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A b s t r a c t  
 

L ine a r  e l e c t r ic a l  c ir c u it s  c om p os e d  of  r e s is t or s ,  ind u c t a nc e s ,  c a p a c it a nc e s  
a nd  v ol t a g e  ( c u r r e nt )  s ou r c e s  w it h  s t a t e -f e e d ba c k s  a r e  a d d r e s s e d .  I t  is  
s h ow n t h a t  f or  l a r g e  c l a s s  of  nonp os it iv e  e l e c t r ic a l  c ir c u it s  it  is  p os s ibl e  t o 
c h oos e  g a in m a t r ic e s  of  t h e  s t a t e -f e e d ba c k s  s o t h a t  t h e  c l os e d -l oop  s ys t e m s  
a r e  p os it iv e  a nd  h a v e  s om e  d e s ir e d  d yna m ic a l  p r op e r t ie s .  S u f f ic ie nt  
c ond it ions  f or  nonne g a t iv it y of  B m a t r ic e s  of  l ine a r  e l e c t r ic a l  c ir c u it s  a r e  
e s t a bl is h e d .  C ons id e r a t ions  a r e  il l u s t r a t e d  by t h r e e  e x a m p l e s  of  l ine a r  
e l e c t r ic a l  c ir c u it s .  
 
K e y w o r d s :  p os it iv e ,  l ine a r ,  e l e c t r ic a l ,  c ir c u it ,  s t a t e -f e e d ba c k ,  g a in m a t r ix ,  
d yna m ic a l  p r op e r t y.  
 
Ob w o dy  el ek t r y c zn e ze sp r zę ż en i am i   
zw r o t n y m i  o d w ek t o r a st an u o  p o ż ą dan y c h  
w ł aś c i w o ś c i ac h  dy n am i c zn y c h  

 
S t r e s z c z e n i e  

 
W  p r a c y s ą r ozp a t r yw a ne  l iniow e  obw od y e l e k t r yc zne  zł oż one   
z r e zys t a nc j i,  p oj e m noś c i,  ind u k c yj noś c i i ź r ó d e ł  na p ię c ia  ( p r ąd u ) .  
W yk a za no,  ż e  d l a  s ze r ok ie j  k l a s y nie d od a t nic h  obw od ó w  e l e k t r yc znyc h  
m oż na  d obr a ć  m a c ie r z w zm oc nie ń  s t a t yc znyc h  s p r zę ż e ń  zw r ot nyc h  od  
w e k t or a  s t a nu  t a k ,  a by u k ł a d  za m k nię t y był  d od a t ni i m ia ł  p oż ąd a ne  
w ł a ś c iw oś c i d yna m ic zne .  Pod a no w a r u nk i w ys t a r c za j ąc e  nie u j e m noś c i 
e l e m e nt ó w  m a c ie r zy B l iniow yc h  obw od ó w  e l e k t r yc znyc h .  R ozw a ż a nia  
og ó l ne  zos t a ł y zil u s t r ow a ne  p r zyk ł a d a m i obw od ó w  e l e k t r yc znyc h .   
 
S ł o w a  k l u c z o w e :  d od a t ni,  l iniow y,  e l e k t r yc zny,  obw ó d ,  s p r zę ż e nie  
zw r ot ne  od  s t a nu ,  m a c ie r z w zm oc nie ń .  
 
1 .  I n t r o duc t i o n  
 

It is w el l -k now n [ 1 ,  1 5 ,  1 6 ,  2 3 ,  2 4 ]  th at l inear el ectrical  circu its 
composed of  resistances,  indu ctances and v ol tag e ( cu rrent)  
sou rces or of  resistances,  capacitances and v ol tag e ( cu rrent)  
sou rces are ex ampl es of  l inear positiv e sy stems. A  dy namical  
sy stem is cal l ed positiv e if  its traj ectory  starting  f rom any  
nonneg ativ e initial  states remains f orev er in th e positiv e orth ant 
f or al l  nonneg ativ e inpu ts. A n ov erv iew  of  state of  th e art in 
positiv e sy stems th eory  is g iv en in th e monog raph s [ 1 7 ,  2 0 ] . 
E l ectrical  circu its composed of  resistances,  capacitances,  
indu ctances and v ol tag e ( cu rrent)  sou rces are not in g eneral  case 
positiv e sy stems bu t by  su itabl e ch oice of  g ain matrices of  state-
f eedback s th e cl osed-l oop circu its can be positiv e w ith  desired 
dy namical  properties [ 2 2 ] . 
S tabil ity  of  l inear continu ou s-time f ractional  sy stems w ith  

