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A b s t r a c t  
 

A f i n i t e  e l e m e n t  m o d e l  o f  c o m p l e x  s t r u c t u r e s  i s  f o r m u l a t e d  i n  t h e  p a p e r . 
E q u a t i o n s  o f  m o t i o n  a r e  p r e s e n t e d . T h e  m a t e r i a l  a n d  g e o m e t r i c a l  i n p u t  
d a t a  o f  a  s u s p e n d e d  b r i d g e ,  m o d e l e d  a s  a  c a b l e -b e a m -s h e l l  s y s t e m ,  i s  
d e s c r i b e d  a n d  t h e  i m p a c t -t y p e  l o a d i n g  i s  a s s u m e d . S t r u c t u r a l  a n d  
c o m p u t a t i o n a l  a s p e c t s  o f  t h e  s y s t e m  a t  h a n d  a r e  d i s c u s s e d  i n  d e t a i l  v i a  
i l l u s t r a t i n g  n u m e r i c a l  r e s u l t s . 
 
K e y w o r d s :  C o m p l e x  s t r u c t u r e ,  d y n a m i c s ,  R a y l e i g h ’ s  d a m p i n g ,  f i n i t e  
e l e m e n t . 
 
A nal i z a k om p ut e row a s t at y k i  i  d y nam i k i  
k ons t ruk c j i  z ł oż ony c h  m e t od ą   
e l e m e nt ó w  s k oń c z ony c h  

 
S t r e s z c z e n i e  

 
W  p r a c y  s f o r m u ł o w a n o  m o d e l  e l e m e n t ó w  s k o ń c z o n y c h  d l a  k o n s t r u k c j i  
z ł o ż o n y c h . Z a p r e z e n t o w a n o  u k ł a d  r ó w n a ń  r u c h u . O p i s a n o  m a t e r i a ł o w e   
i  g e o m e t r y c z n e  d a n e  w e j ś c i o w e  d o t y c z ą c e  p r z y k ł a d o w e g o  m o s t u  
p o d w i e s z o n e g o ,  z a m o d e l o w a n e g o  j a k o  u k ł a d  k a b l o w o –b e l k o w o –
p o w ł o k o w y . Pr z y j ę t o  o b c i ą ż e n i e  d y n a m i c z n e  t y p u  n a g ł e g o  u d e r z e n i a . 
As p e k t y  k o n s t r u k c y j n e  o r a z  k o m p u t e r o w e  r o z p a t r y w a n e g o  u k ł a d u  
p r z e d y s k u t o w a n o  s z c z e g ó ł o w o  p r z e z  i l u s t r u j ą c e  w y n i k i  l i c z b o w e . 
 
S ł o w a  k l u c z o w e :  Ko n s t r u k c j a  z ł o ż o n a ,  d y n a m i k a ,  t ł u m i e n i e  R a y l e i g h a ,  
e l e m e n t  s k o ń c z o n y . 
 
1 .  Int rod uc t i on 
 
C i v i l  e n g i n e e r i n g  i s  p r e s e n t l y  o n e  o f  t h e  f a s t e s t  d e v e l o p i n g  

a r e a s  w i t h  r e s p e c t  t o  m o d e r n  f o r m s  b e i n g  c r e a t e d  a s  w e l l  a s  
m a t e r i a l s . A n  a s p i r a t i o n  f o r  o b t a i n i n g  s l e n d e r e r  a n d  m o r e  a m a z i n g  
s h a p e s  c r o s s i n g  t h e  b a r r i e r s  o f  t h e  h e i g h t  a n d  s p a n  o f  s t r u c t u r a l  
m e m b e r s  i s  o b s e r v e d  i n  a r c h i t e c t u r e  f o r  s o m e  t i m e  n o w a d a y s . 
B r i d g e s  a r e  t h e  f r o n t i e r  i n  t h i s  m a t t e r , e s p e c i a l l y  s u s p e n d e d  o n e s . 
T h e  v i e w  o f  t h i n n e r  a n d  m o r e  p r o n e  f o r  d i s p l a c e m e n t s  p l a t e s  
s u s p e n d e d  o n  a  s e t  o f  l i n e s  d e l i g h t s  a n d  a t  t h e  s a m e  t i m e  a r o u s e s  
a n x i e t y  f o r  s a f e t y . H o w e v e r  d e s p i t e  t h e  w e a k  l o o k s , t h e y  s a t i s f y  
s t r i c t  r u l e s , c o n c e r n i n g  d e s i g n i n g  a s  w e l l  a s  t h e  m a t e r i a l s  u s e d , 
t h a t  g u a r a n t e e  s o l i d  b u i l t .  
O n e  o f  t h o s e  s t r u c t u r e s  t h a t  c a n  b e  d e s i g n e d  i n  P o l a n d  i n  t h e  

f u t u r e  m a y  t u r n  o u t  t o  b e  s i m i l a r  t o  t h e  S e r i  W a w a s a n  B r i d g e  i n  
P u t r a j a y a , M a l a y s i a , w i t h  t h e  s p a n  o f  2 4 0  m , s u s p e n d e d  o n  s t e e l  
c a b l e s , t h e  l o o k s  r e s e m b l i n g  a  s a i l i n g  b o a t . T h e  v i e w  o f  8 5 -m e t e r  
p y l o n  s u p p o r t e d  b y  m o n u m e n t a l  a r c h e s  d e l i g h t s  a n d  m o v e s . T h e  
o b j e c t  b e c a m e  i n s p i r a t i o n  f o r  t h i s  w o r k , e s p e c i a l l y  t h e  w a y  t h e  
f i n i t e  e l e m e n t  m e t h o d  ( F E M )  c a n  b e  u s e d  t o  c o m p u t e  s t a t e -o f -t h e -
a r t  a r c h i t e c t u r a l  f o r m s . 
I t  i s  k n o w n  t h a t  F E M  i s  t h e  m o s t  e f f e c t i v e  w a y  o f  c a l c u l a t i o n  

c o n s t i t u t i n g  t h e  b a s i s  o f  m a j o r i t y  o f  m o d e r n  c o m p u t e r  c o d e s  u s e d  
f o r  s t r u c t u r e s . T h e  a i m  o f  t h e  t e x t  i s  c r e a t i n g  a n  a  F E M  m o d e l  o f  

