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Abstract

The problem under discussion is to check whether a given system of
incompletely specified Boolean functions is implemented by a logical
description with functional indeterminacy that is represented by a system
of connected blocks. Each of blocks is specified by a system of completely
or incompletely specified Boolean functions. Simulation based and SAT
based verification methods is considered. The first method simulates the
structure specified by the second description on the domain of the first
description. The second method formulates the verification problem as
checking satisfiability of a conjunctive normal form. The results of
computer investigation of the proposed methods are given.

Keywords: design automation, formal verification, simulation.

Weryfikacja specyfikacji logicznych
z indeterminizmem funkcjonalnym

Streszczenie

W artykule oméwiono problem sprawdzania, czy dany uktad czesciowo
okreslonych funkcji Boole'owskich jest realizowany przez specyfikacje
logicznag z indeterminizmem funkcjonalnym. Ta specyfikacja jest
przedstawiona jako system potaczonych blokéw, z ktorych kazdy
odpowiada uktadowi catkiem albo czeSciowo okreslonych funkcji
Boole'owskich. Rozpatrzono metod¢ symulacyjna i metod¢ bazujaca na
analizie spelnialnosci funkcji. Pierwsza z tych metod symuluje strukture,
opisang przez druga specyfikacje, w dziedzinie pierwszej specyfikacji.
Druga metoda sprowadza problem weryfikacji do problemu spehialnosci
funkcji w postaci iloczynu sum. Przedstawiono wyniki komputerowych
badan skuteczno$ci zaproponowanych metod.

Stowa kluczowe: automatyzacja projektowania, formalna weryfikacja,
symulacja.

1. Introduction

Verification becomes more and more important aspect of the
design flow due to the importance of design correctness with
growing VLSI design in complexity. Currently, verification takes
more than 70% efforts spent in automated electronic design. The
objective of verification is to ensure that implemented and
specified behaviors are the same. In a typical scenario, there are
two structurally similar circuit implementations of the same
design, and the problem is to prove their functional equivalence.

In contrast to that in the paper, the verification task is examined
for the case, when desired functionality of the system under design
is incompletely specified. Such a case usually occurs on early
stages of designing when assignments to primary inputs of
designed device exist which will never arise during a normal mode
of the device usage. Thus when hardware implementing this
device, its outputs in response of these inputs may be arbitrary
specified. In this case verification methodologies must consider
only possible input scenarios to the design under verification and
verify that every possible output signal of the implemented
behavior has its intended (described in initial specification) value.

We consider the verification problem for the case, when desired
incompletely specified functionality is given in the form of
a system of incompletely specified Boolean functions and the
compared functional description represents a multi-block structure
with blocks specified by systems of completely or incompletely
specified Boolean functions (ISFs). A special case of such a multi-
block structure is a combinational network or an ISF system.
There is one-to-one correspondence between arguments and
functions of both descriptions.

ISFs are specified on intervals (cubes) of values of Boolean
input variables, and the intervals are large enough. Such
a statement of the verification problem occurs in logical design of
combinational part of logical devices when an indeterminacy of an
initial large ISF system is gradually decreased from step to step of
design process. After each successive step the behaviors of two
compared descriptions must be equivalent only on those sets of
values of Boolean input variables (elements of Boolean space),
where Boolean functions of the first system are specified.

2. Preliminaries

An ISF system F(x)= {fi(x), f2(x), ..., fu(x)} (Where x = (xi,
X, ..., X,) 18 @ vector) is represented as a mapping of n-dimensional
Boolean space B" into m-dimensional space {0,1,—}", where the
symbol “—” denotes don’t -care condition. An ISF is specified by
off-set U,Q, on-set Uf1 and dc-set Ujjs as subsets of B” (Uf1 U Ufou
U = B"). Let us specify a system F(x) as a set - of multiple-output
cubes (u,t) each of which is a pair of ternary vectors u# and ¢ (or
conjunctions) of sizes n and m that further are called its input and
output parts. The input part u is a cube in B" or a set of minterms
(elements of B"), the output part ¢ is a ternary vector of values of
functions for the cube u.

