,, ieZ, for suitable

Where  x™(1,1) . b= 12,... and 4, ; eR™",

admissible inputs and consistent initial conditions.

Theorem 1. The descriptor system (1) satisfying (2) is equivalent
to the standard system (3).

Proof. Performing elementary row operations on the array (or
equivalently on (1))
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E 4, 4 A, B “)

we obtain
E' 4 A A4 B

5
0 4 A A4 B (

~

where E' € R has full row rank. From (5) we obtain
E'i(e,i+1) = AQx(t,) + A 5(t,0) + Abx(,i+1)+ Bhu(,i) (6a)
0= A2x(t,i)+ AZ%(t, 1) + A2x(t,i + 1)+ B2u(t,i)  (6b)
0 ’ l ’ 2 £ ’

Let U,y be the set of admissible inputs u(z,/) and X ? be the set
of consistent initial conditions x(0,i) =xq;, ¥(0,i)=x;,
ieZ,, x(t,0)=x;0, teRy, X0 ;%] ;,X0 € X? of the equ. (1).

Note that the admissible inputs and the consistent initial
conditions should satisfy the equation (6b) for t =0 and ieZ, .

Among the matrices Ag ’A12 ,A22 we choose the matrix Al%’
k €{0,1,2} such that

1
rank Bz} >rank E', ke {0,1,2} . (7
i

Case 1.
If (7) holds for k£ =1 then in the equation (6b) we substitute i by
i+1,and

AL i+ 1) = —A0x(ti+ 1)~ A3 x(,i+2) - BAu(ri+1) . (8)

The equations (6a) and (8) can be written in the form

{z}'c(ni +1)= ﬁ)é }x(t,i) + {f}c(ai) + {_Aj : }x(r,i +1)

(%a)
+ 0 (ti+2)+ B i)+ 0 (ti+1)
X(7,1 ull,1 u\i,1 .
-4 0 - B
Note that the array
E' 4 A 4 0 B 0
(9b)

A 0 0 -4 -4 0 -B

(or equivalently (9a)) can be obtained from (5) by the shuffle of
A2
|-

Case 2.
If (7) holds for k£ = 2 then differentiating (6b) with respect to
time ¢ we obtain

(i +1) = - A5, ) - A5 (D) - Bt . (10)

The equations (9a) and (9b) can be written in the form
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1 1 1 1
[Ezlm,m) :l:AO}x(t,iH[ Alz}(t,i)+l:‘42}x(t,i+l)
4 0 - 45 0

(11a)
0 | B . [oOo]
+ t,0)+ t,0) + 1,0).
_A12 X(2,1) 0 u(t,i) g2 u(t,i)
Note that the array
1 1 1 1 1
E A4 A A 0 B 0 (11b)

A 0 -4 o -4 o -8
(or equivalently (11a)) can be obtained from (5) by the shuffle of A22 .

Case 3.
If (7) holds for £ = 0 then differentiating (6b) with respect to
time ¢ and substitute i by i + 1 we obtain

AZ(t,i+1) = —ALE(@ i+ 1)~ A3%(1,1+2) - BLi(n,i+1) . (12)

The equations (6a) and (12) can be written in the form

1 1 1 1
[Ez}‘c(t,m) {Ao}c(t,i){/” }ﬂt,ih{’qﬂx(mﬂ)
y: 0 0 0

{ 0 }(r '+2)+{ 0 }"(r 1)+ B w)  (13a)
X(2,1 X(t,i u(t,i a
-4 —4f 0

0 |. 1
+ g2 u(t,i+1).

Note that the array

E' 4y 4 4 o o B o0

2 2 2 2 (13b)
A 0 0 0 -4 -4 0 -B

(or equivalently (13a)) can be obtained from (5) by the shuftle of Ag .

1
If det[jzl #0 then premultiplying the equation (9a) by the
1

PR
inverse matrix 2 we obtain
1

x(t,i+1)= Aoox(l,i)JrA()]x(t,i+1)+A02x(t,i+2)
+ Ajgx(t,0) + Byou(t,i) + Bou(t,i+1)

- -1
1 | 1 |
E'| |4 E'| |4
4oo = 0L 4= a
| 4L | {o} 4] o
| -1
1 1 1
E A E 0
4o1 = s Ao = { } (14b)
A | {A&} 2| -4

AT 17! 0
E B E

Byo = » Bor= { }
At | {o} 4| |-B*

(14a)

where
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1
If detl:iz} #0 then premultiplying the equation (11a) by the

