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A b s t r a c t  
 

I n  m an y  p r o b l em s  w e c o m e ac r o s s  t h e l ac k  o f  c o m p l et e d at a.  T h e 
i n f o r m at i o n  g ap  c au s es  t h at  t h e t as k  s eem s  t o  b e u n s o l v ab l e.  I n  m an y  c as es  
w h er e t h e B ay es ’  n et w o r k s  o r  B ay es ’  r u l e ar e u s ed ,  w e c o m e ac r o s s  t h e 
i n f o r m at i o n  g ap  w h i c h  i s  t h e l ac k  o f  a p r i o r i  d i s t r i b u t i o n .  T h e ar t i c l e 
p r es en t s  t h e m et h o d s  o f  i d en t i f y i n g  t h e av er ag e p r o b ab i l i t y  d en s i t y  
d i s t r i b u t i o n  w h en  w e k n o w  t h e r an g e o f  v ar i ab l e an d  w e h av e s o m e q u al i t y  
k n o w l ed g e o n  t h e d i s t r i b u t i o n .  T h e o b t ai n ed  av er ag e p r o b ab i l i t y  d en s i t y  
d i s t r i b u t i o n  m i n i m i z es  m ed i u m  s q u ar ed  er r o r .  Ac c o r d i n g  t o  t h e au t h o r s ’  
k n o w l ed g e t h e av er ag e p r o b ab i l i t y  d en s i t y  d i s t r i b u t i o n  i s  t h e n o v el t y  i n  t h e 
w o r d  l i t er at u r e.  
 
K e y w o r d s :  B ay es '  n et w o r k s ,  i n f o r m at i o n  g ap s ,  p r i n c i p l e o f  i n d i f f er en c e,  
u n c er t ai n t y  t h eo r y ,  ar t i f i c i al  i n t el l i g en c e,  p r o b ab i l i t y  t h eo r y .  
 
Po k o ny w a ni e l u k  i nf o rm a c y jny c h   
za  p o m o c ą  p rzec i ę t nej f u nk c ji   
g ę s t o ś c i  p ra w do p o do b i eń s t w a  

