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A b s t r a c t  
 

T h e p rob lem s  of  as ym p t ot ic  s t ab ilit y and  rob u s t  s t ab ilit y of  t h e g eneral 
m od el of  s c alar linear d ynam ic  c ont inu ou s -d is c ret e s ys t em s , s t and ard  and  
p os it ive, are c ons id ered . S im p le analyt ic  c ond it ions  f or as ym p t ot ic  
s t ab ilit y and  f or rob u s t  s t ab ilit y are g iven. T h es e c ond it ions  are ex p res s ed  
in t erm s  of  c oef f ic ient s  of  t h e m od el. T h e c ons id erat ions  are illu s t rat ed  b y 
nu m eric al ex am p les .  
 
K e y w o r d s :  c ont inu ou s -d is c ret e s ys t em , p os it ive s ys t em , s c alar s ys t em , 
s t ab ilit y, rob u s t  s t ab ilit y. 
 
War u n ki s t ab il n oś c i or az  od p or n e j s t ab il n oś c i 
m od e l u  og ó l n e g o s kal ar n y c h  l in iow y c h  
u kład ó w  c ią g ło-d y s kr e t n y c h  

 
S t r e s z c z e n i e  

 
W  p rac y roz p at rz ono p rob lem y s t ab ilnoś c i oraz  od p ornej  s t ab ilnoś c i 
m od elu  og ó lneg o ( 1)  s k alarnyc h  liniow yc h  u k ł ad ó w  c ią g ł o-d ys k ret nyc h , 
s t and ard ow yc h  oraz  d od at nic h . B az u j ą c  na p od anym  w  t w ierd z eniu  3  
k ryt eriu m  s t ab ilnoś c i analiz ow anej  k las y u k ł ad ó w , w yp row ad z ono p ros t e 
analit yc z ne w aru nk i as ym p t ot yc z nej  s t ab ilnoś c i oraz  od p ornej  s t ab ilnoś c i. 
W aru nk i as ym p t ot yc z nej  s t ab ilnoś c i oraz  od p ornej  s t ab ilnoś c i 
s t and ard ow eg o u k ł ad u  c ią g ł o-d ys k ret neg o p od ano w  t w ierd z eniu  4  oraz   
w  t w ierd z eniu  6, od p ow ied nio. N at om ias t  w aru nk i as ym p t ot yc z nej  
s t ab ilnoś c i oraz  od p ornej  s t ab ilnoś c i d od at nieg o u k ł ad u  c ią g ł o-
d ys k ret neg o p od ano w  t w ierd z eniac h  5 i 8 , od p ow ied nio. W s z ys t k ie 
w aru nk i s ą  w yraż one w  t erm inac h  w s p ó ł c z ynnik ó w  m od elu  ( 1)  ( lu b  
w art oś c i k rań c ow yc h  p rz ed z iał ó w  ( 13 ) , z  k t ó ryc h  t e w s p ó ł c z ynnik i m og ą  
p rz yj m ow ać  s w oj e w art oś c i) . R oz w aż ania z os t ał y z ilu s t row ane 
p rz yk ł ad am i lic z b ow ym i. 
 
S ł o w a  k l u c z o w e :  u k ł ad  c ią g ł o-d ys k ret ny, d od at ni, s k alarny, s t ab ilnoś ć , 
od p orna s t ab ilnoś ć . 
 
1 .  In t r od u c t ion  
 
I n c o nt inuo us-d isc r e t e  sy st e ms b o t h  c o nt inuo us-t ime  and  

d isc r e t e -t ime  c o mpo ne nt s ar e  r e l e v ant  and  int e r ac t ing  and  t h e se  
c o mpo ne nt s c anno t  b e  se par at e d .  S uc h  sy st e ms ar e  al so  c al l e d  2 D  
h y b r id  sy st e ms o r  h y b r id  sy st e ms,  se e  [ 1  - 5 ] ,  f o r  e x ampl e .  
T h e  mo d e l s and  b asic  pr o pe r t ie s o f  po sit iv e  c o nt inuo us-d isc r e t e  

