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and positiv e R oesser models 
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T a d e u s z  K a c z o r e k ,  b o r n  1 9 3 2  i n  P o l a n d ,  c u r r e n t l y  f u l l  
p r o f e s s o r  a t  B i a l y s t o k  U n i v e r s i t y  o f  T e c h n o l o g y .  H e  
d i d  d u t i e s  f o r  m a n y  m o s t  i m p o r t a n t  s c i e n t i f i c  
i n s t i t u t i o n s  i n  P o l a n d  a n d  o v e r  t h e  w o r l d .  H e  i s  f u l l  
m e m b e r  o f  P o l i s h  A c a d e m y  o f  S c i e n c e s  ( P A N ) ,  a n d  
h o n o r a r y  m e m b e r  o f  t h e  H u n g a r i a n  A c a d e m y  o f  
S c i e n c e s .  A w a r d e d  b y  s e v e n  u n i v e r s i t y s  b y  t h e  t i t l e  
h o n o r i s  c a u s a  d o c t o r .  H i s  r e s e a r c h  i n t e r e s t s  c o v e r  t h e  
t h e o r y  o f  s y s t e m s  a n d  t h e  a u t o m a t i c  c o n t r o l  s y s t e m s  
t h e o r y .   
 
e-m a i l :  k a c z o r ek @ i s ep . p w . ed u . p l   

 
 

A b s t r a c t  
 

T h e  p oi nt w i s e  c om p le t e ne s s  and  p oi nt w i s e  d e g e ne rac y  of  s t and ard  and  
p os i t i ve  Roe s s e r m od e ls  are  ad d re s s e d . N e c e s s ary  and  s u f f i c i e nt  
c ond i t i ons  f or p oi nt w i s e  c om p le t e ne s s  and  p oi nt w i s e  d e g e ne rac y  of  
s t and ard  and  p os i t i ve  Roe s s e r m od e ls  are  e s t ab li s h e d . T h e  c ons i d e rat i ons  
are  i llu s t rat e d  b y  nu m e ri c al e x am p le s . 
 
K e y w o r d s :  p oi nt w i s e  c om p le t e ne s s , p oi nt w i s e  d e g e ne rac y , p os i t i ve  
Roe s s e r m od e l. 
 
P un k t o w a zup eł n o ś ć  i  p un k t o w a deg en er ac j a 
st an dar do w y c h  i  do dat n i c h  m o del i  Ro esser a 

 
S t r e s z c z e n i e  

 
W  s y s t e m ac h  d od at ni c h  w art oś c i  s y g nał ó w  w e j ś c i ow y c h , w y j ś c i ow y c h   
i  zm i e nny c h  s t anu  p rzy j m u j  ą  j e d y ni e  w art oś c i  d od at ni e . Przy k ł ad am i  
t ak i c h  s y s t e m ó w  s ą  m .i n. p roc e s y  p rze m y s ł ow e  w  re ak t orac h  
c h e m i c zny c h , w y m i e nni k ac h  c i e p ł a, k olu m nac h  d e s t y lac y j ny c h , 
zb i orni k ac h , a t ak ż e  m od e le  zani e c zy s zc ze ń  w od y  i  at m os f e ry . S y s t e m y  
li ni ow e  d od at ni e  s ą  d e f i ni ow ane  na p rze s t rze ni ac h  s t oż k ow y c h , d lat e g o t e ż  
i c h  t e ori a j e s t  b ard zi e j  s k om p li k ow ana i  m ni e j  rozw i ni ę t a. 
N aj p op u larni e j s ze  m od e le  li ni ow e  d w u w y m i arow e  Roe s s e ra, 
F ornas i ni e g o-M arc h e s i ni e g o oraz Ku rk a s ą  rozs ze rzone   t ak ż e  na 
zas t os ow ani a w  s y s t e m ac h  d od at ni c h . W  p rac y  zos t ał a p rze d s t aw i ona 
p u nk t ow a zu p e ł noś ć  i  p u nk t ow a d e g e ne rac j a s t and ard ow y c h  i  d od at ni c h  
m od e li  Roe s s e ra. Rozw aż ani a op art o na ni e zb ę d ny c h  f orm ali zm ac h  
m at e m at y c zny c h . Pod ane  zos t ał y  w aru nk i  k oni e c zne  i  w y s t arc zaj ą c e  
p u nk t ow e j  zu p e ł noś c i  i  p u nk t ow e j  d e g e ne rac j i  t ak i c h  s t and ard ow y c h  
m od e li  Roe s s e ra. Rozw aż ani a zi lu s t row ano p rzy k ł ad am i  nu m e ry c zny m i . 
W  p rac y  znaj d u j e  s i ę  w i e le  od ni e s i e ń  d o i nny c h  p rac  ź ró d ł ow y c h  
rozs ze rzaj ą c y c h  ob s zar zag ad ni e ni a. 
 