del ay s of  retarded ty pe h as been inv estig ated in [ 1 3 ]  and positiv e 
l inear discrete-time sy stems w ith  del ay s in [ 1 4 ] . D if f erent 
probl ems of  anal y sis of  el ectrical  circu its h av e been inv estig ated 
by  B u sł ow icz  in [ 2 -1 2 ] . 

In th is paper it w il l  be sh ow n th at f or l arg e cl ass of  nonpositiv e 
el ectrical  circu its it is possibl e to ch oose th e g ain matrices of  state-
f eedback s so th at th e cl osed-l oop circu its are positiv e and h av e 
some desired dy namical  properties.  

T h e paper is org aniz ed as f ol l ow s. S ome prel iminaries 
concerning  l inear positiv e sy stems and nil potent matrices are 
recal l ed in section 2 . P robl em f ormu l ation is g iv en in section 3 . 
P robl em sol u tion and el ectrical  circu its w ith  desired dy namical  
properties are presented in section 4 . C oncl u ding  remark s are 
g iv en in section 5 .S ome l emmas concerning  nil potent matrices are 
g iv en in appendix  A . S u f f icient conditions f or nonneg ativ ity  of  
matrices B of  l inear el ectrical  circu its are establ ish ed in appendix  B . 
 

2 .  P r el i m i n ar i es 
 

L et n m×ℜ  be th e set of  n m×  real  matrices. T h e set n m×  
matrices w ith  nonneg ativ e entries w il l  be denoted by  n m×

+ℜ and 
1
.

n n×
+ +ℜ = ℜ  T h e set of  nonneg ativ e integ ers w il l  be denoted by  Z +.  
C onsider th e l inear continu ou s-time sy stem 
 
 x Ax Bu= +&  ( 1 )  
 

w h ere ( ) nx x t= ∈ℜ  is th e state v ector,  ( ) mu u t= ∈ℜ  is inpu t 
v ector and , .

n n n mA B× ×∈ℜ ∈ℜ  
 
Definition 1. T h e sy stem ( 1 )  is cal l ed positiv e if  and onl y  if  
( ) , 0nx t t+∈ℜ ≥  f or any  initial  conditions 0 (0) , 0.nx x t+= ∈ℜ ≥  
 
T h eor em  1. [ 2 0 ,  17 ]  T h e sy stem ( 1 )  is positiv e if  and onl y  if   
 
 nA M∈  and n mB ×

+∈ℜ  ( 2 )  
 

w h ere Mn is th e set of  n n×  M etz l er matrices,  i.e. real  matrices 
w ith  nonneg ativ e of f  diag onal  entries. 

 
Definition 2 . T h e positiv e sy stem ( 1 )  is cal l ed asy mptotical l y  

stabl e if  and onl y  if  
 lim ( ) 0

t
x t

→∞
=  f or al l  0

nx +∈ℜ  ( 3 )  
 
T h eor em  2 . [ 2 0 ,  17 ]  T h e positiv e sy stem ( 1 )  is asy mptotical l y  

stabl e if  and onl y  if  its ch aracteristic pol y nomial  
 
 1

1 1 0det[ ] ...n n
n nI s A s a s a s a−

−
− = + + + +  ( 4 )  

 
h as al l  positiv e coef f icients,  i.e. 0,ka >  0,1,..., 1.k n= −  
 
T h eor em  3 . [ 2 0 ,  17 ]  T h e positiv e sy stem ( 1 )  is u nstabl e if  at 

l east one diag onal  entry  of  th e matrix  [ ]i jA a=  is positiv e,  i.e. 
0iia >  f or some (1,2..., ).i n∈  

 
Definition 3 . A  real  matrix  n nA ×∈ℜ  is cal l ed nil potent if  th ere 

ex ist a natu ral  nu mber v n≤  su ch  th at 1 0vA − ≠  and 0.vA =  T h e 
natu ral  nu mber v is cal l ed th e nil potency  index  of  th e matrix  A. 

