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Abstract

In this paper, a specialized software package named “Program package for
continuous and smooth uniform spline approximation of high-accuracy
cryosensors’ transfer functions” is presented. The software is worked out
for solving problems of optimization of analytical formulae describing
transfer functions of cryogenic (or of wider transfer range) temperature
sensors. The problem of reconstruction of a sensor transfer function and its
sensitivity function can be reduced to constructing a continuous and
smooth spline approximation that meets the Chebyshev criterion on all
subintervals of the approximation interval.
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sensitivity.

Oprogramowanie do aproksymowania funkcji
przetwarzania sensora i funkcji jego czutosci

Streszczenie

Przedstawiono wlasciwosci specjalizowanego pakietu oprogramowania
ApproCryo przeznaczonego do wyznaczania ciaglej i gladkiej funkcji
sklejanej (splajnu) aproksymujacej funkcje przetwarzania kriogenicznych
(lub o szerszym zakresie przetwarzania) sensoréw temperatury. Program
opracowano do zagadnien optymalizacji wyrazen analitycznych opisujacych
charakterystyki sensoréw temperatury w zakresie kriogenicznym (lub
szerszym). W celu uzyskania najlepszej doktadnosci celowe jest stosowanie
aproksymacji minimaksowej splajnem, dla wszystkich ogniw, dla ktorych
spetnione jest kryterium Czebyszewa. Program ApproCryo pozwala dla
danej postaci wyrazenia aproksymujacego o okreslonym zbiorze parametrow
wyznaczy¢ funkcj¢ aproksymujaca o najmniejszej mozliwej wartosci
btedu aproksymacji. Efektywno§¢ pakietu ApproCryo wykazano na
przyktadzie diodowego sensora niskotemperaturowego; doktadnosc¢
aproksymacji funkcji przetwarzania sensora i jego czulo$ci okazata si¢
zadowalajaca. Oprogramowanie jest przystosowane do systemu operacyjnego
Windows 98/2000/XP/... (wymagane jest zainstalowanie platformy Visual
Basic), a menu uzytkownika jest intuicyjnie zrozumiale i przystgpne
w obstudze.

Stowa kluczowe: aproksymacja Czebyszewa, funkcja przetwarzania
sensora, czulo$¢ sensora.

1. Introduction

The ApproCryo software package is written for constructing
continuous and smooth minimax spline-approximations based on
experimental data. The package is orientated towards solving
optimization problems by means of the Chebyshev approximation
method, under condition that the tabulated high-accuracy
measurement points of the characteristic of the low temperature
sensor are given. The ApproCryo software has been created on the
Visual Basic platform, and can be implemented on any PC
standard configuration based on the operating system Windows
98/2000/XP/... with installed the Visual Basic platform. The
peculiarities of ApproCryo package have been described in detail
in [1].

2. Functional features of the ApproCryo
package

The package allows for creating a continuous and smooth
minimax spline approximation

SE)=Fp(a”; x), (M

where ; <x <, /=1,..., ¢; t, = x; and #,4; = x, . The spline is
created over the interval [a, f] according to the continuously
differentiable function fx), (fix)e(C'[a, A1), the values of which
are tabulated for a set of points

X={a <x<x<.<x,<pf}. )

The points ¢ (j=1,..., g+1) of the spline (1) are the knots at
which the spline pieces join continuously together. The intervals
[4 , t+1] G=1,..., g) are the spline segments over which the spline
values are determined by a given expression F,(a"; x). This
expression depends on m (m >4) real parameters a (a €4, AC R,).
Each expression F,(a”; x), ( j=I,..., q) is a Chebyshev
approximation — over the interval [¢ , #+,] — of the function f{x)
that satisfies the conditions

F(a""; t)=F,(a"; t)=fit,) 3)
F'(@”; )= F,(a"; t)=1'(t) 4

at the knots ¢ (j=2,..., q).

Let G; denotes the value of the approximation error for the j-th
spline piece; then the total approximation error G of the spline
approximation is equal to

G= max Gj Q)
1<j<gq
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In order to yield a good continuous and smooth minimax spline
approximation, subjected to the constraint of a given value of the
maximum approximation error, we should to find the Chebyshev
approximation with such expressions F,,,(a(’); x), that the
approximation error - for each of spline pieces - does not exceed
the given value G,,,. The continuity and smoothness of the spline
is obtained by satisfying the conditions (3) and (4) imposed on the
values of the approximated function and its derivatives in the
spline knots. In those knot points, the values of approximating
functions and their derivatives are equal to the tabulated values of
experimental data. The algorithm how to obtain such spline
approximation was described in [2]. According to this algorithm,
the maximum length of each of spline pieces is fitted so that for
the given value of approximation error, the minimum number of
spline pieces is found.