S ł o w a  k l u c z o w e :  p u nk t ow a zu p e ł noś ć , p u nk t ow a d e g e ne rac j a, d od at ni  
m od e l Roe s s e ra. 
 
1 .  I n t r o duc t i o n  
 
I n  p o s i t i v e  s y s t e m s  i n p u t s ,  s t a t e  v a r i a b l e s  a n d  o u t p u t s  t a k e  o n l y  

n o n -n e g a t i v e  v a l u e s . E x a m p l e s  o f  p o s i t i v e  s y s t e m s  a r e  i n d u s t r i a l  
p r o c e s s e s  i n v o l v i n g  c h e m i c a l  r e a c t o r s ,  h e a t  e x c h a n g e r s  a n d  
d i s t i l l a t i o n  c o l u m n s ,  s t o r a g e  s y s t e m s ,  c o m p a r t m e n t a l  s y s t e m s ,  
w a t e r  a n d  a t m o s p h e r i c  p o l l u t i o n  m o d e l s . A  v a r i e t y  o f  m o d e l s  
h a v i n g  p o s i t i v e  l i n e a r  b e h a v i o r  c a n  b e  f o u n d  i n  e n g i n e e r i n g ,  
m a n a g e m e n t  s c i e n c e ,  e c o n o m i c s ,  s o c i a l  s c i e n c e s ,  b i o l o g y  a n d  
m e d i c i n e ,  e t c . 
P o s i t i v e  l i n e a r  s y s t e m s  a r e  d e f i n e d  o n  c o n e s  a n d  n o t  o n  l i n e a r  

s p a c e s . T h e r e f o r e ,  t h e  t h e o r y  o f  p o s i t i v e  s y s t e m s  i s  m o r e  
c o m p l i c a t e d  a n d  l e s s  a d v a n c e d . A n  o v e r v i e w  o f  s t a t e  o f  t h e  a r t  i n  
p o s i t i v e  s y s t e m s  t h e o r y  i s  g i v e n  i n  t h e  m o n o g r a p h s  [ 4 ,  8 ] . 
T h e  m o s t  p o p u l a r  m o d e l s  o f  t w o -d i m e n s i o n a l  ( 2 D )  l i n e a r  

s y s t e m s  a r e  t h e  d i s c r e t e  m o d e l s  i n t r o d u c e d  b y  R o e s s e r  [ 1 4 ] ,  
F o r n a s i n i -M a r c h e s i n i  [ 5 ,  6 ]  a n d  K u r e k  [ 1 1 ] . T h e  m o d e l s  h a v e  

b e e n  e x t e n d e d  f o r  p o s i t i v e  s y s t e m s . A n  o v e r v i e w  o f  p o s i t i v e  2 D  
s y s t e m  t h e o r y  h a s  b e e n  g i v e n  i n  m o n o g r a p h s  [ 4 ,  8 ] . 
A  d y n a m i c a l  s y s t e m  d e s c r i b e d  b y  h o m o g e n o u s  e q u a t i o n  i s  

