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A b s t r a c t  
 

A s ort i ng  of  q u a nt u m  s t a t e s  rou t i ne s  w i t h  re s p e c t  t o t h e  a m ou nt  of   
e nt a ng le m e nt  i nc lu d e d  i s  b e i ng  i nt rod u c e d  on t h e  Q u a nt u m  C om p u t e r 
S i m u la t or a nd  i nt e ns i ve ly  t e s t e d . I n p a rt i c u la r a  s ort i ng  rou t i ne  b a s i ng  on 
t h e  le x i c og ra p h i c  ord e ri ng  of  t h e  c orre s p ond i ng  S c h m i d t  c oe f f i c i e nt s  i s  
b e i ng  f orm u la t e d  a nd  t e s t e d . T h e  c orre s p ond i ng  a lg ori t h m  re li e s  on t h e  
p a rt i a l ord e r re la t i ons  a nd  t h e  f i na l nonli ne a r s ort i ng  i s  g i ve n i n t e rm s  of  
M e rg e S ort  d a t a . 
 
K e y w o r d s :  s ort i ng  of  e nt a ng le d  q u a nt u m  s t a t e s , q u a nt u m  c om p u t i ng  
s i m u la t or. 
 
F u nk c j e  s or t ow ani a s t anó w  k w ant ow y c h   
z e  w z g l ę d u  na p oz i om s p l ą t ani a 
z ai mp l e me nt ow ane  w  s y mu l at or z e   
ob l i c z e ń  k w ant ow y c h  

 
S t r e s z c z e n i e  

 
W  a rt y k u le  p rz e d s t a w i ono a lg ory t m y  s ort ow a ni a  s t a nó w  k w a nt ow y c h  z e  
w z g lę d u  na  p oz i om  s p lą t a ni a . Alg ory t m y  t e  z os t a ł y  z a i m p le m e nt ow a ne   
w  ra m a c h  b u d ow a ne g o s y m u la t ora  ob li c z e ń  k w a nt ow y c h . Prz e d s t a w i one  
z os t a ł y  d w a  a lg ory t m y , p i e rw s z y  op a rt y  j e s t  o p orz ą d e k  le k s y k og ra f i c z ny  
w z g lę d e m  w s p ó ł c z y nni k ó w  S c h m i d t a  ora z  d ru g i  w z g lę d e m  p orz ą d k u  
li ni ow e g o u z y s k a ne g o d z i ę k i  e nt rop i i  von N e u m a nna . Z a p re z e nt ow a ne  
z os t a ł y  t a k ż e  w y ni k i  d ot y c z ą c e  z ł oż onoś c i  ob li c z e ni ow y c h  p rz e d s t a w i ony c h  
a lg ory t m ó w . 
 
S ł o w a  k l u c z o w e :  s ort ow a ni e  s p lą t a ny c h  s t a nó w  k w a nt ow y c h , s y m u la t or 
ob li c z e ń  k w a nt ow y c h . 
 
1 .  I nt r od u c t i on 
 
O ne t h e m ost  im port ant  f eat u re of  q u ant u m  inf orm at ion 

proc essing  is t h e ph enom ena of  ent ang l em ent  of  t h e c orrespond ing  
q u ant u m  st at es. T h e q u ant u m  t el eport at ion prot oc ol s,  appl ic at ion 
t o q u ant u m  c rypt og raph ic  syst em s are t h e wel l   k nown ex am pl es 
of  t h is. I t  is k nown t h at  in g eneral  answering  t h e q u est ion wh et h er 
a g iv en q u ant u m  st at e ρ  is ent ang l ed  or not  is N P -h ard  prob l em  [ 1 3 ] . 
H owev er,  t h e f ol l owing  prob l em  f req u ent l y arises. A s an 

ex am pl e l et  u s rec al l  t h at  in t el eport at ion prot oc ol s t h e ef f ic ienc y 
of  t el eport at ion d epend s on t h e am ou nt  of  ent ang l em ent  in t h e 
st at es u sed . L et   
 { }nρρ ,...,1=Σ .  ( 1 )  
 

b e a g iv en l ist  of  q u ant u m  st at es on a H il b ert  spac e 
 
 BA HHh ⊗= .  ( 2 )  
 

of  st at es of  c om posit e syst em s A and  B. T h e prob l em  is t o sort  t h e 
set  ∑  wit h  respec t  t o ent ang l em ent  am ou nt  c ont ained  in st at es ρi.  
 