The system F(X) of ISFs given by the set /- of multiple-output
cubes (u;,1;) can be represented in matrix form by a pair of ternary
matrices U and T (Fig. 1) or a pair of Boolean B and ternary T
matrices (Fig. 2) of the same cardinalities. For example, ISF system
Fx)= (U, T) (Fig. 1) is specified by the set Ip= {( x; X, X3, f}),
( X1 X X3x4s, f>f3), ...+ of multiple-output cubes.

We are focusing on the case in which the first description is an
ISF system and the second of the compared descriptions is an
implementation of the first one and is represented by some sort of
multi-block structure. Further we consider two cases: 1) the
structure has no indeterminacy and each its block is represented by
CNF system (Fig. 1); 2) the structure has indeterminacy and each
its block is represented by ISF system (Fig. 2).

X|X2X3X4Xs Sths
010—-— 0——
00011 —-11
11-00 1-0
111-1 10—
U=0-101 T=0-0
10011 11—
1-110 -00
1000- 11-

Fig. 1. Anexample of ISF system and a three-block structure implementing it
Rys. 1.  Przyklad systemu ISF i trzyblokowa struktura implementujaca
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Fig.2.  Anexample of ISF system and a three-block structure with indeterminacy
Rys. 2. Przykifad systemu ISF i trzyblokowa struktura z nieokreslonoscia

3. Simulation based verification: case 1

Logic simulation is the most widely used technique for ensuring
the correctness of digital integrated circuits in industry because of
its scalability and predictable run-time behavior. This technique is
based on verifying a digital system by stimulating inputs of the
circuit with binary signal values that propagate in the circuit
leading to a corresponding activation of the outputs, whose values
must be consistent with the expected ones.

The proposed verification methods are based on parallel
simulation of the given multi-block structure (with or without
indeterminacy) on the input patterns specified by the set /r of
multiple-output cubes of the compared ISF system. The multi-
block structure is simulated under all possible inputs
(corresponding to the elements of the domain of the system F(x))
simultaneously, i.e. a state of each primary input and node of the
circuit is represented by a Boolean or a ternary vector of the size
|I7]. The simulation is based on the fast Boolean computations over
long binary and/or ternary vectors [1, 2].

In the first considered case (Fig. 1) each block of the multi-
block structure realizes a system of disjunctive normal forms. The
structure can be easily transformed into a multi-level
combinational network which consists of NOT, AND and OR
gates. Before simulation the network gates are levelized such
a manner that before a gate is evaluated, all its fan-ins would have
been evaluated.

In general case the initial ISF system is specified on intervals,
i.e. it is represented by a pair of ternary matrices U and T and the
simulation based verification can be carried by one of the ways:
1) by transforming the pair of ternary matrices U and T into the
a pair of Boolean B and ternary T matrices to have only minterms
in the first matrix; 2) by solving the task directly using the interval
representation. The first way allows Boolean simulation of the
network S under test. The second way should be used, when the
number of intervals of the set /r having ranks less than n is big
and/or these ranks are much less than n. In these cases,
the resulting Boolean matrix B can be great. Further we discuss
this second way as it is more time and space efficient than the first
one [1].

At the beginning of the simulation, the ordered set of n ternary
vectors (corresponding to the columns of the matrix U and having
the size |[f|) are taken as network inputs. Then gates of the
network S are simulated in the predefined topological order. Let
a gate implementing the function o;(zy;, za, ..., Zi;) is simulated.
For each its argument z;; a ternary vector g;; corresponds to and the
vectors z; have been computed already. So the simulation of the
gate is reduced to performing the logic operation ¢; over ternary
vectors Zy;, %, ---, & In the bitwise style. The result of the
simulation is a new ternary vector z; of the same size. The
definition of basic operations over ternary variables is given
bellow for all combinations of values of two ternary variables:
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a 000---111
b 0-10-10-1
a 111 -—-000
anb: 0000—--0-1
avbh: 0-1--1111

As soon as the last gate of the network has been simulated the
following pairs of vectors are compared: the ternary vector ¢
(i=1, 2,..., m) corresponding to the i-th column of the matrix T
(the column of values of the function f; € F) and the ternary vector
¥, corresponding to the primary output y, of the network S. The
following three cases are possible:

1. Vectors ¢ and y; are orthogonal in some component. Hence, the
network S does not implement the function f;.

2. The vector £ covers the vector ¥;, 1.e. values of all definite
components of # are the same as the values of the corresponding
components of y;. The network implements the function f,,.

