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A b s t r a c t  
 

I n t h e paper one of  t h e possi ble approac h es t o t h e problem  of  d evelopi ng  
and  veri f yi ng  of  m at h em at i c al m od els of  d ynam i c  proc esses and  t h ei r 
c om put er i m plem ent at i on i s c onsi d ered . T h i s problem  plays a d ec i si ve role 
i n t h e ef f i c i ent  d esi g n of  c om plex  c ont rol syst em s of  d ynam i c  obj ec t s, i n 
t h e d evelopm ent  of  c om put er t ut ori ng  syst em s f or operat ors of  suc h  
obj ec t s, i n prepari ng  si m ulat i on syst em s f or pi lot s, h elm sm en sh i ps, and  i n 
m any ot h er i ssues. T h e proposed  m et h od olog y i s based  on analysi s of  
c h arac t eri st i c s of  c ont rollabi li t y and  observabi li t y of  sui t able obj ec t s. 
M at h em at i c al base f or t h i s m et h od olog y i s si ng ular value d ec om posi t i on 
of  appropri at e m at ri x . 
 
K e y w o r d s :  m at h em at i c al m od el, c ont rollabi li t y, si ng ular value d ec om posi t i on. 
 
Z a stosow a n ie roz k ł a d u  S VD  w  z a d a n ia c h  
k orek c j i m od el i m a tem a ty c z n y c h   
ob iek tó w  d y n a m ic z n y c h  

 
S t r e s z c z e n i e  

 
W  art yk ule z aprez ent ow ano pod ej ś c i e d o t w orz eni a i  w eryf i k ow ani a 
m od eli  m at em at yc z nyc h  proc esó w  d ynam i c z nyc h . O pi syw any problem  
od g ryw a w aż ną  rolę  w  proc esi e oprac ow yw ani a syst em ó w  st erow ani a 
z ł oż onym i  obi ek t am i  d ynam i c z nym i , prz y t w orz eni u k om put erow yc h  
syst em ó w  nauc z ani a d la operat oró w  obi ek t ó w  d ynam i c z nyc h ,  
w  prz yg ot ow yw ani u syst em ó w  sym ulac yj nyc h  d la pi lot ó w , st erni k ó w  
st at k ó w  i  w  i nnyc h  z ag ad ni eni ac h . W  z ad ani ac h  k orek c j i  m od eli  
m at em at yc z nyc h  w aż na j est  od pow i ed ź  na pyt ani a w  j ak i m  sensi e syst em  
j est  ni est erow alny ( ni eobserw ow alny)  i  j ak  z m i eni ać  c h arak t eryst yk i  
syst em u, ż eby syst em  st ał  si ę  syst em em  st erow alnym  ( obserw ow alnym ) . 
W  z ad ani ac h  w ali d ac j i  m od eli  d ynam i k i  pod st aw ą  j est  w yj aś ni eni e st opni a 
w pł yw u param et ró w  m od elu na bad ane c h arak t eryst yk i . Pow st aj e 
problem , w  j ak i  sposó b z m i eni ać  c h arak t eryst yk i  m od elu, aby j eg o 
z ac h ow ani e od pow i ad ał o z ac h ow ani u obi ek t u rz ec z yw i st eg o. O d pow i ed z i  
należ y f orm uł ow ać  z  w yk orz yst ani em  og ó lnosyst em ow yc h  poj ę ć  z nanyc h  
i  z roz um i ał yc h  d la m at em at yk ó w  i  prog ram i st ó w . Poj ę c i e m i ary c ec h  
syst em u ok reś la ni e t ylk o st w i erd z eni e f ak t u, ż e syst em  j est  lub ni e j est  
st erow alny ( obserw ow alny) , ale t ak ż e poz w ala oc eni ć  bli sk oś ć  g rani c y 
ut rat y st erow alnoś c i  ( obserw ow alnoś c i )  syst em u. W  art yk ule prz ed st aw i ono 
z ad ani e k orek c j i  ef ek t yw noś c i  syg nał ó w  st eruj ą c yc h  m at em at yc z nyc h  
m od eli  d ynam i k i  z  w yk orz yst ani em  m i ary st erow alnoś c i  li ni ow yc h  
syst em ó w  d ynam i c z nyc h . Pod st aw ą  m at em at yc z ną  opi syw anej  
m et od olog i i  j est  roz k ł ad  S V D  od pow i ed ni c h  m ac i erz y. 
 