It is w el l -k now n [ 1 9 ]  th at th e strictl y  u pper triang u l ar matrices 
and th e strictl y  l ow er triang u l ar matrices n nA ×∈ℜ  are nil potent 
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matrices with nilpotency indices v n≤ . T hese matrices hav e the 
characteristic polynomials of  the f orm 

 
 det[ ] n

nI Aλ λ− =  ( 5 )  
 

and all their eig env alu es are eq u al to z ero. 
I n appendix  A  some lemmas concerning  nilpotent matrices and 

the nilpotency indices are presented.  
 

3. P r o b l e m  f o r m u l a t i o n  
 

I t is well-k nown [ 1 8 ,  2 1 ,  2 3 ]  that any linear electrical circu its 
consisting  of  resistors,  capacitors,  coils and v oltag e ( cu rrent)  
sou rces can b e describ ed b y the state eq u ation 

 
 x Ax Be= +&  ( 6 )  
 

where nx∈ℜ  is the state v ector,  me∈ℜ  is the inpu t v ector,  
n nA ×∈ℜ  and .n mB ×∈ ℜ  

A s state v ariab les x1,  x2, … , xn ( the components of  x )  u su ally the 
cu rrents in the coils and v oltag es across the capacitors are chosen. 
T he components of  the inpu t v ector e are the sou rce v oltag es or 
sou rce cu rrents. 

C onsider the electrical circu it ( 6 )  with the state-f eedb ack  
 
 e Kx=  ( 7 )  
 

where m nK ×∈ℜ  is g ain matrix . 
 
R e m a r k  1 .  N ote that electrical circu its with state-f eedb ack s ( 7 )  

are eq u iv alent to linear circu its with controlled v oltag e ( cu rrent)  
sou rces. 

S u b stitu tion of  ( 7 )  into ( 6 )  yields 
 
 cx A x=&  ( 8 )  
 

where 
 cA A BK= +  ( 9 )  
 
W e are look ing  f or a g ain matrix  su ch that the closed-loop 

system ( 8 )  has desired dynamics,  f or ex ample 
1 . the matrix  Ac has prescrib ed eig env alu es in the lef t half  of  the 

complex  plane 
2 . the matrix  Ac has desired nilpotency index  2v =  
 

4. E l e c t r i c a l  c i r c u i t s  w i t h  d e s i r e d  d y n a m i c a l  
p r o p e r t i e s  

 
I t is assu med that the matrix  B in ( 9 )  has nonneg ativ e entries 

and the matrix  A may not b e a M etz ler matrix .  
L et Ac b e a M etz ler matrix  with desired dynamical properties. I f  

f or g iv en Ac the f ollowing  condition is met 
 
 [ , ]crank B rank B A A= −  ( 1 0 )  
 

then the eq u ation 
 cBK A A= −  ( 1 1 )  
 

has a solu tion K. 
I n this case we hav e the f ollowing  theorem. 
 
T h e o r e m  4 .  I f  the condition ( 1 0 )  is satisf ied then there ex ists a 

g ain matrix  K su ch that the closed-loop system is positiv e with 
desired dynamical properties. 
 