c a l l e d  p o i n t w i s e  c o m p l e t e  i f  e v e r y  g i v e n  f i n a l  s t a t e  o f  t h e  s y s t e m  
c a n  b e  r e a c h e d  b y  s u i t a b l e  c h o i c e  o f  i t s  i n i t i a l  s t a t e . A  s y s t e m  
w h i c h  i s  n o t  p o i n t w i s e  c o m p l e t e ,  i s  c a l l e d  p o i n t w i s e  d e g e n e r a t e d .  
T h e  p o i n t w i s e  c o m p l e t e n e s s  a n d  p o i n t w i s e  d e g e n e r a c y  o f  l i n e a r  

c o n t i n u o u s -t i m e  s y s t e m  w i t h  d e l a y s  h a v e  b e e n  i n v e s t i g a t e d  i n  [ 3 ,  
1 2 ,  1 3 ]  a n d  o f  d i s c r e t e -t i m e  a n d  c o n t i n u o u s -t i m e  s y s t e m s  o f  
f r a c t i o n a l  o r d e r  i n  [ 1 ,  1 0 ]  a n d  w i t h  d e l a y s  i n  [ 2 ] . T h e  p o i n t w i s e  
c o m p l e t e n e s s  o f  l i n e a r  d i s c r e t e -t i m e  c o n e -s y s t e m s  w i t h  d e l a y s  h a s  
b e e n  a n a l y z e d  i n  [ 1 5 ] . T h e  p o i n t w i s e  c o m p l e t e n e s s  a n d  p o i n t w i s e  
d e g e n e r a c y  o f  s t a n d a r d  a n d  p o s i t i v e  l i n e a r  s y s t e m s  w i t h  s t a t e -
f e e d b a c k s  h a v e  b e e n  i n v e s t i g a t e d  i n  [ 9 ] . 
I n  t h i s  p a p e r  t h e  p o i n t w i s e  c o m p l e t e n e s s  a n d  p o i n t w i s e  

d e g e n e r a c y  o f  s t a n d a r d  a n d  p o s i t i v e  2 D  R o e s s e r  m o d e l s  w i l l  b e  
a d d r e s s e d .  
S t r u c t u r e  o f  t h e  p a p e r  i s  t h e  f o l l o w i n g . I n  s e c t i o n  2  

p r e l i m i n a r i e s  a r e  g i v e n  a n d  i n  s e c t i o n  3  n e c e s s a r y  a n d  s u f f i c i e n t  
c o n d i t i o n s  a r e  e s t a b l i s h e d  f o r  t h e  p o i n t w i s e  c o m p l e t e n e s s  o f  
s t a n d a r d  R o e s s e r  m o d e l . T h e  p o i n t w i s e  d e g e n e r a c y  o f  s t a n d a r d  
R o e s s e r  m o d e l  i s  i n v e s t i g a t e d  i n  s e c t i o n  4  a n d  t h e  p o i n t w i s e  
d e g e n e r a c y  i n  s e c t i o n  5 . C o n c l u d i n g  r e m a r k s  a r e  g i v e n  i n  s e c t i o n  6 . 
 

2 .  P r el i m i n ar i es 
 
L e t  Rn×m b e  t h e  s e t  o f  n ×  m r e a l  m a t r i c e s . T h e  s e t  n ×  m  

m a t r i c e s  w i t h  n o n n e g a t i v e  e n t r i e s  w i l l  b e  d e n o t e d  b y  mnR ×
+  a n d  

1×
++ =
nn RR . T h e  s e t  o f  n o n n e g a t i v e  i n t e g e r s  w i l l  b e  d e n o t e d  b y  Z+ 

a n d  t h e  n ×  n i d e n t i t y  m a t r i x  w i l l  b e  d e n o t e d  b y  In. 
C o n s i d e r  t h e  a u t o n o m o u s  2 D  R o e s s e r  m o d e l  [ 7 ,  8 ,  1 4 ]  
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w h e r e  1nh

ij Rx ∈  a n d  2nv
ij Rx ∈  a r e  t h e  h o r i z o n t a l  a n d  v e r t i c a l  

s t a t e  v e c t o r s  a t  t h e  p o i n t  ( i ,  j )  a n d  lk nn
kl RA ×
∈ ;  k ,  l =  1 , 2 . 