S ł o w a  k l u c z o w e :  m od el m at em at yc z ny, st erow alnoś ć , roz k ł ad  w z g lę d em  
w art oś c i  sz c z eg ó lnyc h . 
 
1 .  In trod u c tion  
 

M any st ud ies [ 1 , 2 ]  h av e been d ev ot ed  t o t h e p robl em of  
anal ysis of  st ruct ural  ch aract erist ics of  d ynamic obj ect s 
( cont rol l abil it y, observ abil it y, id ent if iabil it y, et c. ) .  F ormul at ed   
a number of  d if f erent  concep t s and  d ef init ions of  syst em in t h e 
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cl ass of  cont inuous and  d iscret e mod el s.  I n many w ork s, st art ing 
at  t h e cl assical  w ork  of  K al man [ 3 ] , a number of  crit eria of  
cont rol l abil it y and  observ abil it y are f ormul at ed .  T h ese crit eria are 
t h resh ol d  and  giv e t h e answ er yes-no:  syst em is cont rol l abl e 
( observ abl e)  or not .  V ery of t en, al so in t ask s of  correct ion of  
mat h emat ical  mod el  in t ut oring comp ut er-based  syst ems, it  is v ery 
imp ort ant  t o k now  in w h at  sense t h e syst em is not  cont rol l abl e 
( not  observ abl e)  and  w h at  can be d one ( h ow  t o ch ange 
ch aract erist ics of  syst em)  t o t h e syst em w as cont rol l abl e 
( observ abl e) .  D uring v al id at ion of  comp ut er mod el s of  d ynamics, 
it  is imp ort ant  t o ex p l ain l ev el  of  inf l uence t h e d if f erent  
p aramet ers of  mod el  on ch aract erist ics of  cont rol l abil it y and  
observ abil it y.  T h e q uest ion arises of  h ow  t o ch ange ch aract erist ics 
of  comp ut er mod el  t h at  it s beh av ior corresp ond s t o beh av ior of  
real  obj ect .  T h e answ ers t o such  k ind  of  q uest ions sh oul d  be 
w ord ed  not  onl y in a sp ecial  t erminol ogy, ad op t ed  in p ract ice of  
research , but  al so w it h  using t h e t erminol ogy t h at  is k now  and  
und erst ood  f or mat h emat icians and  p rogrammers.  I n t h is w ay t h e 
p robl em of  assessment  of  q uant it at iv e syst em p rop ert ies of  
d ynamic obj ect  h as arisen.  T h e concep t  of  assessment  of  
p rop ert ies of  syst em ( cont rol l abil it y, observ abil it y)  d et ermines not  
onl y a st at ement  of  f act  t h at  t h e syst em is or not  ( cont rol l abl e, 
observ abl e)  but  al so al l ow  t o d et ermine t h e nearness of  t h e bord er 
of  cont rol l abil it y or observ abil it y of  syst em.  T h is t yp e of  
q uant it at iv e ev al uat ion is v ery usef ul  in t h e t ask s of  d ynamic 
correct ion and  v al id at ion of  mod el s.  I n t h is p ap er, t h e ev al uat ion 
of  t h is t yp e h as been cal cul at ed  on t h e basis on singul ar v al ue 
d ecomp osit ion of  rect angul ar numerical  mat rices [ 1 , 4 , 5 , 6 ] .  T h e 
correct ion of  d ynamic ch aract erist ics of  any obj ect  t h at  is 
d escribed  using t h e l inear mod el , can be carried  out  in t h e f orm of  
t w o sep arat e t ask s:  correct ion of  t h e eigenv al ue of  l inear op erat or, 
w h ich  d escribes t h e d ynamics of  t h e obj ect  and  correct ion of  t h e 
ef f ect iv eness of  st eering comp onent s.  B ot h  t ask s are l ink ed  w it h  
each  ot h er but  f or each  of  t h em t h ere are t h e ap p rop riat e met h od s 
and  t h e t ask s sh oul d  be sol v ed  sep arat el y.  I n ot h er w ord s, t h e 
correct ion of  d ynamic ch aract erist ics of  t h e obj ect  w il l  be rel y on 
ch ange el ement s of  mat rix  A and  B in eq uat ion:  