3. The value of some j-th component of the vector y; is don’t care,
while the value of the corresponding component of the vector #
(corresponding to the interval #; of the matrix U) is equal 1 or 0.
In this case, there exists no unambiguous answer whether the
network S implements the function f; or does not.

In the last case, an additional analysis is needed to detect the
reason of distinction between the values. The simplest way is to
simulate the network S once more on all minterms of the interval
u; € U. Or to analyze controversial intervals u; using SAT based
verification method.

For example, simulation of the structure shown in Fig. 1 gives:

fir0-1101-1 f: =1-0-101
y:0111-1-1 y:-1000101

£ —=10-0-0-
13 —10-010—

The only exception is in the 5-th component of f; for which the
case 3 takes place. By splitting the interval us = 0-101 into two
minterms and simulating the structure on them we find out
$1(00101) = y1(01101) =0 =1£5', i.e. y; implements f;.

4. Simulation based verification: case 2

The second considered case (Fig.2) when each block of the
multi-block structure realizes an ISF system is more complex and
it is considered [2] for the case when the verified ISF system is
specified on the domain of minterms only (specified by a Boolean
matrix B instead of the ternary one).

ISF f can be represented by a pair of disjunctive normal forms
collecting conjunctions on which the function f takes values 1 and
0 correspondingly. So each block can be considered as a two-level
multi-output combinational network. The first is formed by multi-
input AND gates, implementing conjunctions, and in the second
level for each function y* of the k-th block, a pair of multi-input
OR gates is used: one of them to implement y;* and the other — to
implement its inversion y/. Inputs of the OR gate implementing
function y (and y/) are fed upon outputs of those AND gates
which implement conjunctions on which the function y/ takes
value 1 (correspondingly, y;* = 0).

To get an ISF a pseudo-element is introduced — two input UNITE
gate. Such a gate joins signals from two OR gates of the second level
for y} and y*. Keep in mind, that a pair of completely defined
Boolean functions y,'(X) u y(X) specifies the ISF y,(X) which takes
the value 1 on a minterm b, if yl-l(bj) =1, the value 0, if yl-o(bj) =1, and
the value of y,(X) is don’t care, if yil(bj)= yl-o(bj)=0, the UNITE
function f(xy,x;) could be specified as follows:

X, 0011
X 0101
SGox): —10-

It should be noted that the last combination takes no place for
consistent assignment of ISFs specifying blocks.
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Just as in the case 1, the multi-block structure (Fig.2) is
tranformed into a multy-level network consisting of invertors,
AND, OR and UNITE gates. The network is levelized and then
simulated on the set of Boolean vectors corresponding to the
columns of the matrix U. After finishing the simulation, the value
y; of every i-th primary output of the network is compared with the
value of the corresponding i-th component tji of the row #; of the
matrix T for each j. The following cases are possible.

1. tji =ocand y(b)= o or y(b)="“="(c e {1,0}) for some j. In

this case, the structure does not implement the function f;.

2. tji= “ or yib)= tji for all j. In this case, the structure

implements the function f;.

For example, the result of simulation of the structure shown in
Fig. 2 allows to conclude that it implements the tested ISF system:

f£1:0-0-01100-1 fp:—11-001-1- £3:-10-011-0-0
»1:01000110001 y,:=011-001-10 »5:-101011-0-0

5. SAT based approach to verification

The past ten years have seen efforts in developing commercial
formal verification tools that provide more general results than
traditional simulation methods: it is possible to guarantee that
a specific property holds for a design under all possible input
stimuli. In a typical scenario, there are two structurally similar
implementations of the same design, and the problem is to prove
their functional equivalence [3]. In a modern combinational
equivalence checking flow based on formal verification approach,
both networks to be verified are transformed into a single
comparing circuit. It is derived by combining the pairs of inputs
with the same names and feeding the pairs of outputs with the
same names into EXOR gates, which are ORed to produce the
single output of the comparing circuit. There is constant O on the
output if and only if the two original circuits are equivalent.

