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A n d r z e j  R u s z e w s k i  g r a d u a t e d  f r o m  t h e  F a c u l t y  o f  
E l e c t r i c a l  E n g i n e e r i n g  o f  B i a ł y s t o k  U n i v e r s i t y  o f  
T e c h n o l o g y .  H e  h a s  b e e n  w o r k i n g  a t  t h e  F a c u l t y  o f  
E l e c t r i c a l  E n g i n e e r i n g  s i n c e  2 0 0 0 .  C u r r e n t l y  h e  i s  a n  
a s s i s t a n t  i n  t h e  D e p a r t m e n t  o f  A u t o m a t i c s  a n d  
E l e c t r o n i c s .  H e  g o t  d o c t o r ’ s  d e g r e e  i n  e l e c t r i c a l  
e n g i n e e r i n g  i n  2 0 0 8 .  T h e  a u t h o r  a n d  c o -a u t h o r  o f  o v e r  
2 0  p u b l i c a t i o n s .  H i s  m a i n  a r e a s  o f  i n t e r e s t  a r e  c o n n e c t e d  
w i t h  a n a l y s i s  a n d  s y n t h e s i s  c o n t r o l  s y s t e m s ,  i n  p a r t i c u l a r  
s y s t e m s  w i t h  t i m e  d e l a y  a n d  f r a c t i o n a l  s y s t e m s .  
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A b s t r a c t  
 

T h e p ap er  p r es ent s  t h e s t ab il it y p r ob l em of  c ont r ol  s ys t ems  c omp os ed  of   
a f r ac t ional -or d er  PI  c ont r ol l er  and  an iner t ial  p l ant  of  a f r ac t ional  or d er  
w it h  t ime d el ay. A s imp l e and  ef f ic ient  c omp u t at ional  met h od  f or  
d et er mining  s t ab il it y r eg ions  in t h e c ont r ol l er  and  p l ant  p ar amet er s  s p ac e 
f or  s p ec if ied  g ain and  p h as e mar g ins  r eq u ir ement s  is  g iv en. I f  t h es e 
r eg ions  ar e k now n t u ning  p r oc es s  of  t h e f r ac t ional -or d er  PI  c ont r ol l er  c an 
b e mad e. T h e met h od  p r op os ed  is  b as ed  on t h e c l as s ic al  D -p ar t it ion 
met h od . 
 
K e y w o r d s :  PI D  c ont r ol l er s , f r ac t ional  s ys t em, s t ab il it y, d el ay, D -p ar t it ion 
met h od . 
 
St a b i l i za c ja  u k ł a dó w  i nerc y jny c h  z o p ó ź ni eni em  
za  p o m o c ą  reg u l a t o ra  P I u ł a m k o w eg o  rzę du  