 
 mRUnRXBUAXX ∈∈+= ,,

& , ( 1 )  
 
w h ere:  X  – v ect or of  st at e v ariabl es, U  – v ect or of  cont rol  
signal s, A and  B – mat rices w it h  ad eq uat e d imension and  w it h  
f ix ed  coef f icient s.  

F or t ask s of  correct ion t h e sp ect rum of  mat rix  A t h e most  
ad eq uat e met h od  is t h e mod al  cont rol  met h od  [ 7 ] .  H ow ev er in 
correct ion t ask s of  ef f iciency of  cont rol  signal s of  mat h emat ical  
mod el s of  d ynamics it  coul d  be used  t h e assessment  of  
cont rol l abil it y of  l inear d ynamic syst ems.  
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2. T h e  e f f i c i e n c y  c o r r e c t i o n  o f  c o n t r o l  s i g n a l s  
 

F or th e first time, q uantitativ e assessment controllability , 
observ ability  and identifiability  of linear stationary  sy stems h av e 
been p rop osed in [ 8 ,9 ] . P rop osed in th is article q uantitativ e 
assessment are a continuation of th e k nown concep ts of 
controllability  and observ ability , and of sy stems p rop osed by  
K alman [ 3 ] . C ondition of comp lete controllability  of stationary  
sy stem ( 1) can be written in th e form:  

 
 nW =rank , ( 2 ) 
 
wh ere )...( 12 BABAABBW n−

=  – th e controllability  matrix 
of sy stem ( 1). 

T h e controllability  matrix W of dimensionality  )(dim nmnW ×=  
is alway s real. S o it is p ossible sing ular v alue decomp osition of 
matrix W in th e form:  
 TRQPW ⋅⋅= , ( 3 ) 
 
wh ere P and R – orth og onal matrices of dimensionality  

)(dim nnP ×=  and )(dim nmnmR ×= . I f  ( n<nm ) th e rectang ular 
matrix Q is in th e sp ecial form:  
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T h e nonneg ativ e elements from th is matrix {µ1, µ2, …µn} are 

th e sing ular v alues of th e matrix W.  T h ey  are located decreasing  
order, th at is µ1≥ µ2≥…≥µn> 0 . T h e v alue 
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∆ , ( 5 ) 
 
is th e assessment of nearness of th e border of transformation th e 
nonsing ular matrix M to sing ular matrix [ 8 , 9 ] . 

A ccording  to eq uation ( 5 ) th e coefficient ξ is q uantitativ e 
assessment of g eneral controllability  of sy stem ( 1). T h e 
assessment of controllability  of linear dy namic sy stems is basic 
math ematical ap p aratus in task s of correction th e efficiency  of 
control sig nals of math ematical models of dy namics. 
 
3. T h e  e f f i c i e n c y  c o r r e c t i o n  o f  c o n t r o l  s i g n a l s  

– a n  e x a m p l e  
 

L et’ s p resent th e efficiency  correction control sig nals on th e 
examp le of th e linear model of long itudinal mov ement of th e 
aircraft, wh ich  can be written in th e form of g eneral ( 6 ) 
 
 mRUnRXBUAXX ∈∈+= ,,

& , ( 6 ) 
 
wh ere:  T

a qVX )( θα=  – v ector of state v ariables:  Va– sp eed 
of th e aircraft resp ect air, α – ang le of attack , θ – th e p itch  ang le,  
q – ang ular v elocity  relativ e to th e X -axis, T

teU )( δδ=  – control 
sig nals:  δe – amount of rudder, δt – p osition of th e th rottle control 
lev er. M atrices A and B of th e test model, h av e th e following  
numerical v alues:  
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4.4528-0.028162.9474-0.0036
1.09970.00051.16800.0001-
1.12510.06120.92940.0043-
-0.1966-8.9846-19.0380-0.1383