1 -1
inverse matrix l: 21 we obtain
2

X(t,i+1) = dgox(t,1) + A x(t,i +1)+ Ay ox(t,i)

o ) e (15a)
+A20x(t,l)+Boou(l‘,l)+Blou(l‘,l)
where
(AT ] T g
E A E
doo=| , O do=|", Ll
45| | 0| |45 | |- 49
- =1F oA - -l
1 1 1
E A E 0
Ao1 = 2|, Ay = { } (15b)
| 43| {o_ | 43| At
R - -l
Byo = £ |8 Byg = £ { 0 }
4] o | 43| -8

1
If de{jg} #0 then premultiplying the equation (13a) by the

1 -1
inverse matrix l: 21 we obtain
0

x(t,i+1) = Aygx(t,i) + Ag1x(t,i + 1) + A ox(2,1)

16a
+A12X(l,i+2)+A21)'C'(t,l'+1)+Boou(l‘,i)JrBlllk(l,l"Fl) (162)
where
AT 1T
E A E A
-5 M AIOZLZ] H
14 LO o] LO
S -1
1 1 1 0
E A E
Ang = 2|, Ay = ,
o1 2 0} 21 [Aozl [—Af
- (16b)

4
| 1 1
E 0 E B

A= 5 2} Boo=| » )
4] =4 A Lo

5 E'lT o }
1= 2 2
_AO_ _—B

1
In Case 1 if det[jz}zo then performing elementary row
1

operations on the array (9b) we obtain

2 B3 3 3 B3 g3 Bl
ET Ay A7 Ay Ay By By (17)
0 A3 At 43 43, By, B]

o A Ay Ay By By

2
where rank E2 > rank E! . Let det[i 41 #0 then performing on
1

(17) the shuffle we obtain

1 3 3 3
[E 4156(1‘,1'4—1)={A0}x(t,i)+ﬂ41 }c(i,iﬁ—[ 4 4}c(z,m)
4 0 0 -4

3 3
+ A024 x(t,i+2)+[ ° }x(r,i+3)+{300}u(t,i) (18)
45 —Ap 0

By bionsl O s
+ 4 u(t,i+1)+ 4 |u(t,i+2)
- BOO - BO]

1
2
and after premultiplication of (18) by the inverse matrix [i 41

we obtain
x(t,i+1) = Ayox(t,1) + A ox(2,1) + Ay1x(2,i +1)
+ Appx(t,i+2)+ Agzx(t,i+3) + Boou(t,i) (19a)
+ Bou(t,i+1)+ Boou(t,i+2)
where

+-1 -1
1 3 1 3
E A E A
= 0| 4= 1,
Aoo _A14_ {0} in) [Afl {0}
r -1
1 3 1 3
E A E A
An=|", 24, Ap=| ", 024,
A -4 A4t -4
1] 0 1 -1 2
E E B
A = 4 N B = 00 N
. A4 |- 2} o Lf‘] {0

S -1
1 3 1
E B01 E 0
By = , By = i
01=| 4 e 02=| 4 —B(‘)‘]

In Case 2 and Case 3 we proceed in a similar way. If

2

E .

detliA 4] =0 then we repeat the previous step of the procedure.
1

v

k
k€{0,1,2} and the desired equation (3) since the elementary row

/
After finite number of steps | we obtain nonsingular matrix [A :1,

operations and shuffles do not change the rank of the matrix
[Esz— Ay — Ajs — Apz] which by assumption (2) is nonsingular
[17, 18, 11]. This completes the proof. o

Example 1. Consider the descriptor system (1) with the matrices

1 00 010
E={0 0 0|, 49=|1 0 0},
00 0 0 0 1
(20
010 000
A=/0 0 0|, 4=|0 1 0| B=|1
1 00 1 00 -1
The matrices (20) satisfy the condition
Sz -s—-1 0
det[Esz—AO —AIS—A2Z]= -1 -z
—-s—z 0 1 @n

:s22+s+1¢0



812

for some s,z € C . Using the shuffle algorithm reduce the system
(1) with (20) to the standard 2D continuous-discrete system

x(t,i+1) = Ayox(t,0) + Agyx(t,i + 1)+ A ox(2,0)

. . . (22a)
+ Ap1%(t,i +1) + Byou(t,i) + By ju(t,i+1)
where
[0 1 0 0 1
Ago=|0 0 O Ag=|-1 0 0],
00 0 1 00
[0 0 o 0 00
Ap1=|0 0 Of Ay=[0 0 0 (22b)
0 -10 -10 0
0 0
Bio=|-1}, Bj1=|0]|
|1 1
Using (20) and (4) we obtain the array
Eoa a4 B:E1 Aéo A1120 Aél B(I%O
0 4y 4o A1 Bpo
100010010000 0 23
=000 01 0000O0O0T1O0 1
000001100100 -1

with rank £' =1. From (23) we have
EY5(1,i+1) = A px(t,) + 4] gi(t,1) + Ay (1,1 +1)+ By (e, i) (24a)