M g r  i n ż .  M a r e k  S A W E R W A I N  
 
U k o ń c z y ł  s t u d i a  n a  W y d z i a l e  E l e k t r o t e c h n i k i ,  I n f o r m a -
t y k i  i  T e l e k o m u n i k a c ji  U n i w e r s y t e t u  Z i e l o n o g ó r s k i e g o .  
A k t u a l n i e  p r a c u je  ja k o  a s y s t e n t  w  I n s t y t u c i e  S t e r o w a n i a  
i  S y s t e m ó w  I n f o r m a t y c z n y c h .  Z a jm u je  s i ę  k w a n t o w y m i  
ję z y k a m i  p r o g r a m o w a n i a ,  o r a z  o p e r a c y jn ą  s e m a n t y k ą  
d l a  p r o c e s ó w  k w a n t o w y c h .  P r a c u je  r ó w n i e ż  n a d  
s y m u l a t o r e m  k w a n t o w e g o  m o d e l u  o b l i c z e n i o w e g o  d l a  
s y s t e m ó w  je d n o  o r a z  w i e l o -p r o c e s o r o w y c h  o r a z  w e r s ji  
s i e c i o w e j.  
 
 
e-m a i l :  M . S a w er w a i n @ i s s i . u z . z g o r a . p l   

 
 
D epend ing  on t h e not ion of  wh at  and  h ow t h e q u ant if ic at ion 
m easu re f or c al c u l at ing  ent ang l em ent   is d ef ined  l inear and  sem i-
l inear sort ing  al g orit h m s are b eing  f orm u l at ed ,  t h en ad opt ed  as  
a su it ab l e sort ing  rou t ine on a sof t ware b eing  u nd er int ensiv e 
d ev el opm ent s at  U niv ersit y of  Z iel ona G ó ra and  c al l ed  Q u ant u m  
C om pu t ing  S im u l at or [ 7 ,  8 ,  9 ] . T h e ad apt ed  rou t ines are t h en 
f inal l y int ensiv el y t est ed  wit h  t h e int ent ion of  c h ec k ing  t h e 
c om pu t at ional  c om pl ex it y of  t h e al g orit h m s int rod u c ed . 
 

2 .  S or t i ng  b as e d  on t h e  l i ne ar  or d e r  c au s e d  
b y  v on N e u mann e nt r op y  

 
I t  is l ong st and ing  prob l em  t o c onst ru c t  a c om pu t ab l e f u nc t ion 

on q u ant u m  st at es q u ant if ying  t h e am ou nt  of  ent ang l em ent  
c ont ained ,  separat ing  t h e separab l e st at es f rom   ent ang l ed  one and  
ob eying  som e ad d it ional  nat u ral  req u irem ent s,  m onot onic it y wit h  
respec t  t o L O C C  operat ions inc l u d ing  [ 1 0 ,  1 1 ,  1 2 ] . A l t h ou g h  som e 
f u nc t ions ob eying  al l  t h ese d em and s as ab ov e h av e b een present ed  
in t h e l it erat u re [ 1 0 ,  1 1 ,  1 2 ]  t h e real  prob l em  wit h  t h em  is t h at   
t h ey are h ard l y t o b e c al c u l ab l e in an ef f ic ient  way. 
T h eref ore inst ead  of  ent ang l em ent  q u ant if ying  f u nc t ions as 

ab ov e we wil l  b e sat isf ied  h im sel f  b y a f u nc t ions wh ic h  are 
m onot one u nd er L O C C  operat ions c al l ed  ent ang l em ent  m onot one 
f u nc t ions. I n t h e c ase of  pu re st at es t h ere ex ist s essent ial l y an 
u niq u e f u nc t ion of  t h is sort  ( m od u l o som e t ec h nic al  assu m pt ions 
[ 1 ,  and  ref . t h erein] )  and  is c onnec t ed  t o t h e v on N eu m ann ent ropy 
of  t h e c orrespond ing  red u c ed  d ensit y m at ric es ob t ained  b y part ial  
t rac ing  operat ions. 
 ∑−=

k
kkE λλρ log)( .  ( 3 )  

 
T h e al g orit h m  of  l inear sort ing  of  a g iv en set  of  ent ang l ed  st at es 

on BA HH ⊗  is d epic t ed  in F ig . 1 . 
 