B o u n d a r y  c o n d i t i o n s  f o r  ( 1 )  h a v e  t h e  f o r m  
 

1
0

nh
j Rx +∈ ,  +∈Zj  a n d  2

0
nv

i Rx +∈ ,  +∈Zi .             ( 2 )                                             
 
T h e  m o d e l  ( 1 )  i s  c a l l e d  ( i n t e r n a l l y )  p o s i t i v e  R o e s s e r  m o d e l  i f  

1nh
ij Rx +∈ ,  2nv

ij Rx +∈ ,  +∈Zji,  f o r  a n y  b o u n d a r y  c o n d i t i o n s  ( 2 ) . 
Theorem 1. [ 8 ]  T h e  2 D  R o e s s e r  m o d e l  i s  p o s i t i v e  i f  a n d  o n l y  i f  
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Theorem 2 . [ 7 ,  1 4 ]  T h e  s o l u t i o n  o f  t h e  a u t o n o m o u s  R o e s s e r  

m o d e l  ( 1 )  w i t h  b o u n d a r y  c o n d i t i o n s  ( 2 )  i s  g i v e n  b y   
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w h e r e  t h e  t r a n s i t i o n  m a t r i x  Tij i s  d e f i n e d  b y  
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3. P o i n t w i s e  c o m p l e t e n e s s  o f  s t a n d a r d  

R o e s s e r  m o d e l  
 

Definition 1. T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  c a l l e d  p o i n t w i s e  
c o m p l e t e  a t  t h e  p o i n t  (p,q) i f  f o r  e v e r y  f i n a l  s t a t e  Rx f ∈  t h e r e  
e x i s t  b o u n d a r y  c o n d i t i o n s  
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0 , 00 =

h
jx , ,...2,1=j  a n d  00 =

v
ix , ,...2,1=i     (6 )                        

 
s u c h  t h a t  xpq =  xf. 
Th eor em  3 . T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  p o i n t w i s e  

c o m p l e t e  i f  a n d  o n l y  i f  
nTpq =rank .                                     (7 )                                                                                    

 
P r oof. F r o m  D e f i n i t i o n  1 , (4 ) a n d  (6 ) f o r  i =  p, j  =  q w e  h a v e  
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B y  K r o n e c k e r -C a p e l l y  t h e o r e m  t h e  e q u a t i o n  (8 ) h a s  a  s o l u t i o n  

x0 f o r  a n y  g i v e n  xf i f  a n d  o n l y  i f  t h e  c o n d i t i o n  (7 ) i s  s a t i s f i e d . □ 
Th eor em  4 . T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  n o t  p o i n t w i s e  

c o m p l e t e  i f   

n
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P r oof. F r o m  (5) f o r  i =  p, j  =  q w e  h a v e  
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a n d  t h e  c o n d i t i o n  (7 ) i s  n o t  s a t i s f i e d  i f  (9 a ) h o l d s . F r o m  (1 0 ) i t  
f o l l o w s  a l s o  t h a t  i f  (9 b ) h o l d s  t h e n  r a n k Tpq <  n, s i n c e            
r a n k AB ≤  m i n (r a n k A, r a n k B). □ 
F r o m  T h e o r e m  4  w e  h a v e  t h e  f o l l o w i n g  c o r o l l a r y . 
C or ol l a r y  1. T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  n o t  p o i n t w i s e  

c o m p l e t e  i f  t h e  m a t r i x  




=
2221

1211

AA
AA

A                                  (1 1 )                                                                 

 
h a s  a t  l e a s t  o n e  z e r o  r o w . 