l ine ar  sy st e ms ar e  g iv e n in [ 6 ] .  A  ne w  g e ne r al  mo d e l  o f  po sit iv e  
c o nt inuo us-d isc r e t e  l ine ar  sy st e ms is int r o d uc e d  in t h e  pape r  [ 1 ] .   
T h e  r e al isat io n pr o b l e m o f  po sit iv e  c o nt inuo us-d isc r e t e  sy st e ms is 

c o nsid e r e d  in [ 4 ,  5 ,  6 ] .  T h e  pr o b l e ms o f  st ab il it y  and  r o b ust  st ab il it y  
o f  c o nt inuo us-d isc r e t e  l ine ar  sy st e ms ar e  inv e st ig at e d  in [ 7  - 1 3 ] .   
T h e  main pur po se  o f  t h is pape r  is t o  pr e se nt  simpl e  anal y t ic al  

c o nd it io ns f o r  st ab il it y  and  r o b ust  st ab il it y  f o r  a g e ne r al  mo d e l  o f  
sc al ar  c o nt inuo us-d isc r e t e  l ine ar  sy st e ms,  st and ar d  and  po sit iv e .   
T h e  f o l l o w ing  no t at io n w il l  b e  use d :  ℜ  - t h e  se t  o f  r e al  

numb e r s,  +Z - t h e  se t  o f  no n-ne g at iv e  int e g e r s,  ].,0[ ∞=ℜ+   

2 .  T h e  m ain  r e s u l t  
 
C o nsid e r  t h e  st at e  e q uat io n o f  t h e  g e ne r al  mo d e l  o f  a sc al ar  

c o nt inuo us-d isc r e t e  l ine ar  sy st e m ( f o r  +∈Zi  and  +ℜ∈t ) 
 

 ),,()1,(),(),()1,( 210 itbuitxaitxaitxaitx ++++=+ &&  ( 1 ) 
 
w h e r e  ,/),(),( titxitx ∂∂=&  ,),( ℜ∈itx  ℜ∈),( itu  and  ,0a  ,1a  

,2a b  ar e  r e al  c o nst ant  c o e f f ic ie nt s.  
T h e  b o und ar y  c o nd it io ns f o r  e q uat io n ( 1 ) h av e  t h e  f o r ms 

 
 ),(),0( ixix =  +∈Zi  and  ),()0,( txtx =  ),()0,( txtx && =  .+ℜ∈t  ( 2 ) 

 
T h e  mo d e l  ( 1 ) w il l  b e  c al l e d  t h e  st and ar d  g e ne r al  sc al ar  mo d e l .  
Definition 1. T h e  g e ne r al  sc al ar  mo d e l  ( 1 ) is c al l e d  po sit iv e  

( int e r nal l y ) if  0),( ≥itx  f o r  al l  b o und ar y  c o nd it io ns ,0)( ≥ix  
+∈Zi  and  ,0)( ≥tx  ,0)( ≥tx&  ,+ℜ∈t  and  al l  input s ,0),( ≥itu  
+∈Rt ,  .+∈Zi  

F r o m [ 6 ]  and  d e f init io n 1  w e  h av e  t h e  f o l l o w ing  t h e o r e m.  
T h eor em  1. T h e  sc al ar  g e ne r al  mo d e l  ( 1 ) is po sit iv e  ( int e r nal l y ) 

if  and  o nl y  if   
 

 0,,0,0 210 ≥ℜ∈≥≥ baaa  and  .0210 ≥+= aaaa  ( 3 ) 
 
T h e  c h ar ac t e r ist ic  f unc t io n o f  e q uat io n ( 1 ) ( po l y no mial  in t w o  

ind e pe nd e nt  v ar iab l e s s and  z) h as t h e  f o r m  
 

 .),( 210 zasaaszzsw −−−=  ( 4 ) 
 