 
S t r e s z c z e n i e  

 
W  w i el u  r z ec z y w i s t y c h  p r o b l em ac h  c z ę s t o  s p o t y k am y  s i ę  z  b r ak i em  
d an y c h  k o n i ec z n y c h  d o  i c h  r o z w i ą z an i a.  D o t y c z y  t o  z w ł as z c z a z ad ań  
p r o j ek t o w an i a n o w y c h  s y s t em ó w  t ec h n i c z n y c h ,  al e i  t eż  ek o n o m i c z n y c h ,  
m ed y c z n y c h ,  ag r ar n y c h  i  i n n y c h .  I s t n i en i e l u k  w  p r o b l em i e p o w o d u j e,  ż e 
z ad an i e w y d aj e s i ę  n i er o z w i ą z y w al n e.  W  t ak i ej  s y t u ac j i ,  ab y  w  o g ó l e 
r o z w i ą z ać  p o s t aw i o n y  p r o b l em  k o n i ec z n e j es t  z aan g aż o w an i e ek s p er t ó w ,  
k t ó r z y  s ą  c z ę s t o  w  s t an i e p o d ać  p r z y b l i ż o n e o s z ac o w an i e d an ej  b r ak u j ą c ej  
d o  r o z w i ą z an i a p r o b l em u .  N i es t et y ,  o s z ac o w an i a ek s p er c k i e z w y k l e n i e s ą  
p r ec y z y j n y m i  l i c z b am i ,  l ec z  p r z ed z i ał am i  m o ż l i w y c h  w ar t o ś c i  z m i en n ej  
l u b  t eż  p r o b ab i l i s t y c z n y m i  r o z k ł ad am i  m o ż l i w ej  w ar t o ś c i  b r ak u j ą c ej  
z m i en n ej .  Z at em ,  ab y  r o z w i ą z ać  d an y  p r o b l em  k o n i ec z n e j es t  w y k o n y w a-
n i e o p er ac j i  n a r o z k ł ad ac h  g ę s t o ś c i  p r aw d o p o d o b i eń s t w a.  J ed n y m  z  n ar z ę -
d z i  s ł u ż ą c y c h  d o  t eg o  c el u  j es t  r eg u ł a B ay es a.  J es t  o n a n p .  p o d s t aw ą  d o  
p r z et w ar z an i a i n f o r m ac j i  w  s i ec i ac h  w n i o s k o w an i a p r o b ab i l i s t y c z n eg o  
z w an y c h  s k r ó t o w o  s i ec i am i  B ay es a.  Z w y k l e l u k ą  i n f o r m ac y j n ą  w  t y c h  
s i ec i ac h  j es t  b r ak  r o z k ł ad u  a p r i o r i  z m i en n ej  k o n i ec z n eg o  d o  o b l i c z en i a 
r o z k ł ad u  a p o s t er i o r i .  W  t ak i ej  s y t u ac j i ,  j ak o  r o z k ł ad  a p r i o r i  s t o s o w an y  
j es t  z w y k l e r o z k ł ad  r ó w n o m i er n y  r ep r ez en t u j ą c y  k o m p l et n ą  n i ew i ed z ę  
d o t y c z ą c ą  j ak o ś c i o w y c h  c ec h  r o z k ł ad u .  J ed n ak  t ak ą  w i ed z ę  c z ę s t o  p o s i ad a 
ek s p er t  p r o b l em u .  Ar t y k u ł  p r ez en t u j e m et o d ę  i d en t y f i k ac j i  p r z ec i ę t n eg o  
r o z k ł ad u  g ę s t o ś c i  p r aw d o p o d o b i eń s t w a z m i en n ej  d l a p r z y p ad k u ,  g d y  
ek s p er t  z n a n i e t y l k o  z ak r es  m o ż l i w y c h  w ar t o ś c i  z m i en n ej ,  al e t ak ż e 
p o s i ad a p ew n ą  w i ed z ę  o  j ak o ś c i o w y c h  c ec h ac h  r o z k ł ad u .  O t r z y m an y   
z  u ż y c i em  w i ed z y  ek s p er t a p r z ec i ę t n y  r o z k ł ad  g ę s t o ś c i  p r aw d o p o d o b i eń s t w a 
z m n i ej s z a z n ac z n i e r y z y k o  p o p eł n i en i a k at as t r o f al n i e d u ż y c h  b ł ę d ó w   
w  r o z w i ą z y w an i u  p r o b l em ó w  z  l u k am i  i n f o r m ac y j n y m i .  W ed ł u g  w i ed z y  
au t o r ó w  k o n c ep c j a p r z ec i ę t n eg o  r o z k ł ad u  g ę s t o ś c i  p r aw d o p o d o b i eń s t w a 
j es t  n o w o ś c i ą  w  l i t er at u r z e ś w i at o w ej .  
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1 .  Int ro du c t i o n 
 
S o lving  p r o blem s u nd er  u nc er tainty  (p ar tial lac k  o f  k no w led g e) 

is o ne o f  th e m o st d if f ic u lt aim s o f  ar tif ic ial intellig enc e (A I ).  
P eo p le c an so lve su c h  p r o blem s.  T o  m ak e A I  c o m p ar able w ith  th e 
h u m an intellig enc e it h as to  be also  able to  so lve p r o blem s u nd er  
u nc er tainty .  P r o blem s o f  inf o r m atio n g ap s ar e being  intensively  
investig ated  at p r esent [ 1 ] .  A n inf o r m atio n g ap  m eans lac k  o f  
k no w led g e abo u t valu es o f  var iables, abo u t d istr ibu tio ns o f  th eir  
p r o bability  o r  p o ssibility , abo u t var iability  inter vals, etc .  T h e 
p r o blem  o f  inf o r m atio n g ap s is a c o m m o n o ne in B ay esian 
netw o r k s w h er e th e p r io r  d istr ibu tio ns ar e nec essar y  bu t th ey  
f r eq u ently  ar e u nk no w n.  
P r io r  d istr ibu tio ns ar e also  nec essar y  in all o th er  p r o blem s 