0 = AGox(t, i) + Afy(t,i) + AGyx(t,i + 1)+ Bou(t,i)  (24b)

where
=[1 0 0], 4},=[0 1 0], 4l,=[0 1 o],
Ay =10 0 01, Bj,=[0],
1 00 0 0 0
2 _ 2 _ (24¢)
A - > A - ]
00 {001} 10 Loo}

, [o1 0] , [1
A01_|:1 0 0i|’ BOO_|:_1 -

Differentiation of (24b) with respect to time t yields

0= Ayi(t,) + A3(t,i) + A x(t,i+1)+ Bou(t,i) . (25)

The equations (24a) and (25) can be written in the form

1 1 1 1
{ E2 1)&(!,1’4— D= l:AOO}x(t,i) +[ Alg ]fc(t, i) -{Am}x(t,z# )
1 0 — 40 0
oo )
+ o D) +| 00 ju(z,i)+ ui(t,0).
~ Ao 0 Byo

The array

(26)
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P |
E Ao 4o A4 O By O

Ay O A O -4y 0 -By
10001001 00000000 0@D
=010000-1000000 000 -1
1000000 0-1000-1000 1

can be obtained from (23) by the shuffle of — Agl .

Remark 2. To simplify the notation in the array (27) the zero
1 1

matrices {AM}, {BOO} will be omitted.
0 0

Performing the elementary row operation L[3+1x(-1)] on (27)

we obtain

E* Ay Ay Ay By
0 Ay Ay 4y By
10001 0 0 1 0 0 0O 01(28
=01 00 0 0 -1 0 0 0 0O -1
o000-100 -1-1-1020 1

Performing the shuffle of — Aﬁ) on (28) we get

E 4y £y 4 By 4 By B

4y 0 4, 0 -H
100010010000000000 0 029
=01 0000-100000000000-1 0
0-1-1000000010000100 0 —1

and after performing the elementary row operations L[3+2x1],

3
L[3x(~1)] and omitting the zero matrix l:Am} we have
0

I3 Ay Ao A1 41 B B

1000100 100O0O0O0OTO0OO0OTO0OTO (30)
=01 0000-100000O0O0O0-10
060010001 00O0-10-100 11

and the desired matrices (22b).

3. Polynomial matrix method

In this section it will be shown that the reduction of the
descriptor system (1) to the standard system (3) is equivalent to
the transformation of the polynomial matrix

[Esz—Ay—Ais—Ayz Bl 3D
(corresponding to the system (1)) to the polynomial matrix

[InSZ— AOO _AOIZ_'“_ AO,pOZpO —Alos - A12S22 —.

- A, p, szP1 — Aq’osq —Aq’lsqz—...— Aq’pqsquq

(32
BOO +BOIZ+"'+BO,pOZp0 +B10S+Bllsz+"'+Bl,plszpl

q q q,Pq
T+ By s + By 18 z+...+Bq,pqs z 1]
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(corresponding to the system (3)) by the use of elementary row
operations. Performing elementary row operations on the matrix
(31) such that £' has full row rank we obtain

E'sz—4) - Als—4)z B!
2 2 2 2 G3)

—Ady—A;s-4z B
The execution of the shuffle A12 is equivalent to the multiplication
of the second block matrix of (33) by —

Elsz—A(l) —Alls—Aéz B!
) 22 2 (342)

Ayz+Afsz+ 45z -B7z
The execution of the shuffle A22 is equivalent to the multiplication
of the second block matrix of (33) by —s

E'sz—A)-Als—- A4z B!
2 22 2 2.1 (34b)

A0s+Als +45sz  —B%s
The execution of the shuffle Ag is equivalent to the multiplication
of the second block matrix of (33) by —sz

(34c)

Elsz—A(l)—Alls—A%z B!
Agsz + Alzszz + A22s22 ~B%sz

1
E . .
If det{Azl #0 then performing elementary row operations on
1

(34a) we obtain

[]nSZ_AOO —Alos—A()lZ—Aozzz Boo +BOIZ] . (353.)