The ApproCryo software allows the user to obtain the
continuous and smooth spline approximation for a given value of
either absolute or relative error, with the following analytical
expressions:

— polynomial

& i
Py(a;x)="3 a;x (6)
i=0
— the sum of polynomial and exponential function

m .
Qm(a;x)= 2 a; x' + 4e?* (@)
i=0

— the sum of polynomial and logarithmic function

Lm(a;x)= % a; X+ Aln(x+p) ®)
i=0

where a; (i=0,..., m) and A are unknown parameters; ¢ and p are
fixed parameters. The package allows also obtaining the
continuous and smoothed spline approximation for a given value
of absolute error using the following nonlinear expressions:

— the sum of polynomial and exponential function

m .
Em(a;x): > a; X'+ AeP* 9
i=0

— the sum of polynomial and power function

m .
Em(a;x): > a; x' + AeP* (10)
i=0

where the value of the power p is to be found by the
approximation procedure.

The fundamental pieces of the ApproCryo package are the
modules oriented on calculating of Chebyshev approximation with
the expressions (6)-(10) for given interpolation conditions. The
package contains a set of fifty-two approximation modules which
are intended to calculate the parameters of Chebyshev
approximation keeping the exact values of the interpolated
function and its derivative at the knot points and endpoints of the
approximation interval; moreover, the minimum value of the
absolute or relative error is obtained. The ApproCryo package
contains also a set of seventeen interpolation modules that are
intended to interpolate functions using the formulae (6)-(10).
Fifteen of the modules allow for calculating the Hermite
interpolations with the formulae (6)-(10) keeping the exact values
of the derivative of interpolated function at the knot points and
endpoints of the approximation interval. The methods of
performing the Chebyshev approximation and interpolation using
the formulae (6)-(10) are described in detail in [1-5].
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3. Input and output data of the ApproCryo
package

The information required for starting the operation of the
program is: the tabulated values of the argument, the
approximated function and its derivative, the degree of the
polynomial in approximating expression, and the value of the
acceptable level of approximation error (absolute or relative). The
input data can be entered into the input data window displayed on
the screen (cf. Fig. 1). The values of the function to be
approximated and of its derivative can also be read from a text file
saved in the computer’s memory. It is not obligatory to input the
values of the derived function. If these values are not inputted into
the computer, they are calculated automatically using well-known
difference equations.

& ApproCryo - [Curve10_P.txt] g@@
B3> Data Result Problem Find Window Help - 8 %
als @ wlm 9l w # || o] or|pa| su s
Experimental results
Find continuous and smooth minimax spline-approximation expression Ne UrT)  dU/dT
[a(0)+a(1)*+...+a(n)*xn ~l, n=[5 102] 300 051892 | -0.0024 ||
103 310 049484 | -0.00241
3 [absolute error =] [-0003 =
104 320 047069 | -0.00242
over the interval [T(i): T)]. i9 1 i 5= ‘mﬂ 105 | 330 044647 | -0.00242
106 | 340 042221 | -0.00243
107 350 039783 | -0.00244
108 | 360 037337 | -0.00245
109 [ 370 034881 | -0.00246
110 | 380 032416 | -0.00247
11| 39 029941 | -0.00248
2] 400 0.27456 | -0.00249
1% 3] 410 024963 | -0.0025
| 420 022463 | -0.0025
1.377e0
\ 115 [ 430 0.19961 | -0.0025
A 116 | 440 017464 | -0.00249
ooooo 117 450 0.14985 | -0.00246
e “oda, 118 [ 460 0.12547 | -0.00241
19| 470 0.10191 | -0.0023
4121e1 120 475 0.09062 | -0.00222 j
14e0 9.612el 1.908e2 2.856e2 3.803e2 4.75¢2 - ”
7 myck. | =TowlComma.. [GGyoAng=.. = ApproCrvo- BN = €L F 17:30

Fig. 1. The view of the program working area showing given input data
Rys. 1. Widok okna roboczego programu z oknem wprowadzania danych
wejsciowych

For selecting one of the functions (6)-(10) and a given type of
the approximation error (absolute or relative), the boxes
containing pop-up lists of options are available from the working
area.

As the result of the program execution, a continuous and
smooth spline is obtained. For a given value of the approximation
error, the number of segments of the approximating spline is
minimal. The ApproCryo package allows calculating a continuous
and smooth minimax spline approximation as well as a continuous
(but not smooth) or discontinuous one.

The view of the working area of the program presenting the
results of its execution is shown in Figure 2. In this window, the
results of calculating a continuous and smooth minimax spline that
closely matches the transfer function of a diode-type cryogenic
sensor DT-471 [6] are shown. The experimental characteristic is
given as a set of 120 data points over the temperature range from
1.4 K to 475 K; the absolute approximation error does not exceed
0.0003 K. The high accuracy is obtained using only six spline
segments; each segment is a fifth-degree polynomial. The value of
the error for the sensor’s sensitivity function approximated by the
derivative of the minimax spline is no higher than 0.283 mV/K.