w h er e B ay es'  r u le [ 2 ]  is ap p lied .  L et A and  B be tw o  events.  T h e 
c o nd itio nal p r o bability  p(A| B) o f  event A is no t k no w n bu t 
nec essar y  f o r  a p r o blem  so lving .  I f  th e inver se c o nd itio nal 
p r o bability  p(B| A) and  th e p r io r  p r o bability  p(A) ar e k no w n th en 
th e u nk no w n p r o bability  p(A| B) c an be c alc u lated  w ith  Ba y e s '  
t h e o r e m  [ 2 ] , 
 
 p(A| B) =  α  p(B| A)  p(A), (1 ) 
 

w h er e:  α - no r m aliz ing  c o ef f ic ient, p(B| A) - lik elih o o d  f u nc tio n.  
B ay es'  th eo r em  is u sed  in p r o babilistic , au to m ated  r easo ning .  

U nf o r tu nately , it r eq u ir es k no w led g e o f  th e p r io r  p r o bability  p (A) 
th at f r eq u ently  is no t k no w n.  A lso  in m any  o th er  p r o blem s, w h ic h  
h ave no th ing  to  d o  w ith  B ay es'  r u le, so m e d ata f r eq u ently  ar e 
u nk no w n.  
S o m etim es to  so lve a p r o blem  w e need  nu m er ic al valu e x *  o f  

var iable x .  B u t its valu e is u nk no w n (inf o r m atio n g ap ).  E x p er ts 
c an g ive u s th en th e inter val [ xmin, xma x ]  in w h ic h  th e valu e is 
c o ntained .  
B ay es'  th eo r em  is ver y  valu able to o l bec au se it tells u s h o w  to  

u p d ate o r  r evised  belief s, ex p r essed  in f o r m  o f  p r o babilities, in 
lig h t o f  new  evid enc e a p o ster io r i.  H o w ever , in p r ac tic al 
ap p lic atio ns it is so m etim es d if f ic u lt to  d eter m ine th e p r io r  
p r o bability  d istr ibu tio n.  E x am p le o f  a sim p le p r o blem  w ith  an 
inf o r m atio n g ap  c an be th e f am o u s B er tr and ' s p r o blem  [ 3 ] .  
" T h e tr ain leaves at no o n to  tr avel a d istanc e o f  3 0 0  k m .  I t 

tr avels at a sp eed  o f  betw een 1 0 0  k m / h  and  3 0 0  k m / h .  W h at is th e 
p r o bability  th at it ar r ives bef o r e 2  p . m . ? "  
T o  g ive an answ er  to  th e abo ve q u estio n k no w led g e o f  th e p d f  

o f  th e tr ain velo c ity  is nec essar y .  H o w ever , th is d istr ibu tio n is no t 
g iven - w e h ave to  d o  h er e w ith  an inf o r m atio n g ap .  B u t if  th e 
p r o blem  so lu tio n is, f o r  c er tain r easo ns, nec essar y  f o r  u s, w e c an 
c alc u late an ap p r o x im ate and  q u ite c r ed ible so lu tio n w ith  th e u se 
o f  th e p r inc ip le o f  ind if f er enc e (f o r  sh o r t:  P I ) f o r m u lated  by  
L ap lac e [ 2 ] .  T h is p r inc ip le g ives u s th e ad vic e to  assu m e eq u al 
p r o bability  d ensity  f o r  all p o ssible valu es o f  x c o ntained  in th e 
inter val [ xmin,  xma x ]  if  any  o f  th e x-valu es c an no t be d isting u ish ed  
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in respect of the probability density. It means, the uniform pdf(x )  
can be assumed. T he uniform distribution can according  to the P I 
be assumed for v ariables about w hich nothing , absolutely nothing  
is k now n. H ow ev er, sometimes in the considered problems w e 
hav e certain, g eneral, q ualitativ e k now ledg e concerning  the 
character (shape)  of the distribution. In the nex t chapter the 
situation w ill be analyz ed, w hen w e k now  that the distribution is 
unimodal one w ith boundaries v alues run to z ero. A ccording  to the 
authors’  k now ledg e the av erag e probability density distribution is 
the nov elty in the w ord literature. 
 