 
S t r e s z c z e n i e  

 
W  p r ac y r oz p at r z ono p r ob l em s t ab il noś c i u k ł ad ó w  r eg u l ac j i au t omat yc z nej  
z ł oż onyc h  z  r eg u l at or a PI  u ł amk ow eg o r z ę d u  or az  ob iek t u  iner c yj neg o 
u ł amk ow eg o r z ę d u  z  op ó ź nieniem. R oz p at r yw any u k ł ad  r eg u l ac j i 
au t omat yc z nej  j es t  s t ab il ny, g d y j eg o q u as i-w iel omian c h ar ak t er ys t yc z ny 
u ł amk ow eg o s t op nia ( 3 ) j es t  s t ab il ny. t z n. w s z ys t k ie j eg o z er a maj ą  
u j emne c z ę ś c i r z ec z yw is t e. W yk or z ys t u j ą c  k l as yc z ną  met od ę  p od z iał u  D  
p od ano p r os t ą  anal it yc z no-k omp u t er ow ą  met od ę  w yz nac z ania ob s z ar ó w  
s t ab il noś c i na p ł as z c z yź nie p ar amet r ó w  mod el u  ob iek t u  r eg u l ac j i ( 1 )  
i r eg u l at or a ( 2 ). W yz nac z ono anal it yc z ne z al eż noś c i ok r eś l aj ą c e g r anic e 
ob s z ar ó w  s t ab il noś c i w  p r z es t r z eni p ar amet r ó w  ( X, Y), g d z ie X = K k p, 
Y = K k ihλ. O b s z ar  s t ab il noś c i l eż y p omię d z y g r anic ą  z er  r z ec z yw is t yc h  
Y = 0  i g r anic ą  z er  z es p ol onyc h  o op is ie p ar amet r yc z nym ( 1 0 ), ( 1 1 ). 
O t r z ymane op is y g r anic  s t ab il noś c i u moż l iw iaj ą  t ak ż e w yz nac z enie 
ob s z ar ó w  s t ab il noś c i d l a z ad aneg o z ap as u  mod u ł u  A i f az y φ. Pr z y 
w yz nac z aniu  ob s z ar ó w  s t ab il noś c i d l a ok r eś l oneg o z ap as u  mod u ł u  A 
nal eż y p r z yj ą ć  φ = 0 , nat omias t  d l a ok r eś l oneg o z ap as u  f az y φ nal eż y 
p r z yj ą ć  A = 1 . N a p od s t aw ie z naj omoś c i t yc h  ob s z ar ó w  moż na w  p r os t y 
s p os ó b  ok r eś l ić  nas t aw y r eg u l at or a, d l a k t ó r yc h  r oz p at r yw any u k ł ad  
r eg u l ac j i c h ar ak t er yz u j e s ię  ok r eś l onymi z ap as ami s t ab il noś c i. 
Pr z ed s t aw iony p r z yk ł ad  p ot w ier d z a r ez u l t at  ot r z ymany na p od s t aw ie 
met od y p od z iał u  D , ż e p u nk t  z  w yz nac z oneg o ob s z ar u  s t ab il noś c i ( r ys . 3 ) 
z ap ew nia ok r eś l one w ar t oś c i z ap as u  f az y. 
 
S ł o w a  k l u c z o w e :  r eg u l at or  PI D , u k ł ad  u ł amk ow eg o r z ę d u , s t ab il noś ć , 
op ó ź nienie, met od a p od z iał u  D . 
 
1 .  Int ro du c t i o n 
 

S ince t h ey  h av e a s im p le s t ru ct u re,  P ro p o rt io nal - I nt eg ral - 
Deriv at iv e (P I D)  co nt ro llers  are w id ely  ap p lied .  P I D-co nt ro l h as  
b een t h e s u b j ect  o f  m any  p u b licat io ns  (s ee, e. g .  [ 1 -5 ] ) .  M any  
m et h o d s  o f  t u ning  P I D co nt ro llers  f o r s at is f act o ry  b eh av io u r h av e 
b een p ro p o s ed  in t h e lit erat u re [ 3 ] .  T h es e m et h o d s  are b as ed  o n 
t h e m at h em at ical d es crip t io n o f  t h e p ro ces s .  T h e f irs t  o rd er-p lant  
w it h  t im e d elay  is  t h e m o s t  f req u ent ly  u s ed  m o d el f o r t u ning  P I D 
co nt ro ller [ 1 , 3 ] .  

I n recent  y ears , co ns id erab le at t ent io n h as  b een p aid  t o  co nt ro l 
s y s t em s  w h o s e p ro ces s es  and / o r co nt ro llers  are o f  a f ract io nal 
o rd er (s ee, e. g .  [ 6 -8 ] ) .  T h e f ract io nal P I D co nt ro llers , nam ely  
P I λDµ co nt ro llers , inclu d ing  an int eg rat o r o f  a λ o rd er and   
a d if f erent iat o r o f  a µ o rd er w ere p ro p o s ed  in [ 8 ] .  S ev eral d es ig n 
m et h o d s  o f  t u ning  t h e P I λDµ  co nt ro llers  f o r s y s t em s  w it h o u t  t im e 
d elay  h av e b een p res ent ed  [ 9 -1 1 ] .  I t  h as  b een s h o w n t h at  t h e 
P I λDµ co nt ro ller w h ich  h as  f iv e d eg rees  o f  f reed o m  enh ances  t h e 
s y s t em  co nt ro l p erf o rm ance w h en u s ed  f o r co nt ro l s y s t em s  w it h  
int eg er o rd er p lant s  and  f ract io nal o rd er p lant s .  A  co m p u t at io n 
m et h o d  o f  s t ab iliz ing  f ract io nal-o rd er P I λDµ co nt ro llers  f o r 
f ract io nal-o rd er t im e d elay  s y s t em s  is  p res ent ed  in [ 1 2 ] .   