For each segment of the calculated minimax spline
approximation, a set of output data is displayed: the ordinal
number of the segment, the endpoints of the segment, and the
coefficients of the approximation. The approximation error of the
given function which met the Chebyshev’s criterion under certain
conditions imposed on the endpoints of a segment, as well as the
reconstruction error of the derived function approximated with the
spline derivative can be presented on the screen.
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& ApproCryo - [Curve10_P.txt]

B Data Result Problem Find Window Help s ox
A= o v s 9 | o | oo | e ) sl

-~
Find continuous and smooth minimax spline-approximation expression Anprocryo - [Curve10_Pod] 09.12.2008 17:39.43
| a(0)+a(1)x+.. . +a(n)x"n j n=ls j Results of solving the SD prablem
Continuous and smooth minimax spline-approximation
3 ‘absolllte error ﬂ | 0003 with asolute error by Zxpression
PiT) = AD)+A(1) T+ +ANF TN, where n = 5,
over the mterval [T(i); T(])] is 1 | J =120 = reassuring given error of approximation- 0.0003
ﬂ ~ Hover the segment [(T2 1) T( 1200 =14, 475]
The run of solving the problem i5 found out.
= It consists of 6 - links
b For each link of spline approximation the following infarmation is displayed:
Construction of the 1-st link of the spline - tDhrdigal ntémber U; the link; "
. L o - - the boundaries of a given segment;
CRIC“I“F“‘“ approxunation over segment [T(1). T( 1'0)_]_ - the valug of parameters approximation in SeqUEnce as they appear in the expression,
Approximation over segment [T( 1), T( 120)]=[ 1.4, 475] was - the error of approximation of function;
found out. The maximal error of approximation - 1.024e-1 - the error of approximation of derivative.
. . . ) 1 [(TE1)TE27) =014, 9]
Calculation approximation over gsegment [T( 1), T( 46)] v
170954912733 0.00012679121543  -0.006320855962469  0.00039850509213
Links of spline approximation, values of parameters and maximal error -B.544829175456E-08 2.335101804E-07
For each link of gpline approximation the following information  ~ The error of app-oximation of temperature characteristics is - 2.8e-4
is (lisplm'e(l: The error of app-oximation of derivative (sensitivity) is equal to - 2.22e-3
- ordinal 1111111.be1* ofthe. Link: 2 [T(27).T(517]=]9; 22]
- the boundaries of a given segment;
_ . oo - - : 2 12874380883 -0.157013335492 0.0150731189658  -8.892521379631E-04
the value of par am?tel.. ﬂpplomu_latwu = B0174315559E-05 A BRI BYAGE 07
ardered as they appear mn the expression:
- the error of approximation. The error of app-oximation of temperature characterisics is - 2.41e-4
1 [(T(1).TC7)]=[L4 9] The error of app-nximation of derivative (sensitivity) is equal to - 2.43e-4
1.7095491e0  1.2679122e-4 -6.320856e-3  3.9850509%e-4 3 [(Ti51),T(85:=[22; 26]
-8.5448292e-6 2.935 -7
83448 jzeh 2 33L0L8e-7 ﬂ 841129357074 2057900130597 1099474205669  -0.09473102997246
The error of approximation of function iz - 2.8e-4 000221019431 8472 90317451 944509E-05
2 [T2T). TS =[9: 22
3 17R743C ERL R 207311062 R ROIZI ] da The error of app-oxmation o temperature characterisics 1s - 2.49e-4
2.1287439¢0 L5701334e-1  1.5073119e-2 3.8925214e-4 The error of app-oximation of derivative (sensitivity) is equal to - 1.98e-4 K.

Fig. 2. The view of the program working area showing the results
of problem solving
Rys. 2. Widok okna roboczego programu z wyprowadzaniem

wynikoéw rozwigzania zadania

The program lets the user to create a graph of the calculated
spline showing the data points of the target function; the same can
be done for the spline derivative function. Moreover, the program
provides the possibility to show the train of the problem solving in
detail. The user can look through a table containing both a given
value of the function to be approximated and the value calculated
from the spline approximation for each data point. The
approximation error of the function, the value of derived function
and its approximation, and the approximation error of the derived
function are also presented in the table. The results can be run
over in the panel “Experimental results” in the working area
(Fig. 1).

In order to detect the input data which exhibit large random
errors, the program allows the user to analyze the set of
experimental data points. The analysis is based on the condition of
keeping the sensor’s transfer function monotonic and on the
detection of the values which are spread more than two standard
deviation (20) from the root-mean-square model.

The package gives the opportunity to trace the train of problem
solving. In the panel “The run of solving the problem” of the
working area (Fig. 2) the information about the search of optimal
length for each spline segment and the values of approximation
error are given. According to that information, the process of
calculating the spline approximation can be traced back.

Except the main task — to construct a continuous and smooth
minimax spline approximation — the package allows solving
subsidiary problems which help the user to impose the endpoints
of segments, as well as the interpolating conditions, for examining
the approximation error in some intervals.

The program offers multitask operation mode. The possibility
of solving several problems simultaneously allows the user to
compare different versions of admissible results in on-line mode.

4. Conclusions

The software package ApproCryo is provided to calculate
optimal continuous and smooth minimax spline approximations in
terms of both absolute-error criterion and relative-error one. The
transfer function can be approximated with polynomials,
exponential and logarithmic expression as well as a sum of
a polynomial and an exponential function. The package works
under the Windows operating system and its interface is user-
friendly and intuitively easy to understand.
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