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A b s t r a c t  
 

Mi x ed m u l t i p l e-addi t i v e G au s s -Mark ov  m odel s  ( AG MM)  of  p aram et ers  or 
s t ru ct u re ch an g es  w h i ch  des cri be a broad v ari et y  of  s y s t em  f ai l u res  or 
radar t arg et  m an oeu v res  are p res en t ed.  R ecu rs i v e al g ori t h m s  f or s ol v i n g  
joi n t  det ect i on -i den t i f i cat i on  p robl em s  i n  t h e p res en ce of  n oi s e are 
obt ai n ed u s i n g  t h e g en eral i zed l i k el i h ood rat i o ( G L R )  ap p roach .  T h e 
p rop os ed al g ori t h m s  h av e rel at i v el y  m oderat e com p u t at i on al  req u i rem en t s  
i n  a com p ari s on  w i t h  t h e m u l t i p l e m odel  ap p roach .  T h e res u l t s  of  
s i m u l at i on  of  t h e p rop os ed al g ori t h m s  are p res en t ed.  T h e m et h od can  be 
u s ed f or f ai l u re det ect i on -i den t i f i cat i on  or m an oeu v re det ect i on  i n  radar 
s y s t em s .  
 
K e y w o r d s :  f ai l u re det ect i on ,  m an oeu v re det ect i on ,  n on l i n ear f i l t eri n g ,  
Mark ov  p roces s es .  
 
Zast o so w an ie  AGM M  d o  d e t e k c j i uszk o d ze ń   
i w yk ryc ia m an e w ró w  

 
S t r e s z c z e n i e  

 
W  art y k u l e p rzeds t aw i on o addy t y w n e m odel e G au s a-Mark ow a ( AG MM –
ang. A d d i t i v e  G au s s -M ar k o v  M o d e l s ) .  W y k orzy s t an i e AG MM p ozw ol i ł o 
n a s t w orzen i e m et ody ,  k t ó ra dzi ę k i  w p row adzen i u  dodat k ow eg o u k ł adu  
dy n am i czn eg o m odel u jąceg o n ag ł e zm i an y  u m oż l i w i a obję ci e op i s em  
s zerok i eg o zak res u  n i es t acjon arn oś ci  i  p ozw al a n a oddan i e w ł aś ci w eg o i ch  
ch arak t eru  ( m oż n a je p rzeds t aw i ć  w  f orm i e p roces u  l os ow eg o,  p roces u  
zdet erm i n ow an eg o,  al e o l os ow y m  m om en ci e zai s t n i en i a l u b p roces u  t y p u  
m i es zan eg o) .  Z al et ą AG MM jes t  m oż l i w oś ć  op i s u  n aw et  zł oż on y ch  zm i an  
dy n am i k i  s y s t em u  za p om ocą n i es k om p l i k ow an eg o ap arat u  
m at em at y czn eg o.  Model e t e u m oż l i w i ają s t w orzen i e rek u rs y w n y ch  
al g ory t m ó w  w y k ry w an i a u s zk odzeń  i  ś l edzen i a m an ew ru jący ch  obi ek t ó w .  
S t ru k t u ra s y s t em u  m a f orm ę  adap t acy jn eg o f i l t ra dop as ow an eg o do 
bi eż ącej dy n am i k i  obi ek t u  i  s t an u  s y s t em u  p om i arow eg o,  co zap ew n i a 
m i n i m al n y  bł ąd p om i aru .  D o w y k ry ci a zm i an  s t os ow an y  jes t  ban k  f i l t ró w  
dodat k ow y ch  dop as ow an y ch  do ró ż n y ch  rodzajó w  i  m om en t ó w  zai s t n i en i a 
zm i an  oraz p rocedu ra decy zy jn a op art a o m et odę  u og ó l n i on eg o s t os u n k u  
w i ary g odn oś ci .  Z as t os ow an o m et odę  an al i t y czn eg o w y zn aczan i a p rog ó w  
decy zy jn y ch  z w y k orzy s t an i em  ap rok s y m acji  rozk ł adu  p raw dop odo-
bi eń s t w a l og ary t m u  u og ó l n i on eg o s t os u n k u  w i ary g odn oś ci .  Z m i en n a 
w art oś ć  p rog ó w  decy zy jn y ch  p ozw ol i ł a n a u t rzy m an i e p raw dop odo-
bi eń s t w a f ał s zy w eg o al arm u  n a s t ał y m  p ozi om i e.  Prop on ow an a m et oda 
ch arak t ery zu je s i ę  n i s k i m  obci ąż en i em  obl i czen i ow y m  p ozw al ający m  n a 
s t os ow an i e w  s y s t em ach  czas u  rzeczy w i s t eg o.  
 