P r o o f .  I f  f or a chosen M etz ler matrix  Ac with desired dynamical 
properties the condition ( 1 0 )  is satisf ied then b y K roneck er-
C appely theorem the eq u ation ( 1 1 )  has a solu tion K su ch that the 
closed-loop matrix  is eq u al to Ac.■ 

 
T h e o r e m  5 .  L et the condition ( 1 0 )  f or a matrix  Ac with 

nilpotency index  2v =  b e satisf ied. T hen there ex ists a g ain 
matrix  K su ch that the state v ariab les of  the closed-loop circu it are 
linear f u nctions of  time f or any g iv en initial conditions 0(0) .x x=  
 
P r o o f .  I f  the condition ( 1 0 )  is satisf ied then the eq u ation ( 1 1 )  

has a solu tion K f or g iv en matrices A ,  Ac and B. I f  the matrix  Ac 
has nilpotency index  2v =  then  
 
 0k

cA =  f or 2,3,..k =  ( 1 2 )  
 

and this implies 
 
 0 0 0

0

( )( ) ( )!
c

k
A t c

n c
k

A tx t e x x I A t x
k

∞

=

= = = +∑  ( 1 3 )  

 
I n this case state v ariab les of  the closed-loop system are linear 

f u nctions of  time f or any initial conditions x0.■ 
 
E x a m p l e  1 .  C onsider the electrical circu it shown on F ig . 1  with 

g iv en resistances 1 2,R R  capacity C ,  indu ctances 1 2,L L  and 
v oltag e sou rces e1,  e2 

 
 R1 R2 

L1 L2 C 

e1 e2 

i1 i2 

u 

  
F i g .  1 .   E l e c t r i c a l  c i r c u i t  n o 1  
R y s .  1 .   O b w ó d  e l e k t r y c z n y  n r 1  

 
U sing  the K irchhof f ’ s laws we may write the eq u ations 
 
 1

1 1 1 1
die R i L u
dt

= + +  ( 1 4 a)  
 
 2

2 2 2 2
die R i L u
dt

= + +  ( 1 4 b )  
 
 1 2

duC i i
dt

= +  ( 1 4 c)  
 
T he eq u ations ( 1 4 )  can b e written in the f orm 
 

 
1 1

1
2 2

2

i i
ed i A i B
edt u u

        = +             
 ( 1 5 )  

 
where 

 

1

1 1
1

2

2 2
2

10 1 0

10 , 0 1

1 1 0 0 0

R
L L L

RA B
L L L

C C

− −         −  = − =             

 ( 1 5 a)  
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The following two cases will b e consid er ed .  
I n case 1 we choose the m atr ix  Ac of the for m  
 

 
0 0 0
0 0 0
1 1 0

cA

C C

   =     

 ( 1 6 )  

 
I t is easy  to check  that the cond ition ( 1 0 )  is satisfied  and  the 

eq u ation ( 1 1 )  tak es the for m  
 

 

1

1 1
1

2

2 2
2

11 0 0

10 1 0

0 0 00 0

R
L LL

RK
L LL

            =              

 ( 1 7 )  

 
and  its solu tion is 
 1

2

0 1
0 1
R

K
R

 =     ( 1 8 )  
 
F r om  ( 1 3 )  we hav e 
 

 
1 10 10

2 2 0 2 0

0 10 2 0
0

( ) 1 0 0
( ) 0 1 0
( ) 1 1 1

i t i i
i t i i
u t u i it t u t t

C C C C

               = =                   + +   

 ( 1 9 )  

 
wher e 10 1 20 2 0(0), (0), (0).i i i i u u= = =  

 
I n case 2  we choose the m atr ix  Ac of the for m  
 

 
1

2

3

0 0
0 0 ( 0, 1 , 2 , 3 )
1 1

k k

C C

λ
λ λ

λ

  − − > =   − 

 ( 2 0 )  

 
I t is easy  to see that in this case the cond ition ( 1 0 )  is not 

satisfied  and  we ar e not ab le assign the eigenv alu es of Ac in 
d esir ed  p ositions b y  su itab le choice of the gain m atr ix  K since the 
thir d  r ow of the m atr ix  B is z er o r ow.  
 