A ,  ( 7 ) 

 















=

45.478012.6077-
0.8354-0.2316
0.1517-0.0420
30.5134-8.4591

B . ( 8 ) 

 
T h e task  of ev aluation and correction of th e efficiency  of 

v arious control sig nals based on a study  of ch ang es in th e index of 
controllability  ξ dep ending  on ch ang es of th e elements of th e 
matrix B ( 6 ). T h e studies relate to th e correction of a sing le sig nal 
- th e correction of rudder deflection δe. I n th is case th e coefficient 
of controllability  of obj ect ξ will be written as a function of four 
arg uments ),,,( 41312111 bbbbξξ = . T h ese arg uments are elements 
in th e first column b1 of matrix B, th at corresp ond to control δe. 
F or th e p urp oses of th e outline and for furth er analy sis is 
conv enient to describe th e coefficient ξ in seq uence as a function 
of two arg uments:  ( )2111,bbξξ = , ( )3111,bbξξ = , etc. T h e v alue 
of th e oth er two arg uments do not ch ang e. F ig ure 1 p resents th e 
course of th e v ariability  of th e coefficient of controllability  ξ 
dep ending  on ch ang es elements b11 and b2 1 in matrix B of th e base 
linear model ( 6 ).  

O n th e contour line g rap h  th e coefficient of controllability  of 
th e base model h as been mark ed as a black  p oint. W h en 
examining  F ig ure 1 it can be seen th at th e ch ang e in th e v alue of 
th e element b11dramatically  affects th e rate of ch ang e of th e 
controllability  coefficient. I ncrease or decrease th e v alue of th e 
element b11 from th e base v alue b11=–8 .4 5  causes larg e increase in 
th e coefficient of controllability . H owev er, ch ang e of v alue of 
element b2 1 v irtually  do not effects on ch ang e of coefficient of 
controllability  ( decreasing  th e v alue b2 1 causes a slig h t decrease of 
coefficient of controllability  and increasing  th e v alue b2 1 causes  
a slig h t increase of coefficient of controllability  ξ).  

 

  
F i g.  1 .   C h a n ges  o f  t h e c o ef f i c i en t  o f  c o n t r o l l a b i l i t y  o f  m o d el  ( 6 )  d ep en d i n g  

o n  t h e c h a n ges  o f  el em en t s  b11 a n d  b 2 1 o f  m a t r i x  B 
R y s .  1 .   Z m i a n a  w s k a ź n i k a  s t er o w a l n o ś c i  m o d el u  ( 6 )  w  z a l eż n o ś c i  o d  z m i a n y  

el em en t ó w  b11 i  b 2 1 m a c i er z y  B 
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F i g.  2 .   C h a n ges  o f  t h e c o ef f i c i en t  o f  c o n t r o l l a b i l i t y  o f  m o d el  ( 6 )  d ep en d i n g  

o n  t h e c h a n ges  o f  el em en t s  b21 a n d  b31 o f  m a t r i x  B 
R y s .  2 .   Z m i a n a  w s k a ź n i k a  s t er o w a l n o ś c i  m o d el u  ( 6 )  w  z a l eż n o ś c i  o d  z m i a n y  

el em en t ó w  b21 i  b31 m a c i er z y  B 
 
 