S ł o w a  k l u c z o w e :  det ek cja u s zk odzeń ,  w y k ry ci e m an ew ró w ,  f i l t racja 
n i el i n i ow a,  p roces y  Mark ow a.  
 
1 .  In t ro d uc t io n  
 

M eth o d s f o r  d etectio n and  estim atio n o f  th e str uctur e o r  
par am eter s o f  ab r upt ch ang es in d y nam ic sy stem s play  an 
im po r tant r o le f o r  so lv ing  a num b er  o f  pr o b lem s enco unter ed  in 
pr actice. T h ey  h av e an im po r tant sig nif icance in d if f er ent f ield s o f  
teleco m m unicatio ns and  co ntr o l applicatio ns, such  as r ad ar  
tr ack ing  o f  m ano euv r ing  tar g ets, f ault d iag no sis and  id entif icatio n 
(F D I ), speech  analy sis, sig nal pr o cessing  in g eo ph y sics and  
b io m ed ical sy stem s [ 1 , 2 , 6 , 7 ] . M o st o f  th ese applicatio ns b elo ng  
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to  a w id e class o f  sy stem s w ith  ab r upt r and o m  j um ps o f  par am eter s 
o r  str uctur e. 

A m o ng  w id e v ar iety  o f  f ailur e d etectio n and  iso latio n m eth o d s 
an im po r tant r o le play  classical appr o ach es b ased  o n testing  o f  th e 
inno v atio n pr o cess pr o per ties. F o r  instance in no m inal co nd itio ns, 
inno v atio n pr o cess o f  th e f ilter  m atch ed  w ith  a pr o cess m o d el is 
z er o  m ean w h ite no ise. W h en th e sy stem  ch ang es h av e o ccur r ed , 
th e inno v atio n pr o cess ch ang es its statistical pr o per ties and  car r ies 
inf o r m atio n ab o ut th e sy stem  ch ang es. F ig . 1  illustr ates ch ang es o f  
th e pr o b ab ility  d ensity  f unctio n (pd f ) o f  th e inno v atio n pr o cess 
z(k/ k-1) in a case o f  an ad d itiv e b ias in m easur em ent ch annel 
ar ising  at ki. 
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F i g .  1 .   A n  e x a m p l e  o f  z ( k/ k-1 )  p df  c h a n g e s i n  a  c a se  o f  a n  a ddi t i v e  b i a s i n  

m e a su r e m e n t  c h a n n e l  a r i si n g  a t  ki 
R y s.  1 .   P r z y k ł a d z m i a n  r o z k ł a du  g ę st o ś c i  p r a w do p o do b i e ń st w a  p r o c e su  

i n n o w a c y jn e g o  sp o w o do w a n y c h  z a i st n i e n i e m  ( o d m o m e n t u  ki )   
sk o k o w e j z m i a n y  a ddy t y w n e j  