3 .  S or t i ng  b as e d  on t h e  p ar t i al  or d e r  c au s e d  
b y  L O C C ’ s  

 
L et   
 )(, 2121 HHE ⊗∈ρρ .  ( 4 )  
 

b e t wo d ensit y m at ric es. T h e operat ional  d ef init ion of  c om paring  
t h e am ou nt  of  ent ang l em ent  c ont ained  in t h e st at es ρ1,  resp. ρ2 is 
t h e f ol l owing . T h e st at e ρ1 is m ore ent ang l ed  t h en t h e st at e ρ2 
( sym b ol ic al l y) :  
 21 ρρ

LOCC
f   ( 5 )  

 
if f  t h ere ex ist s a l oc al  operat ions c om pl em ent ed  b y c l assic al  
c om m u nic at ions and  su c h  t h at  af t er appl ying  t h em  t o t h e st at e ρ1 
we c an prod u c e t h e st at e ρ2. I n ot h er word s t h e l oc al  operat ions 
c om pl em ent ed  wit h  t h e inf orm at ion ex c h ang e in a c l assic al  
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channel can only decrease the amount of the existing 
entanglement.  O therw ise the q uantum states ρ1 and ρ2 are not 
comp arab le in the sense as ab ov e.  
 
 

LIN-E NT R O P Y -S o r t i n g  A l g o r i t h m  
In p u t :  
   a  s e t  Σ  o f  q u a nt u m  p u r e  s t a t e s  o n BA HH ⊗  

},...,{ 1 nψψ=Σ  
O u t p u t :  
   a  s e t  sortΣ  s o r t e d  w i t h  r e s p e c t  t o  t h e  a m o u nt  o f  e nt a ng l e m e nt  g i v e n 
b y  e q u a t i o n ( 3 )  

},...,{
1 nii

sort ψψ=Σ  
a nd  ( ) ( )AA

Nii
EE ψψ ρρ ≤≤ ...

1  
S t e p  1 :  
// compute the reduced density matrices by taking  partial traces 
f o r  i = 1 : N ,  

iiH
A

Ai
Tr ψψρ ψ =  

S t e p  2 :  
// compute the spectra of  the reduced density matrices 
f o r  i = 1 : N ,  

)(],[ A
ii i

mEigenSysteV ψρσ =  
S t e p  3 :  
// compute the v on N eumann’ s entropies 
f o r  i = 1 : N ,  

∑−==

k

i
k

i
k

A
i

EiEn λλρψ log)()(  
S t e p  4 :  
// sort by classical sort-alg orithm the set of  v alues f rom step 3  

C L AS S I C AL -S O R T :  )}(),...,1({ nEnEn  
S t e p  5 :  
// display the sorted list of  states 

},...,{
1 nii

sort ψψ=Σ . 
 
R y s .  1 .   P s e ud o k o d  a l g o r y t m u l i n i o w e g o  s o r t o w a n i a  s t a n ó w  k w a n t o w y c h  p r z y  

w y k o r z y s t a n i u e n t r o p i i  v o n  N e um a n n ’ a  
F i g .  1 .   P s e ud o -c o d e  f o r  l i n e a r  s o r t i n g  a l g o r i t h m  o f  q ua n t um  s t a t e s  us i n g  v o n  

N e um a n n ’ s  e n t r o p y  
 
I t is  eas y  to s ee th at th e relation  (5 )  def in es  a p artial order on  th e 

s p ac e of  q u an tu m  s tates  in  th e s en s e th at th is  relation  is  tran s itiv e 
an d irref lexiv e. 
I n  order to p roc eed f u rth er w e h av e to exp lain  w h at w e m ean  b y  

s ortin g  th e s p ac e eq u ip p ed w ith  p artial order in s tead of  th e w ell 
k n ow n  c as e of  lin ear order w h ic h  is  th e c las s ic al p rob lem  of   
in f orm atic s  an d  is  v ery  w ell k n ow n  exp lored top ic  [ 6 ] . 
L et P =  (X,<  )  b e f in ite p artially  ordered s p ac e (p os et) . A  c h ain  