Definition 2 . T h e  g e ne r al  sc al ar  mo d e l  ( 1 ) is c al l e d  

asy mpt o t ic al l y  st ab l e  ( o r  H ur w it z -S c h ur  st ab l e ) if  f o r  0),( ≡itu  
and  b o und e d  b o und ar y  c o nd it io ns ( 2 ) t h e  c o nd it io n 0),( →itx  
h o l d s f o r  ., ∞→it  
F r o m [ 8 ,  9 ]  w e  h av e  t h e  f o l l o w ing  t h e o r e m.  
T h eor em  2 . T h e  g e ne r al  sc al ar  mo d e l  ( 1 ) is asy mpt o t ic al l y  

st ab l e  if  and  o nl y  if   
 
 ,0),( ≠zsw  ,0Re ≥s  .1|| ≥z  ( 5 ) 
 
P o l y no mial  ( 4 ) sat isf y ing  t h e  c o nd it io n ( 5 ) is c al l e d  c o nt inuo us-

d isc r e t e  st ab l e  ( C -D  st ab l e ) o r  H ur w it z -S c h ur  st ab l e .   
T h eor em  3 . T h e  g e ne r al  sc al ar  mo d e l  ( 1 ) is asy mpt o t ic al l y  

st ab l e  if  and  o nl y  if  0)( <ωjs  f o r  al l  ],2,0[ π∈ω w h e r e  
 

 .)exp(
)exp()(

1

20
aj
jaajs

−ω

ω+
=ω  ( 6 ) 

 
P r oof. I n [ 8 ]  it  w as sh o w n t h at  t h e  mo d e l  o f  c o nt inuo us-d isc r e t e  

l ine ar  sy st e m w it h  t h e  c h ar ac t e r ist ic  po l y no mial  ),( zsw  is 
asy mpt o t ic al l y  st ab l e  if  and  o nl y  if  
 

 ,0))exp(,( ≠ωjsw  ,0Re ≥s  ].2,0[ π∈ω∀  ( 7 ) 
 
T h e  c o nd it io n o f  T h e o r e m 3  f o l l o w s d ir e c t l y  f r o m ( 7 ) f o r   t h e  

po l y no mial  ( 4 ).   
F r o m ( 6 ) f o r  0=ω  and  π=ω  w e  h av e ,  r e spe c t iv e l y ,  
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 ,1)0(
1

20
0 a

aajss
−

+
==    .1)(

1

02
a
aajss

+

−
=π=π  ( 8 )  

 
F r om ( 6 )  and  ( 8 )  i t  follows t h at  t h e  fu nct i on )( ωjs  i s 

d i scont i nu ou s i n t h e  p oi nt s 0=ω  and  π=ω  for  11 =a  and  
,11 −=a  r e sp e ct i v e ly .  T h e r e for e ,  for  e x clu d i ng  t h i s d i scont i nu i t y ,  

we  wi ll assu me  t h at  11 ±≠a  and  we  consi d e r  t h e  followi ng  v alu e s 
of t h e  coe ffi ci e nt  :1a  ,11 >a  11 1 <<− a  and  .11 −<a  
L e t  ),()()( ω+ω=ω jvujs  ),(Re)( ω=ω jsu  ).(Im)( ω=ω jsv  

I t  i s e asy  t o ch e ck  t h at  ,)(])([ 222 rvsu c =ω+−ω  wh e r e   
 
 ;

1
)(5.0 2

1

102
0

a

aaa
sssc

−

+
=+= π  .