 
A s can b e seen in F ig . 1  th e z(k/ k-1) is z er o  m ean f o r  k< ki (so lid  

line). N ex t f o r  k≥ ki th e m ean v alue r ises and  th en g o es b ack  to  
z er o . T h e v ar iance v alue also  ch ang es and  r etain h ig h er  th an in 
no m inal state. T h e ch ar acter  o f  th e ch ang es d epend s o n ty pe and  
par am eter s o f  sy stem  no nstatio nar ity . T r ack ing  th e z(k/ k-1) 
f luctuatio ns w o uld  allo w  d etectio n o f  th e f ault o nset and  its 
id entif icatio n. U sing  analy tical appr o ach  it is d esir ab le to  h av e 
such  a m ath em atical m o d el o f  th e sy stem  and  its ch ang e w h ich  
w o uld  b e q uite ad eq uate and  allo w  d er iv atio n o f  z(k/ k-1) analy tical 
d escr iptio n. M o d el sy stem  f ulf illing  th at can b e o b tained  b y  using  
ad d itiv e G auss-M ar k o v  m o d els (A G M M ). T h e m eth o d  allo w s 
d escr iptio n o f  a w id e r ang e o f  f ailur es (b o th  ab r upt and  incipient). 
M o r eo v er  it enab les to  d esig n a m ultim o d el f ilter ing  alg o r ith m  
suitab le f o r  F D I  o r  tr ack ing  issues. 

 
2 .  T h e  syst e m  an d  f ail ure s m o d e l  
 

A  m o d el o f  a sy stem  ch ang es can b e o b tained  using  a par am eter  
v ecto r  ),,( ikkϑ  w h ich  can b e w r itten as:  

 
 )(),(),1(),1( kkkkkkk ii ξϑϕϑ ++=+ , (1 ) 
 
w h er e ),( itkϑ  is an unk no w n G auss-M ar k o v  state v ecto r  o f   
a sy stem  th at m o d els ch ang es in th e sy stem  af ter  th e j um p at th e 
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time ki ,  φ(k+ 1 ,  k)  is a tr an sition  matr ix ,  ξ( k)  is a w h ite G aussian  
seq uen c es w ith  z er o mean  an d  c ov ar ian c e matr ix  Q( k). 

T h en  th e sy stem state eq uation  w ith  tak in g  in to ac c oun t 
p ossib le c h an g es c an  b e p r esen ted  as f ollow s:  

 

 
),()()()(

),,1(1),1()1(
)()(),1()1(

kvkxkHky
kkkkkG

kwkxkkkx
iiS
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++++

+++Φ=+
ϑ  (2 ) 

 
w h er e x(k) is th e state v ec tor ,  w(k),  v (k)  ar e w h ite G aussian  
seq uen c es w ith  z er o mean  an d  c ov ar ian c e matr ic es Q(k) an d  R(k) 
r esp ec tiv ely ,  y(k) is th e ob ser v ation  v ec tor ,  H(k) is th e ob ser v ation  
matr ix  an d  1(k,  ki) is th e un it step  f un c tion  th at is z er o w h en  k< ki. 

I n  a c ase of  mod elin g  c h an g es in  th e measur emen t c h an n el,  
p r oc ess (1 ) sh ould  b e ad d ed  to th e measur emen t eq uation :  

 
 ).,(1),()()()()()(

),()(),1()1(
0 iij kkkkkHkvkxkHky
kwkxkkkx
ϑ++=

++Φ=+   (3 ) 
 
T h e mod elin g  meth od  b ased  on  A G M M  is h ig h ly  f lex ib le. 

Dep en d in g  on  th e n atur e of  th e p ar ameter  v ec tor  ),( ikkϑ  th e 
mod el of  c h an g es may  b e c lassif ied  [ 2 ]  as d eter min istic  (ξ(k= 0 )),  
stoc h astic  (φ(k + 1 ,  k)= 0 ) or  mix ed  (φ(k + 1 , k)≠ 0 ,  ξ(k≠ 0 )). 
 