A conjunctive normal form (CNF) represents a Boolean
function as conjunction of one or more clauses, each being in its
turn a disjunction of literals. The SAT problem is concerned with
finding a truth assignment of literals which simultaneously
satisfies each of CNF clauses. If such an assignment exists the
CNF is referred to as satisfiable, and the assignment is known as
a satisfying assignment.

To test whether the circuit output be 1 or 0, the transformation is
applied to it for producing its conventional CNF. Once the overall
problem is formulated in CNF, a SAT solver can be used to solve it
[3, 4]. A circuit-to-CNF conversion uses as many variables as there
are primary inputs and gates in the circuit: for output of each gate its
own internal Boolean variable is introduced. And a local CNF is
associated with each gate, the CNF captures the consistent
assignments between its inputs and output. Then local CNFs are
joined in the overall network CNF C(S) by the conjunction operation

(Fig. 3).

X1X2X3X4X52122Z31)2

e (Q————
a0 2
00———1-———- 3
e 1-—0-—— 4
e 1-0--—-5
———00-1-—= 6
e 0———10-- 7
—ele———1-- 8
777777 01-- 9
77777 11-0- 10
S .
e 0-1- 12
S P 0 13
——————— 1-0 14
—1-————0-1 15

Fig. 3. An example of combinational circuit and its conventional CNF
Rys. 3. Przyktad uktadu kombinacyjnego i jego konwencjonalna spdjna
forma normalna C
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The derivation of CNF for a gate representing a local function
v= f(z1,22,...,z;) is based on defining a new Boolean function
o(»,f) =y ~f [3], that is true in the only case when both functions
v and f assume the same value. Here are the conventional CNF
representations of NOT, n-input AND and OR functions:

vy (zv y) o _
GV D EY P @Y D3V 2V LY 2V
(z1vy)(z2vy) .. ( Z,vY) (1 VvV ... vVZ, v Y).

Note, that the above traditional approach which constructs
comparing circuit can not be applied for the case considered in the
paper because of both given forms of functional representation can
be specified incompletely.

6. SAT based verification: case 1

A problem under discussion is to verify if a given network
implements the ISF system. It is true if it takes place for each
multiple-output cube. In terms of network CNF this condition
could be reformulated as follows [5]. For every multiple-output
cube (u;,t) e Ir a partial value assignment satisfying the
conjunction u;t; should satisfy the network CNF.

In other words, a network implements ISF system F(x), if for
every multiple-output cube (u;,t;) € I a partial value assignment
satisfying the conjunction u; t; (i.e. contradicting to u;,t) is
unsatisfying assignment for the network CNF. If u; = xix o xhy
and t;,=fi'fi"... f,, then the CNF P; specifying the contradiction of
the multiple-output cube (u;t;), called as the cube-prohibitive
CNF, consists of the following n; + 1 clauses:

Pix,f)=x/'x" .. X' ( fi'v BV v ).

For example, the prohibitive CNF for the multiple-output cube
s6=(x1 X5, fi f») from F(x) = (U, T) (Fig. 4) has three clauses:
Po(x,f) = (x1) (22) ( i Vo).

Appending clauses of P; to the network CNF C(S) results in
CNF C(P;) = C(S) A P;. 1t is not difficult to prove that CNF C(P;) is
satisfiable if the network does not implement the i-th multiple-
output cube. As to the whole ISF system it is not implemented by
the network if at least one its multiple-output cube is not
implemented by the network, i.e. if the following CNF is
satisfiable:

C=CS)APF) =CA(P,VvPyv...vP), 2).

where P(F) is the ISF system prohibitive CNF.