C ⊆  P is  a s u b s et of  m u tu ally  c om p arab le elem en ts . Th e h eig h t of  
an  elem en t x is  th e m axim u m  c ardin ality  of  a c h ain  w h os e 
elem en ts  are all dom in ated b y  x. Th e s et of  elem en ts  of  h eig h t 0  is  
c alled th e s et of  m in im al elem en ts . A n  an ti-c h ain  A in  P is  a s u b s et 
of  m u tu ally  in c om p arab le elem en ts . Th e w idth   w(P )  of  p os et P is  
def in ed to b e th e m axim u m  c ardin ality  of  an  an ti-c h ain  of  P. 
A  dec om p os ition  CC of  a p os et P in to c h ain s  is  a f am ily  

CC = [ C1,C2,… ,Cp]  of  dis j oin t c h ain s  s u c h  th at th eir u n ion  is  eq u al 
to P. Th e s iz e of  a dec om p os ition  is  th e n u m b er of  c h ain s  in  it. A  
dec om p os ition  of  s iz e w(p)  is  c alled a m in im u m  c h ain  
dec om p os ition . D ilw orth ’ s  th eorem  g u aran tees  th e exis ten c e of  
c h ain  dec om p os ition  of  P of  s iz e w(P ) . 
Th e s ortin g  p rob lem  f or a g iv en  p os et P is  to c om p letely  

determ in e th e p artial order <  in  X. I n  th e ab s en c e of  a b ou n d on  
th e w idth  th e q u ery  c om p lexity  of  s u c h  s ortin g  p rob lem  is  exac tly  
 
 



= 2)( n

nT , (6 )  
 

w h ere n= c ard(P ) . I n  th e c as e of  s ortin g  p rob lem  f or a lin early  
ordered s et P w e h av e w = 1 . 
I n  th e p ap er [ 5 ]  tw o alg orith m s  f or s ortin g  p os ets  h av e b een  

des c rib ed, b oth  of  w h ic h  h av e q u ery  c om p lexity  O( w*n log  n/w ) . 
Th e total c om p lexity  of  s ortin g  p os ets  f irs t alg orith m  as  
f orm u lated in  [ 5 ]  dep en ds  on  th e s u b rou tin e f or c om p u tin g  a c h ain  
dec om p os ition  (th e c om p lexity  of  w h ic h  is  n ot an aly z ed in  [ 5 ] . 
Th e f irs t alg orith m  of  [ 5 ]  is  in  s om e s en s e th e g en eraliz ation  (of  

th e w ell k n ow n  in  th e lin ear c as e)  of  M erg eS ort c las s ic al 
alg orith m s  an d it is  th is  alg orith m s  w h ic h  w e adop t to ou r p rob lem  
at h an ds . A dap tation s  of  an  an oth er alg orith m s  are u n der 
p rep aration s  an d w ill b e p res en ted els ew h ere. 
Th e q u ery  orac le th at w ill b e u s ed in  ou r q u an tu m  alg orith m  is  

b as ed on  th e f ollow in g  th eorem  b y  N iels en  [ 1 , 2 ] . 
 
 
T h e o r e m  1  [ Ni e l s e n ]  
L et 111 ψψρ = ,  222 ψψρ =  be a pair of  pure states of  the same 
S chmidt rank k. T han the state 1ψ  is more entang led in L O C C  sense 
if f  f or any i= 1 : k 
 )2()2()1()1( 22

1
22

1 ii λλλλ KK +≤+  
w here { } )()(,),(1 ααλαλ Λ=kK  is the set of  the S chmidt’ s coef f icients 
of  the v ector 2,1, =αψ α  ordered in descending  order. I f  , say , the 
S chmidt rank of  1ψ  is big g er than this of  2ψ  then the state 1ψ  is 
more entang led then 2ψ . 