2. T h e  A v e r a g e ,  U n i m o d a l  D i s t r i b u t i o n   
o f  P r o b a b i l i t y  D e n s i t y  w i t h  B o u n d a r y  
V a l u e s  A i m i n g  a t  Z e r o  ( U B l i m i t 0 )  

 
L et us assume that our k now ledg e concerning  the real v alue x* 

of v ariable x is as follow s:  
I. T he v alue x* is contained in the interv al [ x m in , x m a x ] . F or 

simplicity let us assume the normaliz ed interv al [ 0 ,1 ] . 
II. T he pdf(x )  is unimodal one. H ow ev er, w e do not k now  

w hether it is symmetric or asymmetric one. T herefore, w e 
hav e to allow  both the left asymmetry, the symmetry, and the 
rig ht asymmetry of the pdf(x ) . 

III. W e k now  that the boundary v alues aiming  at z ero, so 
max imum lies betw een the boundaries. 

F ig . 1  presents a few  ex amples of unimodal distributions, w hich 
satisfy conditions I-III. 
 
 

  
F ig . 1 .  A  f e w  e x am p l e s  o f  un im o d al  d is t r ibut io n s  f r o m  t h e  in f in it e  n um be r   

o f  d is t r ibut io n s  t h at  s at is f y  c o n d it io n s  I ,  I I ,  I I I . 
R y s . 1 . K il k a p r z y k ł ad ó w  r o z k ł ad ó w  un im o d al n y c h  z  n ie s k o ń c z o n e j  l ic z by  

r o z k ł ad ó w ,  k t ó r e  s p e ł n iaj ą  w ar un k i I ,  I I ,  I I I . 
 
T he number of possible unimodal distributions, w here 

boundaries v alues run to z ero (U B limit0 )  is infinitely larg e. T he 
real pdf(x )  distribution in the considered problem can be any one 
of them. Is it, in g eneral, possible to determine the av erag e 
distribution of the infinite number of distributions?  
It seeming ly seems impossible. H ow ev er, there ex ists a certain 

possibility. T he av erag e distribution can be determined w ith t h e  
m e t h o d  o f  d e c r e as ing  g r anu l at io n o f  e l e m e nt ar y  e v e nt s  that w as 
proposed by A . P ieg at in [ 4 ] . A ccording  to the condition I the 
v ariable x can tak e v alues only in the normaliz ed interv al [ 0 .1 ] . 
T his interv al can be partitioned in n subinterv als ∆xi of w idth 1 / n. 
L et i be the number of a subinterv al, 1 ≤ i ≤n.  A s e l e m e nt ar y  e v e nt  
w ill be understood the ev ent x*∈∆xi. B y g r anu l at io n of the 
elementary ev ent w ill be understood the w idth 1 / n of the 
subinterv al ∆xi of the ev ent. G ranulated w ill not only be the 
v ariable x but also probability p of elementary ev ents. In this case 
the g ranulation of probability 1 / n w ill mean that probability can 
tak e only (n+ 1 )  discrete v alues. E .g . for n =  3  probability can only 
tak e v alues p ∈ { 0 , 1 / 3 , 2 / 3 , 1 } . N ow , let us consider the q uestion 
how  many distributions are possible for g ranulation 1 / 3 . T his 
g ranulation is assumed both for the v ariable x and for probability p 
of elementary ev ents. A ll possible U B limit0 -distributions 
(histog rams)  for this case are show n in F ig . 2 . 
 

  
F ig . 2 .  A l l  4  p o s s ibl e  U B l im it 0 -d is t r ibut io n s  o f  p r o babil it y  f o r  g r an ul at io n  1 / 3   

o f  t h e  v ar iabl e  x an d  o f  p r o babil it y  p 
R y s . 2 . W s z y s t k ie  4  r o z k ł ad y  p r aw d o p o d o bie ń s t w a U bl im it 0  d l a g r an ul ac j i 1 / 3  

z m ie n n e j  x i p r aw d o p o d o bie ń s t w a p 
 
O n the basis of all possible distributions from F ig . 2  the av erag e 

probabilities p1, p2, p3 of particular elementary ev ents x∈ [ 0 ,1 / 3 ] , 
x∈ [ 1 / 3 , 2 / 3 ] , and x∈ [ 2 / 3 , 1 ]  can be calculated. 
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T he av erag e U B limit0 -distrubution for g ranulation 1 / 3  is show n 

on F ig . 3 . 
 