3. S y n t h e s i s  o f  t h e  d e t e c t i o n -e s t i m a t i o n   

a l g o r i t h m  
 

L et us c on sid er  th e sy stem f or  w h ic h  state an d  measur emen t 
eq uation s ar e g iv en  b y  th e mod el (2 ). T h en ,  c alc ulatin g  th e 
p r op ag ation  of  all sig n als th r oug h  th e K alman  f ilter  th at 
is matc h ed  w ith  a sy stem w ith out j ump s,  w e see th at th e 
in n ov ation  p r oc ess )1/( −kkz  of  th e f ilter  an d  estimates )/(ˆ kkx  
c an  b e p r esen ted  in  th e f ollow in g  f or m [ 3 ,  5 ] :  
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w h er e )1/(1 −kkz  is th e in n ov ation  p r oc ess (z er o mean  w h ite 
n oise) r elated  to th e un c h an g ed  sy stem an d  th e r emain in g  
elemen ts r ep r esen t th e in f luen c e of  sp ec if ic  sy stem c h an g e on  th e 
r esid uals of  th e f ilter  matc h ed  to th e un d istur b ed  mod el. 

A ll elemen ts ),( izx kkΨ  d ep en d  on  th e sy stem matr ic es,  on set 
time an d  f ilter  g ain  an d  c an  b e c alc ulated  in  a r ec ur siv e w ay  as 
f ollow s:  
 ,),1()1,(),( izxizx kkkkkk −−= φφφ  (6 ) 
 
 ,),1()1,(),()(),( izxizxsizx kkkkkkkGkk −Φ−Φ+=Φ φ  (7 ) 
 
 ,)],1()1,(),()[(),( izxizxizx kkFkkkkkHkk −−Φ−Φ=Ψ  (8 ) 
 
 ),1()1,(),()(),( izxizxizx kkFkkkkkKkkF −−Φ+Ψ=  (9 ) 
 
w ith  in itial c on d ition s:  )1,(),1( 1

−=−
−

iiiizx kkkk φφ ,  
0),1( =−Φ iizx kk ,  0),1( =− iizx kkF  an d  I),1( =−Ψ iizx kk  

w h er e I  is th e id en tity  matr ix . 
C on sid er in g  eq uation  (4 ) th e d etec tion  p r ob lem c an  b e 

f or mulated  as a statistic al test of  tw o h y p oth eses (H0,  H1),  th e f ir st 

on e (H0) is in ten d ed  to test th e p r esen c e of  th e w h ite n oise 
)1/(1 −kkz ,  an d  th e sec on d  (H1),  th e p r esen c e of  th e sig n al 
φυ0),( izx kkΨ  to )1/(1 −kkz ξ  n oise b ac k g r oun d . 
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Ψ+−=−

−=−  (1 0 ) 
 
w h er e ),1()1,(0 iiii kkkk −−= ϑφϑ φ  an d  )1/(1 −kkz ξ  r ep r esen t 
all n oise c omp on en ts f r om eq uation  (4 ). 

S in c e th e d istr ib ution  of  th e on set time ki is un k n ow n  a p r ior i,  
th e g en er aliz ed  lik elih ood  r atio (G L R ) test sh ould  b e used :  
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w h er e ][∗f  is th e c on d ition al p r ob ab ility  d en sity  f un c tion  an d  

)}1/(,...),1/({ −−= kkzkkzZ ii
k
ki

. 
T h e d ec ision  p r oc ed ur e h as th e f or m (1 2 ) w h er e th e g en er aliz ed  

lik elih ood  log ar ith m )ˆ,( ikkΛ  is c omp ar ed  w ith  th e th r esh old  
).ˆ,( ip kkΛ  A  v ar iab le th r esh old  lev el is ap p lied . 
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w h er e )ˆ,( ikkΛ  is th e log ar ith m of  )ˆ,( ikkλ ,  M is th e w id th  of  th e 
mov in g  w in d ow  used  to av oid  an  in c r easin g  n umb er  of  ad d ition al 
f ilter s matc h ed  to suc c essiv e on set momen ts. 

T h e p er f or man c e of  th e d ec ision  p r oc ed ur e is essen tial to th e 
ef f ic ien c y  of  d etec tion  an d  so to th e q uality  of  estimation . T h e 
g en er al p r in c ip les of  th e ap p lied  G L R  meth od  ar e w ell estab lish ed  
[ 4 ,  7 ,  8 ] . U n f or tun ately ,  th e use of  th e G L R  ap p r oac h  r eq uir es 
k n ow led g e of  th e r esultin g  p r ob ab ility  d istr ib ution s an d  
ap p lic ation  of  a v ar iab le th r esh old  lev el. M eth od s p r op osed  in  th e 
liter atur e ar e b ased  on  simp lif ied  statistic s (n ot G L R ) or  
ex p er imen tal d eter min ation  of  c on stan t th r esh old  lev el. 