1 2
1

210
0

a

aaa
ssr c

−

−−
=−=  ( 9 )  

 
T h i s me ans t h at  t h e  p lot  of ),( ωjs  ],2,0[ π∈ω  wh e r e  )( ωjs  i s 

d e fi ne d  b y  ( 6 ) ,  i s a ci r cle  wi t h  t h e  ce nt e r  cs  and  r ad i u s .r  H e nce ,  
t h e  cond i t i on ,0)( <ωjs  ],2,0[ π∈ω  h old s i f and  only  i f  
 
 .01,1min

1

02

1

20 <






+
−

−
+

a

aa

a

aa  ( 1 0 )  

 
Theorem 4. T h e  st and ar d  scalar  mod e l ( 1 )  i s asy mp t ot i cally  

st ab le  i f and  only  i f one  of t h e  followi ng  cond i t i ons h old s:  
 
 ,11 >a ,020 aaa <<−  ( 1 1 a)  
 
 ,11 1 <<− a ,02 aa <  .02 aa −<  ( 1 1 b )  
 
 ,11 −<a ,020 aaa −<<  ( 1 1 c)  
 
M or e ov e r ,  t h i s sy st e m i s u nst ab le  i f 02 aa −>  and  .02 aa >  
P roof . T h e  p r oof follows d i r e ct ly  fr om ( 1 0 )  for  .11 ±≠a   

 
 

 0 0a 

0 

2a

s t a b i l i t y  r e g i o n  

11 −<a 11 >a

11 1 <<− a

02 aa −= 02 aa =

  
F i g .  1 .   S t a b i l i t y  r e g i o n  f o r  s t a n d a r d  m o d e l  ( 1 )  
R y s .  1 .   O b s z a r  s t a b i l n o ś c i  s t a n d a r d o w e g o  m o d e l u  ( 1 )  
 
F r om T h e or e m 4  we  h av e  t h e  st ab i li t y  r e g i on i n t h e  p lane  

),( 20 aa  sh own i n F i g .  1 .  
N ow we  consi d e r  t h e  p osi t i v e  scalar  g e ne r al mod e l ( 1 ) .  I n t h i s 

case  t h e  cond i t i ons ( 3 )  h old .  T ak i ng  i nt o accou nt  assu mp t i on 
11 ±≠a  we  wi ll consi d e r  t h e  followi ng  v alu e s of t h e  coe ffi ci e nt  

:1a  11 >a  and  .10 1 <≤ a  
F r om t h e  ab ov e ,  t h e  cond i t i ons ( 3 )  and  T h e or e m 4  we  ob t ai n t h e  

followi ng  t h e or e m.  
Theorem 5. T h e  scalar  g e ne r al mod e l ( 1 )  i s p osi t i v e  and  

asy mp t ot i cally  st ab le  i f and  only  i f one  of t h e  followi ng  cond i t i ons 
h old s:  
 

 ,11 >a  ,00 ≥a  ,/ 0210 aaaa <≤−  ( 1 2 a)  
 
 ,10 1 <≤ a  ,00 ≥a  ./ 0210 aaaa −<≤−  ( 1 2 b )  
 
S t ab i li t y  r e g i ons i n t h e  p lane  ),( 20 aa  for  t h e  p osi t i v e  mod e l 

( 1 )  ar e  sh own i n F i g s.  2  and  3 .  
 

 

0 0a

0 

2a

s t a b i l i t y  r e g i o n  

102 / aaa −=

02 aa =

  
F i g .  2 .   S t a b i l i t y  r e g i o n  d e s c r i b e d  b y  ( 1 2 a )  f o r  p o s i t i v e  m o d e l  ( 1 )  
R y s .  2 .   O b s z a r  s t a b i l n o ś c i  o p i s a n y  p r z e z  ( 1 2 a )  d o d a t n i e g o  m o d e l u  ( 1 )  
 
 

 

0 0a

0 
2a

s t a b i l i t y  r e g i o n  

02 aa −=

102 / aaa −=

A

  
F i g .  3 .   S t a b i l i t y  r e g i o n  d e s c r i b e d  b y  ( 1 2 b )  f o r  p o s i t i v e  m o d e l  ( 1 )  
R y s .  3 .   O b s z a r  s t a b i l n o ś c i  o p i s a n y  p r z e z  ( 1 2 b )  d o d a t n i e g o  m o d e l u  ( 1 )  
 
N ow we  consi d e r  t h e  scalar  cont i nu ou s-d i scr e t e  li ne ar  sy st e m 

wi t h  u nce r t ai n p ar ame t e r s.  I n t h i s case  v alu e s of coe ffi ci e nt s i n t h e  
mod e l ( 1 )  ar e  not  p r e ci se ly  k nown.  W e  wi ll assu me  t h at  t h e  
coe ffi ci e nt s of ( 1 )  ar e  i nt e r v al nu mb e r s,  i . e .   
 