E x am p l e 2 .  C onsid er  the electr ical cir cu it shown on F ig.  2  with 

giv en r esistances 1 2,R R  cap acitances 1 2,C C ,  ind u ctance L and  
v oltage sou r ces 1 2 3, , .e e e  

 
   L   

R 2   R 1   
u 1   

e 1   

C 1   

e 2   

e 3   

u 2   

C 2   

i   

  
F i g .  2.   E l e c t r i c a l  c i r c u i t  n o  2 
R y s .  2.   O b w ó d  e l e k t r y c z n y  n r  2 
 

U sing the K ir chhoff’ s laws we m ay  wr ite the eq u ations 
 

 

1 3 1

1 2
2 1 1 2 1

2 1 2
3 2 2 2 1 1 2

die e L u
dt

du due R i C C u
dt dt

du du due R C u R i C C
dt dt dt

+ = +
 = − + − +  

 = + + − +  

 ( 2 1 )  

 
The eq u ations ( 2 1 )  can b e wr itten in the for m  
 

 
1

1 1 2

2 2 3

i i e
d u A u B e
dt u u e

         = +               
 ( 2 2 a)  

 
wher e 
 

 
1 2 1 2

1 1 1 2 1 2 1 1 2 1 2

2 2 2 2 2 2 2 2

1 1 10 0 0
1 1 1, 0

1 1 1 10 0

L L L
R R R RA B

C C R R C R C R R C R

C R C R C R C R

      −      + += − − =            − −      

 ( 2 2 b )  

 
N ote that the m atr ix  A is not a M etz ler  one since it has som e 

negativ e off-d iagonal entr ies and  the m atr ix  B has nonnegativ e 
entr ies.  Ther efor e,  the electr ical cir cu it is not a p ositiv e sy stem .  

L et 
 

 
1

2 1

3 2

e i
e K u
e u

      =        
 ( 2 3 )  

 
wher e 3 3K ×∈ℜ  is a gain m atr ix .  

S u b stitu tion of ( 2 3 )  into ( 2 2 a)  y ield s,   
 

 1 1

2 2

c

i i
d u A u
dt u u

      =         
 ( 2 4 )  

 
wher e 
 
 cA A BK= +  ( 2 5 )  
 
W e ar e look ing for  a gain m atr ix  K su ch that the closed -loop  

m atr ix  Ac is a M etz ler  m atr ix  with nilp otency  ind ex  2v =  of the 
for m  [ 1 1 ]   
 

 
1

2

0 0
0 0 0
0 0

c

a
A

a

  =    
 ( 2 6 )  

 
wher e 1 2,a a  ar e som e p ositiv e r eal p ar am eter s.  

I n this case the m atr ix  B is nonsingu lar  and  fr om  ( 2 5 )  we ob tain 
 
 ( )1

cK B A A−
= −  ( 2 7 )  

 
I n p ar ticu lar  case for  ( 2 6 )  we hav e 
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1

1

1 2 1 2

1 1 2 1 2 1 1 1 2 1 2

2
2 2 2 2 2 2 2 2

1 1 2 1 2 2 2 2

1 2 1 2

1 1 2 2 2

1 1 10 0 0
1 1 10

1 1 1 10 0

1 1
1 0

( ) 1

a
L L L

R R R RK
C R R C R C C R R C R

a
C R C R C R C R

R a L a R C a C R
R a R C
R R R C a

−      +      + += − =            +      
− + − − −  = − −  + 

 (2 8 )  

 
and  
 

 
1 0 0 1 10

1 10 10

2 2 2 0 2 0 2 10

( ) 1 0
( ) 0 1 0
( ) 0 1

i t a t i i a u t
u t u u
u t a t u u a u t

+             = =              +       
 (2 9 )  