  
F i g.  3 .   C h a n ges  o f  t h e c o ef f i c i en t  o f  c o n t r o l l a b i l i t y  o f  m o d el  ( 6 )  d ep en d i n g  

o n  t h e c h a n ges  o f  el em en t s  b21 a n d  b 4 1 o f  m a t r i x  B 
R y s .  3 .   Z m i a n a  w s k a ź n i k a  s t er o w a l n o ś c i  m o d el u  ( 6 )  w  z a l eż n o ś c i  o d  z m i a n y  

el em en t ó w  b21 i  b 4 1 m a c i er z y  B 
 

T h is m ay  m ean,  t h at  du r ing  t h e c o r r ec t io n o f effic ienc y  o f t h e 
c o nt r o l sig nals w e c an ar bit r ar ily  c h ang e t h e par am et er s,  t h at  
affec t ing  t h e v alu e b21 and it  no t  det er io r at e t h e index  o f 
c o nt r o llabilit y  ξ. T h e abo v e st at em ent  is c o nfir m ed by  Fig u r e 2 ,  
t h at  sh o w s r elat io nsh ip ( )3121,bbξξ =  and by  t h e Fig u r e 3 ,  t h at  
sh o w s r elat io nsh ip ( )4121,bbξξ = . 

A ddit io nally ,  Fig u r e 3  sh o w s t h at  r edu c ing  t h e v alu e o f elem ent  
b4 1 w ill c au se init ially  inc r ease t h e c o effic ient  o f c o nt r o llabilit y . 
A ft er  ex c eedanc e t h e v alu e b 4 1=–3 5  t h e v alu e o f c o effic ient  ξ 
dec r eases. 

 

  
F i g.  4 .   C h a n ges  o f  t h e c o ef f i c i en t  o f  c o n t r o l l a b i l i t y  o f  m o d el  ( 6 )  d ep en d i n g  

o n  t h e c h a n ges  o f  el em en t s  b11 a n d  b 4 1 o f  m a t r i x  B 
R y s .  4 .   Z m i a n a  w s k a ź n i k a  s t er o w a l n o ś c i  m o d el u  ( 6 )  w  z a l eż n o ś c i  o d  z m i a n y  

el em en t ó w  b11 i  b 4 1 m a c i er z y  B 
 

O n Fig u r e 4  t h e r elat io nsh ip ( )4111,bbξξ =  is sh o w n. I t  fo llo w s 
fr o m  t h is,  t h at  t h e sim u lt aneo u s dec r easing  o r  inc r easing  t h e 
v alu es o f elem ent s b11 and b4 1 c au se dec r easing  t h e c o effic ient  o f 
c o nt r o llabilit y  ξ. I n a sim ilar  w ay  w e c an analy z e t h e t r aj ec t o r y  o f 
c o effic ient  o f c o nt r o llabilit y  ξ fo r  t h e o t h er  elem ent s fr o m  t h e fir st  
c o lu m n o f m at r ix  B o f m o del ( 6 ) . 

D u r ing  t h e analy sis o f r espo nse o f base m o del ( 6 )  t o  v ar io u s 
c h ang es in t h e c o nt r o l sig nal δe ,  it  h as been st at ed t h at  t h e m o del 
po o r ly  r eac t s t o  t h e inc linat io n o f r u dder  δe. T h e c o r r ec t io n o f 
m o del par am et er s w ill be c o ndu c t ed o n t h e basis o f analy sis o f t h e 
c h ang e o f nu m er ic al v alu e o f elem ent s fr o m  t h e fir st  c o lu m n o f 
m at r ix  B o f base linear  m o del ( 6 ) . T h e Fig u r e 1 a sh o w s,  as h as 
been pr ev io u sly  desc r ibed,  t h at  dec r easing  t h e v alu e o f elem ent  b11 
c au ses inc r ease o f t h e c o effic ient  o f c o nt r o llabilit y  ξ. L et ’ s assu m e 
new  v alu e o f elem ent  b11=–1 5 . A ft er  fix ing  t h e v alu e o f b11 w e 
analy z e t h e r elat io nsh ip ( )21bξξ = ,  fr o m  w h ic h  appear s t h at  
dec r easing  t h e v alu e o f elem ent  b21 w e inc r ease t h e v alu e o f 
c o effic ient  o f c o nt r o llabilit y  ξ. 