 ],,[ +−=∈ iiii aaAa  ,

+− ≤ ii aa  ,3,2,1=i  ( 1 3 )  
 
wh e r e  −ia  and  +

ia  )3,2,1( =i ar e  g i v e n r e al nu mb e r s.  
T h e  mod e l ( 1 )  wi t h  i nt e r v al coe ffi ci e nt s ( 1 3 )  i s r ob u st ly  st ab le  i f 

and  only  i f i t  i s asy mp t ot i cally  st ab le  for  all ,ii Aa ∈  .3,2,1=i  
F r om T h e or e m 4  i t  follows t h at  for  t h e  st and ar d  u nce r t ai n 

sy st e m ( 1 ) ,  ( 1 3 )  we  mu st  consi d e r  t h e  followi ng  case s:   
1 )  ),1(1 ∞⊂A   ⇔  ,11 >−a  
2 )  )1,1(1 −⊂A   ⇔  11 −>−a  and  ,11 <+a  
3 )  )1,(1 −−∞⊂A   ⇔  .11 −<+a  
L e t  20 AAA ×=  ( ×  d e not e s t h e  C ar t e si an p r od u ct )  b e  t h e  se t  of 

v alu e s of u nce r t ai n coe ffi ci e nt s 0a  and  .2a  T h i s se t  i s a r e ct ang le  
i n t h e  p lane  ),( 20 aa  wi t h  t h e  si d e s p ar alle l t o t h e  ax e s and  wi t h  
t h e  v e r t i ce s ,iV  .4,3,2,1=i V alu e s of coe ffi ci e nt s 0a  and  2a  i n 
t h e  v e r t i ce s ar e  as follows:  

:1V  ,00
−

= aa  ,22
−

= aa     :2V  ,00
−

= aa  ,22
+

= aa  
:3V  ,00

+
= aa  ,22

+
= aa     :4V  ,00

+
= aa  .22

−
= aa  
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From above and Theorem 4 it follows that the standard scalar 
u ncertain model ( 1 ) ,  ( 1 3 )  is robu stly  stable if and only  if the 
rectang le 20 AAA ×=  lies in a su itable stability  su b-reg ion shown 
in Fig .  1 ,  corresponding  to the appropriate valu es of .1a  
A naly tical conditions for them are formu lated in the following  
theorem.  
Theorem 6. The standard u ncertain model ( 1 ) ,  ( 1 3 )  is robu stly  

stable if and only  if one of the following  conditions holds:  
 
 11 >

−a  and ,02
−+ < aa  ,02

−− −> aa  ( 1 4a)  
 
 ,11 −>−a  11 <+a  and ,02

++ −< aa  ,02
−+ < aa  ( 1 4b)  

 
 11 −<+a  and ,02

++ −< aa  .02
+− > aa  ( 1 4c)  

 
N ow we consider the positive u ncertain model ( 1 ) ,  ( 1 3 ) .  B y  

g eneraliz ation of Theorem 1  we obtain the following .  
Theorem 7. The g eneral u ncertain model ( 1 ) ,  ( 1 3 )  is positive if 

and only  if  
 
 0,0 10 ≥≥ −− aa  and ,/ 102

+−− −≥ aaa  .2 ∞=+a  ( 1 5 )  
 