 
w her e 0 (0),i i=  10 10 (0),u u=  20 20 (0).u u=  

 
5. C o n c l u d i n g  r e m a r k s  
 

L inear  el ect r ical  cir cu it s  comp os ed  of  r es is t ances ,  ind u ct ances ,  
cap acit ances  and  v ol t ag e (cu r r ent )  s ou r ces  w it h s t at e-f eed back s  
hav e been ad d r es s ed . I t  has  been s how n t hat  f or  nonp os it iv e 
el ect r ical  cir cu it s  w it h nonneg at iv e B mat r ices  if  t he cond it ion 
(1 0 )  is  met  t hen it  is  p os s ibl e t o f ind  g ain mat r ices  of  t he s t at e-
f eed back  s u ch t hat  t he cl os ed -l oop  cir cu it s  hav e s ome d es ir ed  
d ynamical  p r op er t ies  (T heor em 4 ) . I f  f or  a mat r ix  Ac w it h 
nil p ot ency ind ex  2v =  t he cond it ion (1 0 )  is  s at is f ied  t hen t her e 
ex is t s  a g ain mat r ix  K s u ch t hat  t he s t at e-v ar iabl es  of  t he cl os ed -
l oop  cir cu it  ar e l inear  f u nct ions  of  t ime f or  any g iv en init ial  
cond it ions  (T heor em 5 ) . I n A p p end ix  A  s ome l emmas  concer ning  
nil p ot ent  mat r ices  hav e been g iv en and  in ap p end ix  B  s u f f icient  
cond it ions  f or  nonneg at iv it y of  B mat r ices  of  l inear  el ect r ical  
cir cu it s  hav e been es t abl is hed . T he main r es u l t  of  t he p ap er  hav e 
been il l u s t r at ed  by l inear  el ect r ical  cir cu it s . 

 
 

A p p e n d i x  A   
N i l p o t e n t  m a t r i c e s  
 

Lemma A1. M at r ices  of  t he f or m 
 

 

12 1, 1

,2 , 1

0 0
0 0 0 0

0 0 0 0
0 0

n

n n

n n n

a a

A

a a

−

×

−

    = ∈ ℜ    

K

K

M M K M M

K

K

 (A 1 )  

 
hav e t he nil p ot ency ind ex  2v =  f or  any v al u es  of  t he ent r ies  
a12, … a1, n-1,  an, 2, … an, n-1 and  t he char act er is t ic p ol ynomial s  of  t he 
f or m 
 

 det[ ] n
nI Aλ λ− =  (A 2 )  

 
P r o o f . U s ing  (A 1 )  it  is  eas y t o check  t hat  2 0A =  and  
 

 

12 1, 1

,2 , 1

0
0 0 0

d e t [ ] d e t .
0 0 0
0

n

n
n

n n n

a a

I A

a a

λ
λ

λ λ
λ

λ

−

−

− −    − = =   − − 

K

K

M M K M M

K

K

■ (A 3 )  

 

Lemma A2 . M at r ices  of  t he f or m 
 
 12 2 20

0 0
n nA

A × = ∈ ℜ    (A 4 )  
 

hav e t he nil p ot ency ind ex  2v =  and  t he char act er is t ic p ol ynomial  
of  t he f or m 
 

 2
2det[ ] n
nI Aλ λ− =  (A 5 )  

 
f or  any s u bmat r ices  12 .

n nA ×∈ℜ  
 

P r o o f . U s ing  (A 4 )  it  is  eas y t o v er if y t hat  2 0A =  and  
 
 12 2

2det[ ] det .0
n n

n
n

I A
I A

I
λ

λ λ
λ

− − = =    ■ (A 6 )  
 
F r om t he w el l -k now n p r op er t y of  t he t r ans p os it ion (d enot ed  by 

u p p er  ind ex  T )  of  t he mat r ix  A ,  ( ) ( )k T T kA A=  f or  1,2,...k =  w e 
hav e t he f ol l ow ing  r emar k . 

 
R emar k  A1. T he t r ans p os e mat r ix  TA  has  a nil p ot ency ind ex  v 

if  and  onl y if  t he mat r ix  A has  t he s ame nil p ot ency ind ex  v. 
 
Lemma A3 . A  d iag onal  mat r ix  A w it h at  l eas t  one nonz er o 

ent r y is  not  t he nil p ot ent  mat r ix . 
 
P r o o f . T his  f ol l ow s  immed iat el y f r om t he r el at ion 
 
 1 1( [ ,..., ]) [ ,..., ] 0k k k k

n nA diag a a diag a a= = ≠  (A 7 )  
 

f or  1,2,...k =  if  at  l eas t  one f r om t he ent r ies  1,..., na a  ar e 
nonz er o.■ 
 

Lemma A4 . N onneg at iv e mat r ix  n nA ×
+∈ ℜ  w it h at  l eas t  one 

nonz er o d iag onal  ent r y is  not  nil p ot ent  mat r ix . 
 