E xa m pl e 1. C h e c k  t h e  p o i n t w i s e  c o m p l e t e n e s s  a t  t h e  p o i n t  (2 ,1 ) 
o f  t h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) w i t c h  t h e  m a t r i x  
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U s i n g  (5) w e  c o m p u t e  
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I n  t h i s  c a s e  t h e  c o n d i t i o n  (7 ) i s  m e t  s i n c e  d e t T21 =  4 8 , 

T h e r e f o r e , b y  T h e o r e m  3  t h e  s t a n d a r d  R o e s s e r  m o d e l  w i t h  (1 2 ) i s  
p o i n t w i s e  c o m p l e t e  a t  t h e  p o i n t  (2 ,1 ). 
 
4. P o i n t w i s e  d e g e n e r a c y  o f  s t a n d a r d  R o e s s e r  

m o d e l  
 
Definition 2 . T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  c a l l e d  p o i n t w i s e  

d e g e n e r a t e d  a t  t h e  p o i n t  (p,q)  i n  t h e  d i r e c t i o n  v i f  t h e r e  e x i s t  a  
n o n -z e r o  v e c t o r  nRv∈  s u c h  t h a t  f o r  a l l  b o u n d a r y  c o n d i t i o n s  (6 ) 
t h e  s o l u t i o n  (4 ) f o r  i =  p, j  =  q s a t i s f i e s  t h e  c o n d i t i o n  0=pq

T xv , 
w h e r e  T d e n o t e s  t h e  t r a n s p o s e . 

Th eor em  5 . T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  p o i n t w i s e  
d e g e n e r a t e d  a t  t h e  p o i n t  (p,q) i n  t h e  d i r e c t i o n  v i f  a n d  o n l y  i f  
 

nTpq <rank .                                   (1 4 )                                                                                           
 
P r oof. F r o m  (8 ) w e  h a v e  
 

00 == xTvxv pq
T

pq
T .                            (1 5)                                                                                

 
N o t e  t h a t  (1 5) h o l d s  f o r  a l l  b o u n d a r y  c o n d i t i o n s  (6 ) i f  a n d  o n l y  i f  
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TTv                                      (1 6 )                                             
 

a n d  t h i s  i s  s a t i s f i e d  f o r  v ≠  0  i f  a n d  o n l y  i f  t h e  c o n d i t i o n  (1 4 ) i s  
m e t . □ 
Th eor em  6 . T h e  s t a n d a r d  R o e s s e r  m o d e l  (1 ) i s  p o i n t w i s e  

d e g e n e r a t e d  i f  
n
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P r oof. F r o m  (1 0 ) w e  h a v e  
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a n d  i f  c o n d i t i o n  (1 7 ) i s  m e t  t h e n  (1 6 ) h o l d s  f o r  v ≠  0 . T h e  v e c t o r  v 
c a n  b e  f o u n d  f r o m  t h e  e q u a t i o n  
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F r o m  T h e o r e m  6  w e  h a v e  t h e  f o l l o w i n g  c o r o l l a r y . 
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Corollary 2. The standard Roesser model (1) is pointwise 
deg enerated if  the matrix  (11) has at least one z ero row. 
 