I n t h e p ap er [ 1 3 ]  a s im p le m et h o d  f o r d et erm ining  t h e s t ab ilit y  
reg io n in t h e p aram et er s p ace o f  an inert ial p lant  o f  a f ract io nal 
o rd er w it h  t im e d elay  and  a f ract io nal-o rd er P I  co nt ro ller is  g iv en.  

T h is  w o rk  ex t end s  t h e m eans  o f  o b t aining  s t ab ilit y  reg io ns  f o r 
s p ecif ied  g ain and  p h as e m arg in req u irem ent s .  U s ing  t h is  reg io n,  
a v ery  f as t  and  s im p le w ay  o f  calcu lat ing  t h e s t ab ilis ing  v alu es  o f  
P I λ co nt ro llers  is  o b t ained .  

 
2 .  P ro b l em  f o rm u l a t i o n 
 

C o ns id er t h e f eed b ack  co nt ro l s y s t em  s h o w n in F ig .  1  in w h ich  
t h e p ro ces s  t o  b e co nt ro lled  is  d es crib ed  b y  an inert ial p lant  w it h  
t im e d elay   
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w h ere K, T, h are p o s it iv e real nu m b ers  and  t h e o rd er α can b e 
int eg er (α = 1 )  o r f ract io nal w it h  0  < α < 1 .  

L et  t h e co nt ro ller C(s)  b e t h e f ract io nal P I  co nt ro ller  d es crib ed  
b y  t h e t rans f er f u nct io n [ 8 ]  
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w h ere kp and  ki d eno t e t h e p ro p o rt io nal and  int eg ral g ains  o f  t h e 
co nt ro ller and  λ is  t h e f ract io nal o rd er o f  t h e int eg rat o r (t h e o rd er 
m ay  as s u m e p o s it iv e real no nint eg er v alu es ) .  C learly , o n s elect ing  
λ = 1 , a clas s ical P I  co nt ro ller can b e o b t ained .  
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F i g .  1 .   F e e d b a c k  c o n t r o l  s y s t e m  s t r u c t u r e  
R y s .  1 .   R o z p a t r y w a n a  s t r u k t u r a  u k ł a d u  r e g u l a c j i  a u t o m a t y c z n e j   

 
T h e m ain p at h  o f  co nt ro l inclu d es  t h e g ain-p h as e m arg in t es t er 

Aex p (−jφ ) , w h ere A and  φ are g ain m arg in and  p h as e m arg in, 
res p ect iv ely  (F ig . 1 ) .  T h is  t es t er d o es  no t  ex is t  in t h e real co nt ro l 
s y s t em , it  is  o nly  u s ed  f o r t u ning  t h e co nt ro ller.  A  s y s t em  m ay  b e 
d es ig ned  t o  h av e s p ecif ied  g ain and  p h as e m arg ins .  I n t y p ical 
co nt ro l s y s t em s  t h e p h as e m arg in is  f ro m  3 0 °  t o  6 0 °  w h ereas  t h e g ain 
m arg in is  f ro m  5 d B  t o  1 0 d B .  G ain and  p h as e m arg ins  are m eas u res  o f  
relat iv e s t ab ilit y  f o r a f eed b ack  s y s t em , t h o u g h  f req u ent ly  o nly  t h e 
p h as e m arg in is  u s ed  rat h er t h an b o t h  m arg ins .  T h e p h as e m arg in 
is  clo s ely  relat ed  t o  t rans ient  res p o ns e, i. e.  o v ers h o o t .  