T h e c h oic e of  a d ec ision  th r esh old  Λ p( k , k i) c an  b e ob tain ed  
usin g  th e N ey man  - P ear son  c r iter ion ,  w h er e a p r ob ab ility  of  f alse 
alar m P F A  (i.e. th e p r ob ab ility  of  tak in g  th e d ec ision  th at a f ault 
h as oc c ur r ed  w h ile th e sy stem is in  a n or mal state) is assumed . 
 
 ,)),((1 0/),( ipHkkFA kkFP i Λ−= Λ  (1 3 ) 
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is th e c on d ition al p r ob ab ility  d istr ib ution  f un c tion  of  ),( ikkΛ . 
A s seen  in  (1 3 ),  th e d ec ision  th r esh old  c an  b e d eter min ed  w ith  

th e use of  )),((0/),( ipHkk kkF i ΛΛ . I t c an  b e sh ow n  [ 3 ]  th at th e 
G L R  log ar ith m c an  b e c omp uted  in  th e f ollow in g  w ay :  
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where )1/(1 −llPz ,  ),1/( iz kllP − ,  and  ),1/(1 iH kllz −  are 
cov ariance mat rix es and  t he ex p ect ed  v alue of  t he f ollowing  
cond it ional p robabilit y  d ist ribut ions:  
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U nf ort unat ely ,  as f ollows f rom (1 4 ) t he G L R  log arit hm Λ(k,ki) 

has a d ist ribut ion not  easy  d o d ef ine,  so an ap p rop riat e 
ap p rox imat ion should  be ap p lied . I t  can be shown t hat  f or M= 1  
t he Λ(k,ki) has t he non-cent ral χ2 d ist ribut ion. I t  lead s t o t he id ea of  
using  t his d ist ribut ion as t he ap p rox imat ion f or M > 1 . I n t his case,  
t he non-cent ralit y  p aramet er,  t he number of  d eg rees of  f reed om 
and  t he scaling  coef f icient  must  be d et ermined . C alculat ion of  
t hese p aramet ers is p erf ormed  by  mat ching  t hree st at ist ical 
moment s:  t he f irst  non-cent ral,  second  and  t hird  cent ral [ 5 ] . 

T he p erf ormance of  t he p rop osed  met hod  was t est ed  by  means 
of  numerical simulat ions which d emonst rat ed  t he ef f ect iv eness of  
t he p rop osed  p robabilit y  d ist ribut ion ap p rox imat ions. A s was 
ment ioned ,  a const ant  p robabilit y  of  f alse alarm causes a chang e 
in t he t hreshold  v alue. A n ex amp le is shown in F ig . 2 . I t  should  be 
ad d ed ,  t hat  t he charact er of  chang es d ep end s on sy st em and  f ailure 
p aramet ers and  can v ary  f rom t hat  p resent ed . 
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F ig .  2 .   A n  e x  am p l e  of  t h e  t h re s h ol d  l e v e l  v ariat ion  in  t h e  c as e  of  c on s t an t  PFA 
R y s .  2 .   P rz y k ł ad  z m ian  w art oś c i p rog u d e c y z y j n e g o p rz y  s t ał y m  p oz iom ie  PFA 

i ró ż n e j  s z e rok oś c i ruc h om e g o ok n a ob s e rw ac j i 
 

F inal check  of  v alid it y  of  t he t hreshold ing  alg orit hms was 
p erf ormed  by  t est ing  t he out coming  p robabilit y  of  f alse alarm. A s 
can be seen f rom ex amp le shown in F ig . 3 ,  t he p rop osed  met hod  
d emonst rat es hig h accuracy . M ean v alues FAP  are v ery  close t o 
t he assumed  P F A . 
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F ig .  3 .   A n  e x am p l e  of  ob t ain e d  PFA v ariat ion  in  t im e  w h e n  t h re s h ol d s  w e re  