I n the case of the positive u ncertain model ( 1 ) ,  ( 1 3 )  the 

rectang le 20 AAA ×=  mu st lie in the reg ion shown in Fig .  2  for 
),1(1 ∞⊂A  and in the reg ion shown in Fig .  3  for ).1,0[1 ⊂A  A n 

ex ample of the set 20 AAA ×=  location in the stability  reg ion is 
shown in Fig .  3 .  From Fig .  3  it follows that in this case the 
positive model ( 1 ) ,  ( 1 3 )  is robu stly  stable if and only  if the model 
( 1 )  with the coefficients 0a  and 2a  corresponding  to the vertices 
1V  and 3V  of the set A  is asy mptotically  stable.  
From Theorems 5  and 7  we have the following  theorem.   
Theorem 8 . The g eneral u ncertain model ( 1 ) ,  ( 1 3 )  is positive 

and robu stly  stable if and only  if one of the following  conditions 
holds:  
 

 11 >
−a  and ,00 ≥−a  ,02

−+ < aa  ,/ 102
+−− −≥ aaa  ( 1 6 a)  

 
 10 11 <≤≤ +− aa  and ,02

++ −< aa ./ 102
+−− −≥ aaa  ( 1 6 b)  

 
 
3. I l l u s t r a t i v e  e x a m p l e s  
 
Example 1. C onsider the g eneral model ( 1 )  with the 

coefficients ,10 =a  ,21 =a  .2 ℜ∈a  
From Theorems 4,  1  and 5  we have that the model is:  

• asy mptotically  stable if and only  if ,11 2 <<− a  
• the positive sy stem if and only  if ,5.02 −≥a  
• positive and asy mptotically  stable if and only  if .15.0 2 <≤− a  
Example 2 . C onsider the g eneral u ncertain model ( 1 )  with the 

coefficients ],2,1[00 −=∈ Aa  ],5.0,8.0[11 −=∈ Aa  .2 ℜ∈a  
From condition ( 1 4b)  of Theorem 6  it follows that the model is 

robu stly  stable if and only  if .22 −<+a  
Example 3 . C onsider the g eneral model ( 1 )  with the 

coefficients ],4,2[00 =∈ Aa  ]5.0,1.0[11 =∈ Aa  and .2 ℜ∈a  
From Theorem 7  it follows that the model is positive if and only  

if ).,4[2 ∞−∈a  M oreover,  from Theorem 8  we have that this 
model is positive and robu stly  stable if and only  if ).2,4[2 −−∈a  
 
 

4. C o n c l u d i n g  r e m a r k s  
 
S imple analy tical conditions for stability  and robu st stability  of 

the g eneral model of scalar continu ou s-discrete linear sy stems,  
standard and positive,  are g iven.  These conditions are ex pressed in 
terms of the model coefficients.  
I n particu lar it has been shown that:  

• the g eneral standard model ( 1 )  is asy mptotically  stable if and 
only  if plot of the fu nction ( 6 )  lies in the open left half-plane of 
the complex  plane for all ]2,0[ π∈ω  ( Theorem 3 ) ,  

• the g eneral standard model ( 1 )  is asy mptotically  stable if and 
only  if one of the conditions ( 1 1 )  holds ( Theorem 4) ,  

• the g eneral model ( 1 )  is positive and asy mptotically  stable if 
and only  if one of the conditions ( 1 2 )  holds ( Theorem 5 ) ,  

• the g eneral u ncertain standard model ( 1 ) ,  ( 1 3 )  is robu stly  stable 
if and only  if one of the conditions ( 1 4)  holds ( Theorem 6 ) ,  

• the g eneral u ncertain model ( 1 ) ,  ( 1 3 )  is positive if and only  if 
the conditions ( 1 5 )  holds ( Theorem 7 ) ,  

• the g eneral u ncertain model ( 1 ) ,  ( 1 3 )  is positive and robu stly  
stable if and only  if one of the conditions ( 1 6 )  holds ( Theorem 8 ) .  
 
The work  was su pported by  the M inistry  of S cience and H ig h 

E du cation of P oland u nder g rants N o.  N  N 5 1 4 1 9 3 9  3 3  and 
S / W E / 1 / 0 6 .   
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