 
 
T h e  q u e r y  o r a c l e  u s e d  i n  t h e  f o l l o w i n g  i s :  
 
 

2N-Q u e r y  O r a c l e  A l g o r i t h m  
 
I n p u t :  t w o  v e c t o r  s t a t e s  o n  21 HHH ⊗= ,  },{ 21 ρρ=V  
O u t p u t :  comparablenonoror −)()( 1221 ρρρρ pp  
S t e p  1 :  f o r  i = 1 : 2  
 { r i ,  { })(,),(1 ii

ir
λλ K } = S c h m i d t D e c o m p ( V i) 

 s o r t  t h e  s e t  { })(,),(1 ii
ir
λλ K  i n  d e s c e n d i n g  o r d e r  

 
S t e p 2:  
i f  r 1 >  r 2 r e t u r n  )( 21 ρρ p  
i f  r 2 >  r 1 r e t u r n  )( 12 ρρ p  
 
S t e p 3 :  
i f  r 1 =  r 2 
 i f  



 ≤∑∑∀

===

)2()1(
1

2

1

2

:1 1

j

i
i

j

i
i

rj
λλ t h e n  r e t u r n  )( 21 ρρ p  

 i f  



 ≤∑∑∀

===

)1()2(
1

2

1

2

:1 1

j

i
i

j

i
i

rj
λλ  t h e n  r e t u r n  )( 12 ρρ p  

 r e t u r n  n o n -c o m p a r a b l e  
 
 
A s  t h e  f i na l  o u t p u t  o f  o u r  a l g o r i t h m w i l l  b e  p r e s e nt e d  i n t h e  

f o r m o f  C H A I NM E R G E  –l i k e  d a t a  s t r u c t u r e  w e  d e s c r i b e  t h i s  
p o i nt  no w .  
L e t  CC = [ C1,… ,CP }  b e  a  c h a i n d e c o mp o s i t i o n o f  a  p o s e t  

P = ( X,< ) .  C H A I NM E R G E  ( P,CC )  s t o r e s , f o r  e a c h  e l e me nt  x ∈  P, 
a  p i nd i c e s  a s  f o l l o w s :  L e t  Ci b e  t h e  c h a i n c o nt a i ni ng  t h e  e l e me nt  
x .  T h e  d a t a  s t r u c t u r e  s t o r e s  t h e  i nt e r na l  i nd e x  o f  x ∈  Ci , a nd , f o r  
a l l  ijpj ≠≤≤ ,1 , t h e  i nd e x  o f  t h e  l a r g e s t  e l e me nt  o f  t h e  c h a i n Cj 
t h a t  i s  d o mi na t e d  b y  x .  T h e  p e r f o r ma nc e  o f  t h i s  t y p e  o f  t h e  d a t a  
s t r u c t u r e  i s  v e r y  g o o d  a s  g i v e n C H A I NM E R G E ( P, CC )  d a t a , t h e  
r e l a t i o n <  i n P o f  a ny  p a i r  o f  e l e me nt s  c a n b e  f o u nd  i n c o ns t a nt  
t i me .  
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Now the corresponding algorithm runs as follows 
 
 

LOCC-V-M E R G E S OR T  A l g o r i t h m  
I n p u t :  [ ] niV i ,,1, K== ψ  
/ /  a  l i s t  o f  v e c t o r  s t a t e s  o n  t h e  s p a c e  BA HHH ⊗=  
Ou t p u t  ( 1 ) :  
T h e  p a r t i t i o n i n g  o f  V: 
V = [ V1, … , Vp] w h e r e   
V ( i)  ∈V ,  S c h m i d t R a n k ( Vi) =  r i =  c o n s t ; r 1< r 2 < … < r p,  a n d  U iV( i )= V 
/ /  p a r t i t i o n i n g  w i t h  r e s p e c t  t o  i n c r e a s i n g  S c h m i d t ’ s  r a n k  
Ou t p u t ( 2 ) :  
f o r  i = 1 :r  
 C h a i n M e r g e ( Vi) 
/ /  d a t a  
 
S t e p  1 :  
 f o r  i = 1 :N  
  S ( i )= S c h m i d t D e c o m p o s i t i o n ( V( i )) 
/ /  S ( i )= [ r ( i ),  ( ))(,),(1 ii

ir
λλ K ] 

/ /  S c h m i d t  d e c o m p o s i t i o n  d a t a ,  i n  p a r t i c ul a r  r ( i )= S c h m i d t R a n k  o f  iψ  
S t e p  2 :  
 r * = m a x ( r ( 1 ),  … , r ( N )) 
 f o r  α  = 1 :r *  
  V( α )= [  ] 
  f o r  i = 1 :N  
   i f  r ( i )= α  t h e n  V( α )= [ V( α ),  αψ ] 
  e n d  f o r  
S t e p  3 :  
 f o r  α  = 1 :r *  d o  S t e p s  4  – 8  
 S t e p  4 :  
 C h o i c e  r a n d o m l y  )(