P r o o f . L et  d ecomp os e t he mat r ix  A as  t he s u m of  t he d iag onal  

mat r ix  D and  t he nonneg at iv e mat r ix  B w it h z er o d iag onal  ent r ies . 
T hen 

 
 1( ) ...k k k k kA D B D BD B−= + = + + +  f or  1,2,...k =  (A 8 )  
 
I f  t he mat r ix  A has  at  l eas t  one nonz er o d iag onal  ent r y t hen 
0D ≠  and  by L emma A 3  0kD ≠  f or  1,2,...k = . F r om (A 8 )  w e 

hav e 0kA ≠  f or  1,2,...k =  s ince 0kD ≠  and  t he r emaining  
mat r ices  ar e nonneg at iv e.■ 
 
Appendix B 
E l ec t r ic a l  c ir c u it s  w it h  no nneg a t iv e B m a t r ic es  
 

T h eo r em B 1. E nt r ies  of  B mat r ices  of  el ect r ical  cir cu it s  
comp os ed  of  r es is t ances ,  cap acit ances  and  v ol t ag e s ou r ces  ar e 
p os it iv e if  d ir ect ions  of  cu r r ent s  cau s ed  s ep ar at el y by each v ol t ag e 
s ou r ce ar e cons is t ent  in al l  cap acit or s . 

 
P r o o f . S u bs t it u t ing  0iu =  f or  1,...,i n=  and  1, 0j ie e= =  f or  

, 1 , . . . ,i j j m≠ =  t o t he eq u at ion 
 
 

1 1
, 1,...,

n m
k

ki i kj j
i j

du a u b e k r
dt

= =

= + =∑ ∑  (B 1 )  
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we obtain 
 , 1,..., ; 1,...,k

kj
du b j m k ndt = = =  ( B 2 )  

 
N ote th at at 0t = +  th e c ap ac itors  are s h ort c irc u its  and  th e 

c u rrent ( 0 )
kCi +  c au s ed  by  v ol tag e s ou rc e 1je =  is  eq u al  to 

 
 

0
(0 ) 1,...,

k
k

k C
t

duC i k n
dt = +

= + =  ( B 3 )  
 
F rom ( B 2 )  and  ( B 3 )  we h av e 
 
 1 ( 0 ) , 1, . . . , ; 1, . . . ,

kkj C
k

b i k n j mC= + = =  ( B 4 )  
 
T h eref ore,  to f ind  th e c oef f ic ient kjb  we h av e to c omp u te th e 

c u rrent in th e s h ort c irc u it kth  c ap ac itor c au s ed  by  th e jth  v ol tag e 
s ou rc e 1,je =  1,..., .j m=  I f  th e d irec tions  of  c u rrents  c au s ed  
s ep aratel y  by  eac h  v ol tag e s ou rc e are c ons is tent th en th e entries  of  
th e matrix  B are p os itiv e.  ■ 

 
Example B1. C ons id er th e el ec tric al  c irc u it s h own on F ig .  B 1  

with  g iv en res is tanc es  1 2 3, ,R R R ,  c ap ac itanc es  1 2,C C  and  v ol tag e 
s ou rc es  1 2, .e e  

 
 R1 R2 

C1 C2 R3 

e1 e2 

u2 u1 

  
F i g .  B 1 .   E l e c t r i c a l  c i r c u i t  n o 3  
R y s .  B 1 .   O b w ó d  e l e k t r y c z n y  n r  3  

 
U s ing  th e K irc h h of f ’ s  l aws  we may  write th e eq u ations  
 

 
1 2

1 1 1 3 1 3 2

2 1
2 2 2 3 2 3 1

( )

( )

du due u R R C R C
dt dt
du due u R R C R C
dt dt

= + + −

= + + −

 ( B 5 )  

 
wh ic h  c an be written in th e f orm 
 

 1 1 1

2 2 2

u u ed A B
u u edt
     = +            ( B 6 )  

 
wh ere 

 