  
F ig . 3 .  T h e  av e r ag e  U B l im it 0 -d is t r ibut io n  f o r  g r an ul at io n  1 / 3  in  t h e  f o r m  o f   

a h is t o g r am  ( a)  an d  o f  p d f ( x ) , ( b)  
R y s . 3 . P r z e c ię t n y  r o z k ł ad  U bl im it 0  d l a g r an ul ac j i 1 / 3  w  p o s t ac i h is t o g r am u ( a)   

i p d f ( x )  ( b)  
 
In the second step of the m e t h o d  o f  d e c r e as ing  g r anu l at io n the 

g ranulation w as decreased from 1 / 3  to 1 / 4 . D ecreasing  g ranulation 
causes an increase of the number of possible U B limit0 -
distributions. F ig . 4  show s the comparison of the av erag e pdf(x )  
for g ranulation 1 / 3  and 1 / 4 . 
 

  
F ig . 4 .  T h e  av e r ag e  d is t r ibut io n  o f  p r o babil it y  d e n s it y  ( p d )  o f  4  p o s s ibl e  

d is t r ibut io n s  f r o m  F ig .2  f o r  g r an ul at io n  1 / 3  ( a)  an d  t h e  av e r ag e  d is t r ibut io n  
o f  1 2  p o s s ibl e  d is t r ibut io n s  f o r  g r an ul at io n  1 / 4  ( b)  

R y s . 4 . P r z e c ię t n y  r o z k ł ad  g ę s t o ś c i p r aw d o p o d o bie ń s t w a ( p d )  z  4  m o żl iw y c h  
r o z k ł ad ó w  z  r y s . 2  d l a g r an ul ac j i 1 / 3  ( a)  o r az  p r z e c ię t n y  r o z k ł ad  z  1 2  
m o żl iw y c h  r o z k ł ad ó w  d l a g r an ul ac j i 1 / 4  ( b)  
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If we stepwise decrease the granulation of the variable x and 
of probability  p ( 1/ 3 ,  1/ 4 ,  1/ 5 ,  1/ 6 /  . . .  , 1/ n ) ,  then we will more 
and more approach a limiting distribution that represents the 
infinitive number of possible U B limit0 -distributions and which 
corresponds to the infinitely  small granulation 1/ n :  n → ∞ .  T he 
increase of the distributions'  number is very  strong and rapid.  
S o,  granulation 1/ 3  is corresponded by  4  possible distributions,  
1/ 4  by  12  distributions,  . . .  ,  1/ 2 5  by  8 9 9  2 7 6 ,  and 1/ 2 7  by  
1 8 3 5  9 3 2  distributions.  T his rapidly  increasing number of 
distributions causes a very  large memory  burden for computers.  
H owever,  the investigations made by  the authors have shown 
that succeeding average distributions corresponding to 
decreasing granulation of elementary  events q uite q uick ly  
approach a certain limiting distribution and that differences 
between distributions corresponding to small granulation 1/ n 
become negligible.  In the practice one can observe this 
phenomenon already  for granulations 1/ 2 4 ,  1/ 2 5 ,  1/ 2 6 ,  T herefore 
the authors stooped generating the distributions for granulation 
1/ 2 7 .  T he average U B limit0 -distribution for this granulation is 
shown in F ig.  5 .  
 
 

  
F ig . 5 . T h e  a v e r a g e  d is t r ib ut io n  o f  pr o b a b il it y  d e n s it y  ( pd )  r e pr e s e n t in g   

1 8 3 5  9 3 2  po s s ib l e  U B l im it 0 -d is t r ib ut io n s  f o r  g r a n ul a t io n  1/ 2 7  ( a )   
a n d  it s  s m o o t h e d  a ppr o x im a t io n  ( b )  

 R y s . 5 . P r z e c ię t n y  r o z k ł a d  g ę s t o ś c i pr a w d o po d o b ie ń s t w a  ( pd )  z  1 8 3 5  9 3 2  
m o ż l iw y c h  r o z k ł a d ó w  U b l im it 0  d l a  g r a n ul a c j i 1/ 2 7  ( a )  o r a z  j e g o  
a pr o k s y m a c j a  ( b )  

 
T he poly nomial approx imation ( 2 )  of U B limit0 -distrubution:  
 

0.9991/)0.02540.2994
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( 2 )  
 
T he mean absolute error of the smoothed approx imation ( 2 )  

eq uals 0 , 0 0 2 6 .  
 