X1X0X3X4X s | oW WaWsWaWs W

X1X2X3X4Xs5 fif2 S [ 1
——111 1- 1 e 2
-000- 01 2 S T 3
U=-0-11 T=-13 = 0-1-———— 4
01-10 00 4 P=e0— 1-——-5
~010- -0 5 0 1-——- 6
11-——— 10 6 e 01— 7
————— 10-1---—-8

7777777 00000025

Fig. 4.  An example of ISF system (U, T) and its encoded prohibitive CNF P*
Rys. 4. Przyktad systemu ISF (U, T) i jego zakodowana wersja zakazana

To apply any SAT-solver to check whether for the CNF C
a satisfying assignment exists it is necessary to convert the formula
P(F) to a CNF form. Theoretically this could be done always, but it
is NP-hard problem. We are interested in a method of construction
of ISF system prohibitive CNF P(F) having linear complexity. Next
the method is proposed that is based on encoding multiple-output
cubes and their prohibitive CNFs using coding variables w; € w.
After encoding, prohibitive CNFs Pyx,f) are transformed into
encoded prohibitive CNFs P/(x, f, w) and the formula (2) into
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C=CAPFAPF A APHAOW), 3)

where Q(w) provides that the CNF C* will be satisfiable if at least
one CNF P; € P(F) is satisfiable. From now on Q is called as
alternative CNF.

When transforming the formula (2) into the CNF form (3) each
cube-prohibitive CNF P; is encoded by a code in the form of
a disjunction d; = w;"" 2y v w," (o, € {01}, wy' = w,
and w;,"= w;, and w; € w:

\4 W,'zc

Pl fiw)=@'vd) ...V d) (v ..V fulvd). (4

To formulate the conditions the alternative CNF Q(w) in (3)
must satisfy for the chosen cube-prohibitive CNF encoding, let us
denote by fp and f;; the functions represented by Q(w) and di(w)
and by UQ1 and U,;' — their on-sets.

Assertion [6]. Any alternative CNF Q(w) for a given encoding
of cube-prohibitive CNFs must satisfy the following conditions:

D (Afa) Afo=00r (M Mg Mp' =;
i i

2)( A fa) Afo#0or (M My') N My = @ for all .
i#] i#j

The first condition ensures the CNF P(x,f, w) = (P,k AP AL
APMA O be unsatisfiable when the circuit implements the
analyzed ISF system, i.e. when all cube-prohibitive CNFs Py(x, f)
are unsatisfiable. The second condition ensures the CNF P(x, f, w)
be satisfiable when the circuit do not implement the analyzed ISF
system, i.e. there exists at least one multiple-output cube, for
example j-th one, that is not realized by it. Thus, a variable
assignment can be found satisfying the cube-prohibitive CNF
Pi(x.f) (and ij(x, f,w) too). Fulfillment of the second condition
guaranties that there exists at least one assignment of coding
variables that ensures satisfiability of Q(w) and all cube
prohibitive CNFs P/ except the j-th one (that is satisfiable by the
assumption).

Two basic methods of encoding multiple-output cubes
(satisfying the above Assertion) have been investigated: encoding
by codes of unit [5] and logarithmic length [7]. The first method
supposes to introduce as many coding variables w; as there exist
multiple-output cubes in the ISF system specification /r. The
second method introduces the minimal number of coding variables
that is r= rlng[F—L The method of encoding by codes of
logarithmic length allows to reduce substantially the number of
coding variables as compared with the method of encoding by
unary codes, but codes (and CNF clauses) are dense enough.

Further we focus upon increasing efficiency of verification
process using unary encoding of multiple-output cubes. Using it
Px,f.w) (4) changes for the following encoded form:

P = (xli\/ Wi)(xzi\/ w) ... (xim'\/ wi)( 71:‘ V...V _miiv wy),
and the alternative CNF Q satisfying the above Assertion can be:
O= WiV WV "V wy.

For example, the fragment of the prohibitive CNF for the ISF
system in the matrix form is shown in Fig. 4. If we combine the
circuit conventional CNF (Fig.3) and the prohibitive CNF
(identifying yy,y, with f, ;) and then carry out the satisfiability test
of the resulting CNF, we may make sure that it is nonsatisfiable.
Therefore, the circuit (Fig. 3) implements the ISF system (Fig. 4).