T h e new  v alu e o f elem ent  b21 w as set  at  b21=–0 .1 5 . 
A ft er  t h e c o r r ec t io n,  t h e new  nu m er ic al v alu e o f t h e fir st  

c o lu m n o f t h e m at r ix  B t ak e t h e fo r m :  
 



PAK v o l .  5 5 ,  n r  1 0 /2 0 0 9     859 
 

 ( )Tb 6077.122316.015.0151 −−−= , ( 9 ) 
 

F ig ur e  5  s h o w s  t h e  f l ig h t  t r aj e c t o r y  o f  l in e ar  m o d e l s  o f  air c r af t  
f o r  t h e  s am e  in it ial  v al ue .  T h e  b as e  m o d e l  is  m ar k e d  b y  
c o n t in uo us  l in e  an d  t h e  c h an g e d  m o d e l  is  m ar k e d  b y  d as h e d  l in e .  
M at r ix  A o f  a n e w  l in e ar  m o d e l  is  t h e  s am e  as  f o r  t h e  b as e  m o d e l .  
I t s  n um e r ic al  v al ue  d e t e r m in e s  t h e  e q uat io n  ( 6 ).  

 
 

  
F i g .  5 .   T r a j e c t o r y  o f  t w o  l i n e a r  m o d e l s :  b e f o r e  a n d  a f t e r  c o r r e c t i o n  o f   

c o n t r o l  s i g n a l  
R y s .  5 .   T r a j e k t o r i a  d w ó c h  m o d e l i  l i n i o w y c h :  p r z e d  i  p o  k o r e k c i e  s y g n a ł u 

s t e r uj ą c e g o  
 
F r o m  F ig ur e  5  s h o w s  t h at  t h e  n e w  m o d e l  r e s p o n d s  s t r o n g l y  t o  

c h an g e s  o f  t h e  r ud d e r  d e f l e c t io n  δe .  T h e  c o e f f ic ie n t  o f  
c o n t r o l l ab il it y  o f  b as e  m o d e l  h as  v al ue  ξ = 7 . 8 6 3 4 e -0 0 6  w h il e  f o r  
t h e  n e w  m o d e l  it s  v al ue  is  ξ = 8 . 7 8 2 3 e -0 0 6 .  T h is  m e an s  t h at  t h e  
ad j us t m e n t  d id ’ n t  d e t e r io r at e d  c o n d it io n s  o f  c o n t r o l l ab il it y  o f  
m o d e l .  
 

4. S u m m a r y  
 

A t  t h e  e n d , it  s h o ul d  b e  p o in t e d  o ut  t h at  t h e  o r d e r  o f  o p e r at io n s  
d o e s  n o t  al l o w  f o r  t h e  f ir s t  t im e  o n  f in d in g  t h e  b e s t  s o l ut io n , b ut  
t h e  p r o p o s e d  m e t h o d o l o g y  is  a us e f ul  m e as ur e  f o r  t h e  t ar g e t  t o  
s e e k  t h e  n e c e s s ar y  s o l ut io n s .  
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REKLAMA w  s k a l i  o d c i e n i  s z a r o ś c i  
[ c e n y  n e t t o ]  

k o l o r  
[ c e n y  n e t t o ]  

I  o k ł ad k a ( 2 1 2 ( s ) x  2 1 3 ( w ) m m ) - 1 8 0 0 , 0 0  

I I  o k ł ad k a ( 2 1 2 x 3 0 1  m m ) - 1 6 0 0 , 0 0  

I I I  o k ł ad k a ( 2 1 2 x 3 0 1  m m ) - 1 5 0 0 , 0 0  

I V  o k ł ad k a ( 2 1 2 x 3 0 1  m m ) - 1 7 0 0 , 0 0  

1  s t r o n a ( 2 0 0 x 2 9 7  m m ) 9 0 0 , 0 0  1 10 0 , 0 0  

½  s t r o n y  ( 2 0 0 x 1 4 5 m m ) - p o z io m a 5 0 0 , 0 0  7 0 0 , 0 0  
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