1
1 3 1 3 2

3 1 2 3 2

2 3 2 3 2

3 1 1 3 1

1 2 3 2 3 1 2

( )
( )

( )1 ,( )
[ ( ) ]

R R C R C
B A

R C R R C
R R C R C

R C R R C
R R R R R C C

−+ − = − = = − + 
+ =  +∆  

∆ = + +
 ( B 7 )  

 
F rom ( B 7 )  it f ol l ows  th at th e matrix  B h as  p os itiv e entries  and  

th e matrix  A h as  neg ativ e entries .  N ote th at in th e el ec tric al  c irc u it 
s h own on F ig .  B 1  th e d irec tions  of  c u rrents  in th e s h ort c irc u it 
c ap ac itors  c au s ed  s ep aratel y  by  th e v ol tag e s ou rc es  1 1e =  and  
2 1e =  are c ons is tent.  T h eref ore,  th e entries  of  th e matrix  B g iv en 

by  ( B 7 )  are p os itiv e.  

T h eorem B 1  c an be ex tend ed  f or el ec tric al  c irc u its  c omp os ed  of  
res is tanc es ,  c ap ac itanc es ,  ind u c tanc es  and  v ol tag e ( c u rrent)  
s ou rc es  as  f ol l ows .  

 
T h eo r em B2 . E ntries  of  B matric es  of  el ec tric al  c irc u its  

c omp os ed  of  res is tanc es ,  c ap ac itanc es  and  v ol tag e ( c u rrent)  
s ou rc es  are nonneg ativ e if  th e d irec tions  of  c u rrents  and  th e 
d irec tions  of  v ol tag es  on g ap s  c au s ed  s ep aratel y  by  eac h  v ol tag e 
s ou rc e are c ons is tent in al l  c ap ac itors  and  on al l  c oil s .  

 
P r o o f . T h e id ea of  th e p roof  is  s imil ar.  I n th is  c as e ins tead  of  

th e eq u ation ( B 1 )  we h av e 
 
 

1 1 1
, 1,...,

r n m
k

kj j ki i kl l
j i r l

di a i a u b e k r
dt = = + =

= + + =∑ ∑ ∑  ( B 8 a)  

 
and  
 

 
1 1 1

, 1,...,
r n m

k
kj j ki i kl l

j i r l

du a i a u b e k r n
dt = = + =

= + + = +∑ ∑ ∑  ( B 8 b)  

 
S u bs titu ting  0, 1,..., ,ji j r= =  0, 1,...,iu i r n= = +  and  1le =  

f or l p=  and  0le =  f or ,l p≠  f rom ( B 8 a)  we obtain 
 
 , 1,..., ; 1,...,k

kp
di b k r p mdt = = =  ( B 9 )  

 
N ote th at at 0t = +  th e c ap ac itors  are s h ort c irc u it and  th e c oil s  

are g ap s .  T h e v ol tag e ac ros s  th e kth  g ap  c au s ed  by  th e v ol tag e 
s ou rc e 1pe =  is  eq u al  to 

 
 

0
(0 ), 1,...,k

k k
t

diL u k r
dt = +

= + =  ( B 1 0 )  
 
F rom ( B 9 )  and  ( B 1 0 )  we h av e 
 
 1 ( 0 ) , 1, . . . , ; 1, . . . ,kp k

k
b u k r p mL= + = =  ( B 1 1 )  

 
T h eref ore,  to f ind  th e c oef f ic ient bkp we h av e to c omp u te th e 

v ol tag e on th e kth  g ap  c au s ed  by  th e v ol tag e s ou rc e 1.pe =  I f  th e 
d irec tions  of  v ol tag es  on th e g ap s  c au s ed  s ep aratel y  by  eac h  
v ol tag e s ou rc e are c ons is ted  th en th e entries  of  th e matrix  B are 
nonneg ativ e.  T h e remaining  p art of  th e p roof  is  s imil ar to th e 
p roof  of  T h eorem B 1 . ■ 
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