c al c ul at e d  f or PFA= 0 . 0 0 1   
R y s .  3 .   P rz y k ł ad  z m ian  w  c z as ie  p raw d op od ob ie ń s t w a f ał s z y w e g o al arm u  

p rz y  z ak ł ad an y m  s t ał y m  p oz iom ie  PFA = 0 . 0 0 1  i ró ż n e j  s z e rok oś c i 
ruc h om e g o ok n a ob s e rw ac j i M 

 
T hus t he sy st em of  j oint  d et ect ion - est imat ion of  j ump  chang es 

in a d y namic sy st em consist s of  t he basic K alman f ilt er,  which 
calculat es v alues z(k/ k-1),  t he bank  of  K alman f ilt ers,  which 
comp ut e t he lik elihood  rat ios Λ(k, ki) at  d if f erent  moment s  
ki = k−M+ 1 , … , k ,  t he t hreshold  circuit  f or d et ect ion of  abrup t  
chang es and  t he log ic circuit ,  which select s t he max imum v alue 
Λ(k,t i). A s can be seen in F ig . 4  t he max imum v alue of  Λ(k, ki) on 

each t imest ep  k> ki allows d et ect ion of  t he onset  t ime (ki = k−M). I t  
should  be not ed  t hat  t he p rop osed  st ruct ure also mak es it  p ossible 
t o isolat e f ailures. T his can be realised  by  comp aring  t he 
lik elihood  rat ios Λj(k,ki) f rom all f ilt ers mat ched  t o p ossible 
nonst at ionarit y  t y p es and  successiv e onset  moment s. 
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F ig .  4 .   A n  e x am p l e  of  ob t ain e d  Λ(k, t i) e x p e c t e d  v al ue  f or d if f e re n t  M in  t h e  c as e   

of  n on s t at ion arit y  aris in g  at  ki = 2 0  
R y s .  4 .   Z m ian a w art oś c i oc z e k iw an e j  Λ(k, t i) w  p rz y p ad k u z ais t n ie n ia 

n ie s t ac j on arn oś c i w  m om e n c ie  ki = 2 0  p rz y  ró ż n e j  s z e rok oś c i ruc h om e g o 
ok n a M 

 
 
4. C o n c l u s i o n  
 

I n t he p ap er we hav e p resent ed  a new recursiv e alg orit hm f or 
j oint  d et ect ion and  est imat ion of  j ump  chang es in t he d y namics 
and  measurement s of  linear d iscret e-t ime sy st ems. T he j ump s 
were mod elled  as G auss-M ark ov  biases in st at e and  observ at ion 
eq uat ions. T he p rop osed  mod els d escribe a wid e class of  d y namic 
sy st ems wit h j ump  p aramet ers. T he alg orit hm has been d ev elop ed  
on t he basis of  t he G L R  met hod . T he met hod  of  t hreshold  
d et erminat ion f or G L R  t est  was d ev elop ed . I t  allows a const ant  
rat e of  t he p robabilit y  of  f alse alarm t o be obt ained  in t he non-
st at ionary  st at e of  t he obj ect  or f ilt er. T he st ruct ure of  t he 
alg orit hm is suf f icient ly  simp le t o enable it  t o be ap p lied  in real-
t ime sy st ems wit h a relat iv ely  limit ed  comp ut at ional burd en. T he 
d et ect ion-est imat ion alg orit hm d ev elop ed ,  was successf ully  
ap p lied  t o t he p roblem of  rad ar manoeuv ering  t arg et  t rack ing  and  
f ault -t olerant  sig nal p rocessing  eq uip ment . S imulat ion result s 
rev ealed  g ood  est imat ion p rop ert ies of  t he alg orit hm. 
 

T his work  was sup p ort ed  by  t he p roj ect  S / W E / 1 / 0 5 . 
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