.
αψ V∈  a n d   

  { }),(
.
ψα

=R ; 
  { }== )2(;')1( αα RPR  
  U ( α )= V( α )\{

.
ψ } 

 S t e p  5 :  w h i l e  U ( α )≠ Ø  d o  
  S t e p  5 . 1 :  c h o i c e  )(αψ Ui ∈  
  S t e p  5 . 2 :  U ( α )= U ( α )\{ ψ } 
  S t e p  5 . 3 :  c o n s t r uc t  a  c h a i n  d e c o m p o s i t i o n  
C ( α )= { ααα

qCCC ...,, 21 , } o f  αR  
 S t e p  6 :  f o r  i = 1 :q  
  S t e p  6 . 1 :  D o  b i n a r y  s e a r c h  o n  αiC  us i n g  2 n -
q ue r y -o r a c l e  t o  f i n d  s m a l l e s t  e l e m e n t  ( i f  a n y ) t h a t  d o m i n a t e s  iψ  
  S t e p  6 . 2 :  D o  b i n a r y  s e a r c h  o n  αiC  us i n g  2 n -
q ue r y -o r a c l e  t o  f i n d  l a r g e s t  e l e m e n t  ( i f  a n y ) t h a t  i s  d o m i n a t e d  b y  iψ  
 S t e p  7 :  I n f e r  a l l  r e s ul t s  αR  o f  6 . 1  a n d  6 . 2  i n t o  αR : 
  

ααα

αα ψ

RRR

RR

∪=

∪=

)2()2(
)1()1(  

 S t e p  8 :  
  S t e p  8 . 1 :  F i n d  a  c h a i n  d e c o m p o s i t i o n  αC  o f  αR  
  S t e p  8 . 2 :  C o n s t r uc t  C h a i n M e r g e ( αR ,  αC ) d a t a .  
S t e p  9 :  
 r e t ur n : 
  V = [ V1, V2 , … , Vr] 
  C h a i n M e r g e ( V)= [ C h a i n M e r g e ( Vi), i = 1 :r ] 
S T O P.  
 
 
I n g ener al  c as e of  m ixed  s tates  th e ef f ec tiv el y  c om pu tab l e 

f u nc tion c h ec king  w h eth er  f or  a g iv en pair  },{ 21 ρρ th e r el ation 
21 ρρ p  h ol d s  s eem s  b e not av ail ab l e at pr es ent [ 1 1 , 1 2 ] .  I t is  l ong  

s tand ing  pr ob l em  to c ons tr u c t a c om pu tab l e f u nc tion on s tates  
q u antif y ing  th e am ou nt of  entang l em ent c ontained , s epar ating  th e 
s epar ab l e s tates  f r om  entang l ed  one and  ob ey ing  s om e ad d itional  
natu r al  r eq u ir em ents , m onotonic ity  w ith  r es pec t to L O C C  
oper ations  inc l u d ing  [ 1 0 , 1 1 , 1 2 ] .  A l th ou g h  s om e f u nc tions  
ob ey ing  al l  th es e d em and s  as  ab ov e h av e b een pr es ented  in th e 

l iter atu r e [ 1 , 1 0 ]  th e r eal  pr ob l em  w ith  th em  is  th at th ey  ar e h ar d l y  
to b e c al c u l ab l e in an ef f ic ient w ay .  
 
 

  
R y s .  2 .   O g ó l n a i d e a s or t ow an i a s t an ó w  k w an t ow y c h ,  op ar t y c h  o p or z ą d e k  

l e k s y k og r af i c z n y  w y k or z y s t uj ą c a d e k om p oz y c j ę  S c h m i d t a.  W y n i k i e m   
j e s t  s t r uk t ur a od w z or ow uj ą c a c z ę ś c i ow y  p or z ą d e k ,  g d z i e  w  z b i or z e   
s t an ó w  o t y m  s am y m  r z ę d z i e  S c h m i d t a m og ą  w y s t ą p i ć  c i ą g i  l i n i ow e  
e l e m e n t ó w ,  k t ó r e  s ą  n i e p or ó w n y w al n e  