T h e ch aract eris t ic f u nct io n o f  t h e clo s ed -lo o p  s y s t em  w it h  p lant  
(1 ) , co nt ro ller (2 )  and  t h e g ain-p h as e m arg in t es t er is  g iv en b y  
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 .)1()()( λαλφ sTsekskKAesw shipj +++= −−  (3 )  
 
T h e c lo s ed-lo o p  s y s t em in F ig . 1 is  s aid t o  b e b o unded-inp ut  

b o unded-o ut p ut  s t ab le if  and o nly  if  all t h e z ero s  o f  t h e 
c h arac t eris t ic  f unc t io n (3 )  h av e neg at iv e real p art s . I t  is  no t ed t h at  
(3 )  is  a q uas i-p o ly no mial w h ic h  h as  an inf init e numb er o f  z ero s . 
T h is  mak es  t h e p ro b lem o f  analy s ing  t h e s t ab ilit y  o f  t h e c lo s ed-
lo o p  s y s t em dif f ic ult . T h ere is  no  g eneral alg eb raic  met h o ds  
av ailab le in t h e lit erat ure f o r t h e s t ab ilit y  t es t  o f  q uas i-
p o ly no mials . T h e next  p ro b lem o f  s y nt h es is  o f  t h e c lo s ed-lo o p  
s y s t em is  h o w  t o  c h o o s e s uc h  a f rac t io nal o rder λ o f  t h e int eg rat o r 
t h at  t h e c lo s ed-lo o p  s y s t em w ill b e s t ab le and c h arac t eriz ed b y  
s p ec if ied g ain and p h as e marg ins . 

T h e main aim o f  t h e p ap er is  t o  g iv e t h e met h o d f o r det ermining  
t h e s t ab ilit y  reg io n in t h e p aramet ers  s p ac e f o r s p ec if ied g ain and 
p h as e marg ins  req uirement s . 

 
3. M a i n  R e s u l t  
 

O n mult ip ly ing  q uas i-p o ly no mial (3 )  b y  )exp(sh  w e o b t ain  
a new  q uas i-p o ly no mial in t h e f o rm 

 
 ,)1()()( shjip eTssAekskKsw αλφλ +++= −  (4 )  
 
w h ic h  h as  exac t ly  t h e s ame z ero s  as  q uas i-p o ly no mial (3 ) . 
S ub s t it ut ing  shz =  in q uas i-p o ly no mial (4 )  af t er t rans f o rmat io ns  
w e o b t ain t h e q uas i-p o ly no mial 
 
 ,)1()()( zj epzzAeYXzzw αλφλ +++= −  (5 )  
 
w h ere ,pKkX =  ,

λhKkY i=  ./ αhTp =  
U s ing  t h e D -p art it io n met h o d [ 2 ]  t h e as y mp t o t ic  s t ab ilit y  reg io n 

in t h e p aramet er p lane (X, Y )  may  b e det ermined and t h e 
p aramet ers  c an b e s p ec if ied. F o r A = 1 and φ = 0, t h e s t ab ilit y  
b o undaries  are det ermined.T h e p lane (X, Y )  is  dec o mp o s ed b y  t h e 
b o undaries  o f  D -p art it io n int o  f init e numb er reg io ns  D(k ) . A ny  
p o int  in D(k )  c o rres p o nds  t o  s uc h  v alues  o f  X and Y t h at  q uas i-
p o ly no mial (5 )  h as  exac t ly  k z ero s  w it h  p o s it iv e real p art s . T h e 
reg io n D(0) , if   exis t s , is  t h e s t ab ilit y  reg io n o f  q uas i-p o ly no mial 
(5 ) . T h e D -p art it io n b o undaries  are c urv es  o n w h ic h  eac h  p o int  
c o rres p o nds  t o  q uas i-p o ly no mial (5 )  h av ing  z ero s  o n t h e 
imag inary  axis . I t  may  b e t h e real z ero  b o undary  o r t h e c o mp lex 
z ero  b o undary . I t  is  eas y  t o  s ee t h at  q uas i-p o ly no mial (5 )  h as  z ero  
z = 0 if  Y = 0 (t h e real z ero  b o undary ) . T h e c o mp lex z ero  
b o undary  c o rres p o nds  t o  t h e p ure imag inary  z ero s  o f  (5 ) . W e 
o b t ain t h is  b o undary  b y  s o lv ing  t h e eq uat io n  

 
 ,0])(1[)(])([)( =+++= − ωαλφλ ωωωω jj ejpjAeYjXjw  (6 )  
 
w h ic h  w e g et  b y  s ub s t it ut ing  z = jω in q uas i-p o ly no mial (5 )  and 
eq uat ing  t o  0. T h e t erm o f  jλ w h ic h  is  req uired f o r eq uat io n (6 )  c an 
b e exp res s ed b y  
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U s ing  (7 )  t h e c o mp lex eq uat io n (6 )  c an b e rew rit t en as  a s et  o f  

real eq uat io ns  in t h e f o rm 
 ,0)](Re[ =ωjw  (8 )  
 
 ,0)](Im[ =ωjw  (9 )  
 
w h ere R e[ w(jω ) ]  and I m[ w(jω ) ]   deno t e t h e real and t h e imag inary  
p art s  o f  (6 ) , res p ec t iv ely . 