3. T h e  A v e r a g e ,  U n i m o d a l  R i g h t -A s y m m e t r i c  

D i s t r i b u t i o n  o f  P r o b a b i l i t y  D e n s i t y   
w i t h  B o u n d a r y  V a l u e s  A i m i n g  a t  Z e r o  
( U A B -l i m i t 0 )  

 
L et us assume that our k nowledge concerning the real value x* 

of variable x is as follows:  
IV .  T he value x* is contained in the interval [ x m i n ,  x m a x ] .  F or 

simplicity  let us assume the normaliz ed interval [ 0 , 1] .  
V .  T he pdf( x )  is unimodal and right-asy mmetric one.  T he 

probability  of the left side ex ceeds 0 . 5 .  
V I.  W e k now that the boundary  values aiming at z ero,  so 

max imum lies between the boundaries.  
F ig.  6  presents a few ex amples of U A B limit0  distributions,  

which satisfy  conditions IV -V I.  
T he average of the 9 12  0 8 4  boundary  distributions possible for 

granulation 1/ 2 7  is shown in F ig.  7 .  
 

  
F ig . 6 .  E x a m pl e s  o f  U A B l im it 0  d is t r ib ut io n s  f r o m  t h e  in f in it e  n um b e r  o f  

d is t r ib ut io n s  t h a t  s a t is f y  c o n d it io n s  I V ,  V ,  V  
R y s . 6 .  P r z y k ł a d y  r o z k ł a d ó w  U A B l im it 0  z  n ie s k o ń c z o n e j  l ic z b y  r o z k ł a d ó w ,   

k t ó r e  s pe ł n ia j ą  w a r un k i I V ,  V ,  V I  
 
 

  
F ig . 7 . T h e  a v e r a g e  d is t r ib ut io n  o f  pr o b a b il it y  d e n s it y  ( pd )  r e pr e s e n t in g   

9 12  0 8 4  po s s ib l e  U A B l im it 0 -d is t r ib ut io n s  f o r  g r a n ul a t io n  1/ 2 7  ( a )   
a n d  it s  s m o o t h e d  a ppr o x im a t io n  ( t h e  m e a n  a b s o l ut e  e r r o r  o f  t h e   
s m o o t h e d  a ppr o x im a t io n  e q ua l s  0 , 0 0 6 )  ( b )  

R y s . 7 . P r z e c ię t n y  r o z k ł a d  g ę s t o ś c i pr a w d o po d o b ie ń s t w a  ( pd )  z  9 12  0 8 4   
m o ż l iw y c h  r o z k ł a d ó w  U A B l im it 0  d l a  g r a n ul a c j i 1/ 2 7  ( a )  o r a z  j e g o  
a pr o k s y m a c j a  ( ś r e d n i b ł ą d  b e z w z g l ę d n y  a pr o k s y m a c j i w y n o s i 0 , 0 0 6 )  ( b )  

 
T he mean absolute error of the poly nomial approx imation ( 3 )  of 

U A B limit0  distributions eq uals 0 , 0 0 6  
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4 . C o n c l u s i o n  
 
In the article the two average probability  density  distributions 

are presented.  T he first one is the average unimodal distribution 
density  probability  with boundary  values aiming at z ero whereas 
when identify ing the second average distribution the additional 
k nowledge on right side asy mmetry  of distribution is assumed.  
T he received the average distributions of probability  density  
minimiz es mean sq uared error and can be used in case of the lack  
of information about the real a priori distribution of variable.  
A ccording to the author’ s k nowledge the above results are new in 
the world scientific literature.  
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