F i g .  2 .   G e n e r al  i d e a of  s or t i n g  q uan t um  s t at e s  w h e r e  t h e  l e x i c og r ap h i c  or d e r   
i s  us e d .  I n  r e s ul t  t h e  ob t ai n e d  s t r uc t ur e  r e p r e s e n t s  t h e  p ar t i al  or d e r  w h e r e   
i n  t h e  s e t s  of  q uan t um  s t at e s  w i t h  t h e  s am e  S c h m i d t  r an k  m ay  c on t ai n   
a l i n e ar  c h ai n s  w h i c h  ar e  n on -c om p ar ab l e  

 
 

4. R e s u l t  o f  s o r t i n g  q u b i t s  a n d  q u d i t s   
s y s t e m s  

 
L et’ s  c ons id er  f am il y  of  th e g ener al  B el l  entang l ed  s tates  f or  

q u d its .  I n c as e of  q u b it ( q u d it w ith  f r eed om  l ev el  eq u al  to tw o)  
th es e s tates  h av e f ol l ow ing  f or m  
 
 11000 baB +=  and  10011 baB +=   ( 7 )  
 

in b oth  c as es  of  c ou r s e 
 122

=+ ba   ( 8 )  
 
I f  th e nu m b er  a and  b  ar e th e s am e w e c al l ed  s u c h  s tates  th e 

m axim al l y  entang l ed  B el l  s tates .  G ener al iz ed  m axim al l y  
entang l ed  d-l ev el  B el l  s tates  f or  tw o q u d its  c an b e expr es s ed  b y  
th e f ol l ow ing  eq u ation 
 
 dqjjed

d

j

dijpd
pq mod)(1 1

0

/2 += ∑−
=

πψ ,  ( 9 )  
 

w h er e s m al l  l etter  “ i ”  r epr es ents  th e im ag inar y  u nit.  I t is  pos s ib l e 
to expr es s  eq u ation ( 9 )  in ter m s  of  q u d it g ates  
 
 00))(()( d

p
dddd

q
dd

d
pq CNOTIZIHXI ⊗⊗⊗=ψ   ( 1 0 )  

 
w h er e s y m b ol  “ I ”  r epr es ents  th e id entif y  m atr ix f or  q u d its  w ith  d -
l ev el , and  H r epr es ents  th e H ad am ar d  g ate and  Z, X ar e 
g ener al iz ed  P au l i’ s  oper ator s .  
A  s im pl e f u nc tion w r itten in P y th on w h ic h  u s es  th e Q C S  

m od u l e to g ener ate entang l ed  s tates  is  d epic ted  in th e F ig .  3 .  W e 
u s e th is  f u nc tion to m ake entang l ed  s tates  f or  ear l ier  c r eated   
a q u antu m  r eg is ter .  
H ow ev er  th es e s tates  h av e al w ay s  th e s am e am ou nt of  

entang l em ent.  T h er ef or e f u nc tion f r om  F ig .  3  m u s t b e eq u ipped  
w ith  s om e ad d itional  u nitar y  g ate to m od if y  of  entang l em ent 
am ou nt.  I n q u b it c as es  th e ad d itional  r otation g ate af ter  H ad am ar d  
g ate c an b e u s ed .  I n g ener al  any  r and om  u nitar y  g ate m ay  b e u s ed  
to g ener ate B el l  s tates  w ith  u nif or m  d is tr ib u tion of  am ou nt of  
entang l em ent.  
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d e f  m a k e _ p si ( _ r , p , q ) :  
 _ r . R e se t ( )  
 f o r  i  i n  r a n g e ( 0 , q ) :  
  _ r . No t N( 1)  
 _ r . H a d N( 0 )  
 f o r  i  i n  r a n g e ( 0 , p ) :  
  _ r . Pa ul i Z ( 0 )   
 _ r . C No t ( 0 , 1)  

 
R y s.  3 .   F u n k c j a  t w o r z ą c a  d o w o l n y  sp l ą t a n y  st a n  B e l l a  d l a  d a n e g o  r e j e st r u  
F i g .  3 .   T h e  f u n c t i o n  w r i t t e n  i n  P y t h o n  p r e p a r i n g  t h e  e n t a n g l e d  B e l l  st a t e s  

f o r  g i v e n  r e g i st e r  
 
U s in g  f un c tio n  f r o m F ig .  3  an d  c o mp utatio n al  p r o c e d ur e  to  