5. P o i n t w i s e  c o m p l e t e n e s s  a n d  p o i n t w i s e  

d e g e n e r a c y  o f  p o s i t i v e  R o e s s e r  m o d e l  
 

D e f i n i t i on  3 . The positiv e Roesser model (1) is c alled pointwise 
c omplete at the point (p,q) if  f or ev ery  f inal state n

f Rx +∈  there 
ex ist b ou ndary  c onditions  

 
n

v

h
R

x
xx +∈



=

00

00
0 , 00 =

h
jx , ,...2,1=j  and 00 =

v
ix , ,...2,1=i   (19 )                   

 
su c h that xpq =  xf. 
A  matrix  nnRA ×

+∈  is c alled monomial if  and only  if  ev ery  its 
row and ev ery  its c olu mn has only  one positiv e entry  and the 
remaining  entries are z ero. 
Th e ore m  7 . The positiv e Roesser model (1) is pointwise 

c omplete at the point (p,q) if  and only  if  the matrix  Tpq is 
monomial. 
P roof . F rom (8 ) it f ollows that f or n

f Rx +∈  there ex ist 
b ou ndary  c onditions (19 ) if  and only  if  the matrix  Tpq is monomial 
sinc e nn

pq RT ×
+

−
∈

1  if  and only  if  Tpq is monomial. □ 
E xam ple  2. F ind v alu es of  the parameter a ≥  0  f or whic h the 

positiv e Roesser model (1) with matrix  
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=
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2221

1211 a
AA
AA

A                         (2 0 )                                                       

 
is pointwise c omplete at the point (1, 2 ). 
U sing  (5 ) we c ompu te 
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42
42

1
2
42
00

21
00

1101021012

1001011011

2
2

0202

.               (2 1)                                                   

 
F rom (2 1) it f ollows that f or all v alu es of  the parameter a ≥  0   

the matrix  T12 is not monomial. Theref ore, the positiv e Roesser 
model (1) with (2 0 ) is not pointwise c omplete at the point (1,2 ). 

D e f i n i t i on  4 . The positiv e Roesser model (1) is c alled pointwise 
deg enerated at the point (p,q) in the direc tion v if  there ex ists  
a nonz ero v ec tor nRv∈  su c h that f or all b ou ndary  c onditions 
(19 ) the solu tion (4 ) f or i  =  p, j  =  q satisf ies the c ondition vTxpq =  0 . 

Th e ore m  8 . The positiv e Roesser model (1) is pointwise 
deg enerated at the point (p,q) in the direc tion v if  the c ondition 
(14 ) is met. The v ec tor v c an b e f ou nd f rom the eq u ation (16 ). 
The proof  is similar to the proof  of  Theorem 5 . 
Th e ore m  9 . The positiv e Roesser model (1) is pointwise 

deg enerated at the point (p,q) in the direc tion v if  the c ondition 
(17 ) is met.  
The proof  is similar to the proof  of  Theorem 6 . F rom Theorem 

9  we hav e the f ollowing  c orollary . 
Corollary 3 . The positiv e Roesser model (1) is pointwise 

deg enerated if  the matrix  (11) has at least one z ero row. 
Those c onsiderations c an b e ex tended to the standard and 

positiv e Roesser model (1) with nonz ero b ou ndary  c onditions 
  

h
jx0 , pj ,...,2,1= ;  v

ix 0 , qi ,...,2,1=                (2 2 a)                                  
 
and 
 

00 =
h
jx , ,...2,1 ++= ppj ;  00 =

v
ix , ,...2,1 ++= qqi . (2 2 b )                   

 
 
6. C o n c l u d i n g  r e m a r k s  
 
N ec essary  and su f f ic ient c onditions f or the pointwise 

c ompleteness and pointwise deg enerac y  of  standard and positiv e 
Roesser models hav e b een estab lished. The c onsiderations hav e 
b een illu strated b y  nu meric al ex amples. Those c onsiderations c an 
b e ex tended to the 2 D  g eneral models with and withou t delay s. 
E x tensions of  these c onsiderations f or standard, positiv e and 
f rac tional 2 D  c ontinu ou s-time linear sy stems are open prob lems. 
 
This work  was su pported b y  M inistry  of  S c ienc e and H ig her 

E du c ation in P oland u nder work s N o. N N 5 14  19 3 9  3 3  and 
S / 1/ W E / 0 6 . 
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