F inally , b y  s o lv ing  t h e eq uat io ns  (8 )  and (9 )  w e g et  
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E q uat io ns  (10)  and (11)  det ermine t h e c o mp lex z ero  b o undary  

in p lane (X, Y ) . T h e real z ero  b o undary  and t h e c o mp lex z ero  
b o undary  f o r 0>ω  dec o mp o s e p lane (X, Y )  int o  reg io ns  D(k ) . 
T h e s t ab ilit y  reg io n D(0)  is  c h o s en b y  t es t ing  an arb it rary  p o int  
f ro m eac h  reg io n and c h ec k ing  t h e s t ab ilit y  o f  t h e q uas i-
p o ly no mial (5 )  us ing  t h e met h o ds  p ro p o s ed in [ 14 ] . 

I n t h e p ap er [ 13 ]  o nly  t h e s t ab ilit y  reg io n in t h e p aramet er s p ac e 
o f  q uas i-p o ly no mial (5 )  w as  det ermined. T h e inf luenc e o f  t h e v alue 
o f  t h e p lant  p aramet ers  o n t h e s t ab ilit y  reg io ns  w as  analy s ed. T h e us e 
o f  t h e f rac t io nal o rder α o f  a p lant  c aus es  an inc reas e in t h e s t ab ilit y  
reg io ns . T h e inc reas ing  v alue o f  p res ult s  in larg er s t ab ilit y  reg io ns . 

T o  det ermine t h e c o mp lex z ero  b o undary  f o r a g iv en v alue o f  
g ain marg in A o f  t h e c o nt ro l s y s t em, w e s h o uld s et  φ = 0 in (10)  
and (11) . O n t h e o t h er h and b y  s et t ing  A = 1 in (10)  and (11) , w e 
c an o b t ain t h e b o undary  f o r a g iv en p h as e marg in φ. 

T h e s t ab ilit y  reg io ns  o f  q uas i-p o ly no mial (5 )  f o r p = 4 , α = 1, 
A = 1, φ = 3 0° and dif f erent  v alues  o f  λ are s h o w n in F ig . 2 . T h e 
f ig ure s h o w s  t h at  f o r λ < 1 t h e s t ab ilit y  reg io ns  are larg er t h an f o r 
λ = 1. A n inc reas e in t h e v alue o f  λ t o  o v er o ne init ially  res ult s  in 
an inc reas e in t h e s t ab ilit y  reg io n af t er w h ic h  it  b eg ins  t o  dec reas e. 
T h e v alue o f  λ at  w h ic h  t h e s t ab ilit y  reg io n dis ap p ears  is  λ = 2 .  
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F i g .  2 .   S t a b i l i t y  re g i o n s  f o r q u a s i -p o l y n o m i a l  ( 5 )  f o r p = 4 ,  α = 1,  A = 1,  φ = 3 0 ° 

a n d  d i f f e re n t  v a l u e s  o f  λ 
R y s .  2 .   O b s z a ry  s t a b i l n o ś c i  q u a s i -w i e l o m i a n u  ( 5 )  w y z n a c z o n e  d l a  k i l k u  w a rt o ś c i  λ 

p rz y  p = 4 ,  α = 1,  A = 1,  φ = 3 0 ° 
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F i g .  3 .   S t a b i l i t y  re g i o n s  f o r q u a s i -p o l y n o m i a l  ( 5 )  f o r λ = 0 . 8 ,  p = 4 ,  α = 1,   A = 1 