c al c ul ate  o f  v o n  N e uman n  e n tr o p y  it is  p o s s ib l e  to  mak e  a s imp l e  
b e n c h mar k .  A d d itio n al l y ,  to  o b tain  c o mp ar ab l e  r e s ul t w e  mak e  
s imp l e  te s t as  a s c r ip t in  P y th o n  l an g uag e  f o r  q uan tum r e g is te r  
b uil t o n l y  f r o m q ub its .  T h e  te s t c o n tain s  th e  f o l l o w in g  
c o mp utatio n  s te p s :  f ir s t w e  g e n e r ate  n  q uan tum r e g is te r s ,  f o r  e v e r y  
r e g is te r  th e  v o n  N e uman n  e n tr o p y  is  c al c ul ate d ,  an d  af te r  th e s e  
s te p s  w e  s o r t th e  o b tain e d  l is t us in g  th e  c l as s ic al  me th o d  c al l e d  
s o r tin g  b y  s e l e c tio n .  I n  F ig .  4  p r e s e n ts  th e  time  o f  w o r k  o f  th is  
s imp l e  te s t.  
A s  w e  s e e  w h e n  w e  d o ub l e  th e  n umb e r  o f  r e g is te r s  to  s o r t w e  

d o ub l e  th e  time ,  b e c aus e  o f  th e  us e  o n l y  th e  s e l e c tio n  s o r t w h ic h  
h as  th e o r e tic al  c o mp l e x ity  e q ual  to  O(n2) .  
 
 
Num b e r  o f  r e g i st e r s 

L i n e a r  so r t i n g  o f  q ua n t um  st a t e s  
usi n g  v o n  Ne um a n n ’ s E n t r o p y   
( r e sul t s i n  se c s)  

10  0 . 0 0 0 8 76 2  
10 0  0 . 0 0 4 8 3 0 4  
10 0 0  0 . 14 0 73 9 0  
2 0 0 0  0 . 4 9 0 73 5 6  
4 0 0 0  1. 8 0 5 3 6 8 6  
10 0 0 0  10 . 6 4 3 8 3 3  

 
R y s.  4 .   C z a s p r a c y  t e st u  so r t u j ą c e g o  l o so w o  w y g e n e r o w a n e  r e j e st r y  k w a n t o w e   

o  r ó ż n y m  p o z i o m i e  sp l ą t a n i a  w  se n si e  e n t r o p i i  v o n  N e u m a n n ’ a  
F i g .  4 .   T h e  t i m e  o f  so r t i n g  t e st  w h i c h  u se s t h e  r a n d o m l y  g e n e r a t e d  q u a n t u m  

r e g i st e r s w i t h  a  d i f f e r e n t  a m o u n t  o f  e n t a n g l e m e n t  i n  se n se  o f  v o n  
N e u m a n n ’ s e n t r o p y  

 
 5. C o n c l u s i o n s  
 
I t is  c l e ar  th at s til l  s o me  v e r y  imp o r tan t q ue s tio n s  h av e  to  b e  

an s w e r e d ,  th e  q ue s tio n  o f  h o w  to  f o r mul ate  an  e f f e c tiv e l y  
c al c ul ab l e  q ue r y  O r ac l e  f o r  c o mp ar in g  th e  amo un t o f  

e n tan g l e me n t in  th e  c as e  o f  mix e d  s tate s  s e e ms  to  b e  o n e  o f  th e  
mo s t imp o r tan t amo n g  th e m.  T h e  f o r mul ate d  in  th e  l ite r atur e  
p r o c e d ur e s  l ik e  e n tan g l e me n t d is til l atio n  p r o to c o l  an d  s imil ar  o n e  
ar e  h ar d l y  to  b e  us e d  as  an  e f f e c tiv e l y  c o mp utab l e  to o l  f o r  th is  
p ur p o s e s .  
A s  in  th e  c l as s ic al  c as e  th e r e  d o  e x is t s e v e r al  d if f e r e n t v e r s io n s  

o f  q uan tum s tate s  s o r tin g  p r o c e s s .  T h e  me n tio n e d  al g o r ith ms  
s o r tin g  th e  s p ac e  o f  q uan tum s tate s  to g e th e r  w ith  th e ir s  
c o mp utatio n al  c o mp l e x ity  an al y s is  w il l  b e  p r e s e n te d  in  o ur  
f o r th c o min g  p ub l ic atio n s .  
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