Three verification methods are proposed [8]: based on
successive, simultaneous and group testing multiple-output cubes
from Ir. The first method formulates as many SAT problems as
the number of cubes are there, the second formulates verification
task as the only SAT problem (using coding the cubes as shown
above), the third divides the overall set / of multiple-output cubes
into groups and formulates as many SAT problems as the number
of groups are there. The group method is more effective because it
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allows 1) to achieve trade-offs between expenses on forming data
for SAT-solver and SAT-solver performance; and thereby 2) to
reduce overall verification time [8].

7. SAT based verification: case 2

Here we consider the verification problem for the case, when
both compared descriptions are incompletely specified. For
example, we have a multi-block structure S with indeterminacy
such as one in Fig. 2 and an ISF system F(x) such as one in Fig. 4.
Just as in the previous section we formulate the verification
problem as verifying whether CNF C= C(S) A P is satisfiable.
Here P is the ISF system F(x) prohibitive CNF, C(S) is some sort
of the conventional CNF but only for a multi-block structure with
indeterminacy or for a ISF system (that can be considered instead
of one-block structure). To distinguish it from the conventional
CNF let call it further as the permissible CNF. The CNF describes
the set of admissible combinations of signals on all the nodes of
structure blocks; i.e., each set of values satisfying the CNF is
admissible for this structure. The permissible CNF C(S) is the
conjunction of permissible CNFs C(B;) of its blocks or permissible
CNFs C(F)) their ISF systems.

Three methods of construction of a permissible CNF for an ISF
system are proposed: one based on the paraphrased representation
of ISFs [9], and two based on the application of implicative
conditions: implication [10] and implication with condition coding
[11] methods. Here we dwell on the implication method.

Assertion [10]. The permissible CNF C(G) of an ISF system
G (x) defined by a set of its multiple-output cubes s;= (u;t;)
(i=1,2,...,r) is generated by the formula:

(W —>t)A Uy > )N ... AU, —L,).

The permissible CNF for a multiple-output cube sf= (u;, 1)
with ;= x;'x,"...x";; and ¢£= y,'y,'...y,/ consists of as many
clauses as the size of the term ¢, is:

- - T T i i i _
C==t)= uv;= x\'VvV V.. v,V ..y.=

— i i i I i i i I
=(x'v ' v vy vyOa L A(x'v ' veov X vved).

For example, the permissible CNF for the first block of
the structure (Fig.2) consists of five clauses: (x;V XV z)A
(x1V XV 2) (X vV z) (X v vzm)( X%V X3V oz).

The key idea of the proposed method of checking whether an
ISF system F'(x) is implemented by a multi-block structure S with
indeterminacy is as follows. We obtain the prohibitive CNF P(F)
and the permissible CNF C(S).

Assertion. A multi-block structure S with indeterminacy
implements an ISF system F(x) if the CNF P(F) A C(S) is
unsatisfiable.

One can make sure after constructing P(F) A C(S) for the ISF
system in Fig. 4 and three-block structure in Fig.2 that there is no
satisfying assignment for the CNF. Thus the structure implements
by the ISF system.

8. Experimental results

All the mentioned verification methods have been implemented
on C++ programming language. Then the programs were
investigated on the sets of pseudo-random pairs of descriptions:
ISF system and multi-block structure implementing it (with or
without indeterminacy). MiniSat solver [4] has been used in our
experiments. The goal of experiments was 1)to compare the
competitive methods solving the same task on the same set of
examples; 2) to investigate experimentally domains of preferable
usage of the proposed methods; 3) to find out the most effective
value of group size for group testing verification methods. The
experiments have shown that:
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1) simulation based verification methods have 60 times greater
speed on average than SAT based methods solving the same
task;

2) the group size about 200 gives good enough results: group
methods gain stably in efficiency compared with the methods of
successive and simultaneous testing of multiple-output cubes,
the win gain is about 35% over the method of simultaneous
testing;

3) substantial reduction of variables when using logarithmic
encoding of multiple-output cubes did not bring about
substantial speedup of the solution of verification problem;

4) despite the fact that the implication method is simpler than that
of implication with condition coding and gives shorter CNFs, it
has smaller speed.
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