a n d  d i f f e re n t  v a l u e s  o f  φ 
R y s .  3 .   O b s z a ry  s t a b i l n o ś c i  q u a s i -w i e l o m i a n u  ( 5 )  w y z n a c z o n e  d l a  k i l k u  w a rt o ś c i  φ 

p rz y  λ = 0 . 8 ,  p = 4 ,  α = 1,   A = 1 
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Fig. 3 shows the stability regions of quasi-p olynomial ( 5 )  for 
λ = 0.8 ,  p = 4 ,  α = 1 ,   A = 1  and  d ifferent v alues of φ. For 
ex amp le,  any p oint from the region limited  by the line Y = 0 and  
the curv e corresp ond s to φ = 6 0° p rov id es the p hase margin of this 
system greater than 6 0°. 
 
4. E x a m p l e  
 

C onsid er the feed back  control system shown in Fig. 1  in which 
the p rocess to be controlled  is d escribed  by transfer function ( 1 )  
where K = 1 ,  T = 2 ,  α = 1 ,  h = 0.5 . 

I n the ex amp le we hav e p = T / hα = 4 . Fig. 3 shows the stability 
regions of quasi-p olynomial ( 5 )  for λ = 0.8 ,  p = 4  and  d ifferent 
v alues of φ. A ssuming the v alue of φ,  e.g. φ = 6 0° ,  the stability 
region is limited  by the line Y = 0 and  the curv e corresp ond s to 
φ = 6 0°. C hoosing an arbitrary p oint from this region,  e.g. X = 1 ,  
Y = 0.4  ( p oint 1  in Fig. 3) ,  we get Kkp = 1 ,  Kkihλ = 0.4 . B y 
comp utation based  on the abov e ex p ressions the following 
controller p arameters kp = 1 ,  ki = 0.7  are obtained . G ain and  p hase 
margins for this case are illustrated  in Fig. 4 . T he p hase margin for 
this system is greater than 6 0° and  equals 7 3.7 6 °.  
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F i g .  4.   B o d e  p l o t  w i t h  g a i n  a n d  p h a s e  m a r g i n s   
R y s .  4.   C h a r a k t e r y s t y k a  B o d e g o  z  z a z n a c z o n y m i  z a p a s a m i  m o d u ł u  i  f a z y   
 

T he controller gains and  stability margins of the control system 
for all p oints mark ed  in Fig. 3 are shown in T ab. 1 . T his confirms 
the results receiv ed  on the basis of the D -p artition method . 

T he step  resp onses of the control system are p resented  in Fig. 5 . 
I t can be seen that the d ecreasing v alue of φ results in larger 
oscillations. 

 
T a b .  1.   G a i n  a n d  p h a s e  m a r g i n s  
T a b .  1.   Z a p a s y  m o d u ł u  i  f a z y  
 
P o i n t  C o n t r o l l e r  g a i n s  o f  P I 0.8 G a i n  m a r g i n  [ d B ] P h a s e  m a r g i n  [ °] 
1 kp = 1,   ki = 0 . 7  14. 5 8  7 3. 7 6  
2 kp = 1. 25 ,   ki = 1. 39  11. 0 1 5 0 . 9 8  
3 kp = 1. 5 ,   ki = 2. 17  8 . 0 0  36 . 0 8  
4 kp = 2,   ki = 3. 48  4. 22 19 . 8 0  

 
 
5 . C o n c l u s i o n  
 

I n this p ap er,  the stability p roblem of control systems comp osed  
of a fractional-ord er P I  controller and  an inertial p lant of fractional 
ord er with time d elay is ex amined . O n the basis of the D -p artition 
method ,  analytical forms ex p ressing the D -p artition bound aries of 
stability regions in the p arameter sp ace for the sp ecified  gain and  
p hase margin requirements were d etermined . K nowled ge of 
stability regions p ermits the tuning of the fractional P I  typ e 
controller.  

T he method  p resented   can be ap p lied  to the fractional-ord er 
time d elay systems with p arametric uncertainties. 

T he calculations and  simulations were mad e using the  
M atlab/S imulink  p rogramme. 
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F i g .  5 .   S t e p  r e s p o n s e s  o f  c o n t r o l  s y s t e m  
R y s .  5 .   O d p o w i e d z i  s k o k o w e  u k ł a d u  r e g u l a c j i  
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