1

If de{jzl #0 then performing elementary row operations on
2

(34b) we obtain

[]nSZ - AOO - A10S - A20S2 - AOIZ BOO + BOIZ] . (35b)

2
0

(34c) we obtain

1
If det{ } # 0 then performing elementary row operations on
[£52— Ay — A0S — g1z — A12522 ) 1522 By + By15z] .(35¢)

1
the matrix (34a) such that £ has full row rank we obtain

1
E . .
If det[Az} =0 then performing elementary row operations on

2 3 3 3 32 3 3
[E SZ—AO—Als—Azz—Amz BOO+BOIZ . (36)

—Ag’—Afts—Afz—Agzz2 B§0+Bglz

2
0 4

Continuing this procedure after finite number of steps we obtain
the desired polynomial matrix (32). The details of the method will
be demonstrated on the following numerical example.

E! E!
In a similar way we precede if det 2 =0 or det =0.

Example 2. Using the polynomial matrix method reduce the
descriptor system (1) with the matrices (20) to the standard system
(22a) with the matrices (22b). In this case the polynomial matrix
(31) corresponding to (20) has the form

Sz -s—-1 0 0
[Esz—Ay—Ais— Az Bl=| -1 -z 0 11].37
—-s—z 0 -1 -1

Differentiation of (24b) with respect to time and the execution of
the shuffle — Agl is equivalent to multiplication of the second and
third rows of (37) by —s. Therefore

1 1 1 1 1
E SZ_AOO_AIOS_AOIZ BOO

Agos + Alzos2 + Aglsz - Bgos
sz -s—1 0 O (382)
= s sz 0 —s|
57452 0 s s

Performing the elementary row operation L[3 +1x(—1)] on (38a)
we obtain

E’sz— Ay — Ajys — Ayys>  Biys

- A(?o - Alt)s - A;OSQ _Blét)s

sz —s—=1 0 0 (38b)
=| s sz 0 —s|

s? 1+4s s s

The execution of the shuffle A140 is equivalent to multiplication of
the third row of (38b) by —z

2 3 3 3.2 3
ESsz—Ayg — Ajgs — A5ps”  Bjys
Agoz + A140sz + Aéos2 z Bl40sz
0 (39a)

= s Sz 0 -5

Sz —s—1 0
2
-5z —sz—z -5z -—sz

and after performing the elementary row operations L[3+2x1],
L[3x(—1)] we obtain the desired result

[13sz = Agg — A0S — Ap12 —A21s22 Byos + By1sz]
sz -s=1 0 0
= s sz 0 s

—S+SZZ z

(39b)

Sz S+8z

The polynomial matrix (39b) is equivalent to (30).
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4. Reduction of the standard system to
equivalent descriptor system by
polynomial matrix method

By inverting the procedure of polynomial matrix method it is
possible to transform the standard system (3) to the descriptor
system (1). In the inverted procedure:
elementary row operation L[i+ jxc] should be replaced by

Lli+ jx(=)],

multiplication by —s (shuffle of A12 ) should be replaced by the
multiplication by —s~',

multiplication by —z (shuffle of A22) should be replaced by the
multiplication by —z ',

multiplication by —sz (shuffle of Ag) should be replaced by the

multiplication by —s'z™".

The details of the procedure will be demonstrated on the following
numerical example.

Example 3. Consider the standard 2D continuous-discrete linear
system (22a) with the matrices (22b). Transform the standard
system to the descriptor system (1) with matrices (20).

Using the matrices (22b) we obtain

[13sz— Ago — A1os — Ag12 — A21s22 Byos + By1sz]

Sz -s—1 0 0 (40)
= s sz 0 -5
5452z z sz S+sz

Performing the elementary row operations L[3x(-1)] and
L[3+2x(-1)] on (40) we obtain

sz —-s—1 0 0
s K74 0 -s51. “41)

—S22 —zZz—8Z —8z —S5z

Multiplication of the third row of (41) by — 27! yields

sz —s—1 0 0
s sz 0 -s 42)

s2 I+s s s

and after performing the elementary row operation L[3+1x1] on
(42) we obtain
sz -s—-1 0 0
s sz 0 —s|. 43)
sz+57 0 s 8

Multiplication of the second and third rows of (43) by —s~' we

obtain

sz —=s—-1 0 0
-1 -z 0 1 |=[Esz—Ay—-As—Az B] (44)
-s—z 0 -1 -1

and the desired matrices (20).
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5. Concluding remarks

A method of reduction of descriptor 2D continuous-discrete
linear systems with regular pencil to equivalent standard linear
systems has been proposed. The method is based on the
application of the shuffle algorithm to the descriptor system.
A polynomial matrix version of the reduction method has been
also proposed. The inverse problem of reduction of standard
systems by the use of the inverse polynomial matrix method has
been also considered. The proposed methods have been illustrated
by numerical examples. The proposed method can be extended to
descriptor linear systems with singular pencils and to fractional
descriptor 2D continuous-discrete linear systems

This work was supported under work S/WE/1/11.
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