P r o f .  d r  h a b .  i n ż .  T r a n  D u o n g  H I E N  
 
S p e c j a l n o ś ć  - m a t e m a t y k a  s t o s o w a n a ,  m e c h a n i k a  
k o m p u t e r o w a ,  i n f o r m a t y k a .  O d  1 9 7 8  d o  1 9 9 5  - 
p r a c o w n i k  I n s t y t u t u  P o d s t a w o w y c h  P r o b l e m ó w  
T e c h n i k i  P o l s k i e j  A k a d e m i i  N a u k ;  1 9 9 0  - h a b i l i t a c j a   
w  I P P T  P A N .  O d  1 9 9 5  - P r o f e s o r  P o l i t e c h n i k i  
S z c z e c i ń s k i e j .  A u t o r  i  w s p ó ł a u t o r  5  k s i ą ż e k ,  w ś r ó d  
k t ó r y c h  2  w y d a n e  p r z e z  W i l e y ' a ,  o k . 1 5 0  p r a c  
o p u b l i k o w a n y c h  w  k r a j u  i  z a g r a n i c ą ,  m . i n . w  I n t . J .  
N u m e r .  M e t h .  E n g ,  I n t . J .  C o m p u t .  M e t h .  A p p l .  M e c h .  
E n g ,  I n t . J .  C o m p u t .  S t r u c t . ,  I n t . J .  E n g .  C o m p u t .  
 
e-m a i l :  t d h i en @ p s . p l   

 
 
t h e  o b j e c t  m e n t i o n e d  a b o v e  a n d  i t s  s t a t i c  a n d  d y n a m i c  a n a l y s i s . I t  
c a n  b e  t r e a t e d  t h u s  a n  a t t e m p t  t o  ‘ r e d e s i g n ’  s u c h  a  b r i d g e  
a c c o r d i n g  t o  r e c e n t  s t r u c t u r a l  c o d e s  u s e d  i n  P o l a n d . 
I n  t h e  a g e  o f  m o d e r n , u n s t a b l e  t i m e s , s o m e  t e r r o r i s t i c  t h r e a t  i s  

n o t  b y  a l l  m e a n s  u n r e a l . T h e r e f o r e , i n  t h i s  w o r k  w e  d e f i n e d   
a  d y n a m i c  l o a d  a s  a  d i r e c t  h i t  w i t h  a  s i g n i f i c a n t  i n t e n s i t y , i m i t a t i n g  
a n  a t t e m p t  t o  d e s t r o y  t h e  s t r u c t u r e . M a k i n g  t h e  a n a l y s i s  w e  f o u n d  
t h e  m o s t  s t r a i n e d  e l e m e n t s  a n d  p r e s e n t  t h e i r  v i b r a t i o n  c a u s e d  b y  
t h e  g i v e n  i m p u l s e . 
 

2 .  Eq uat i ons  of  m ot i ons  i n t h e  F EM  c ont e x t  
 
T h e  s y s t e m  i s  f i r s t  d i s c r e t i z e d  b y  a  m e s h  o f  f i n i t e  e l e m e n t s . 

N o d a l  d i s p l a c e m e n t s  a r e  d e t e r m i n e d  a n d  i n t e r n a l  f o r c e s  a r e  t h e n  
c a l c u l a t e d . L e t  u s  a s s u m e  ū ={u1, u2, u3} b e  t h e  d i s p l a c e m e n t  v e c t o r  
a t  a n y  p o i n t  i n s i d e  a  f i n i t e  e l e m e n t  w h i l e  ū *  =  { u1*, u2*, u3*, . . . , uk*} 
t h e  v e c t o r  o f  n o d a l  d i s p l a c e m e n t s , d e s c r i b e d  i n  t h e  e l e m e n t ' s  l o c a l  
c o o r d i n a t e  s y s t e m  a s , c f . [ 1 ]  
 

)(*)(~)( tuxHxu = ,                 ( 1 )  
 
w h e r e  )(~ xH  i s  t h e  s h a p e  f u n c t i o n  m a t r i x . F o r  t h e  t h r e e -d i m e n s i o n a l  ( 3 D )  b e a m  e l e m e n t  w e  h a v e  ū = { u, v , φ } a n d  ū * = {  ui, v i, φ i,  uj, v j, φ j}. 
T h e  s t r a i n  v e c t o r  c a n  b e  e x p r e s s e d  a s  
 

)(*)(~)( tuxBx =ε ,         ( 2 )  
 
w h e r e   

xd
xHdxB )(~)(~ = .                ( 3 )  

 
U s i n g  t h e  g e n e r a l i z e d  H o o k e ' s  l a w  t h e  s t r e s s  v e c t o r  c a n  b e  w r i t t e n  
i n  t e r m s  o f  t h e  s t r a i n  v e c t o r  v i a  t h e  c o n s t i t u t i v e  r e l a t i o n s h i p  i n  t h e  
f o r m  

 *~~~ uBCC == εσ                ( 4 )  
 
C~  b e i n g  t h e  c o n s t i t u t i v e  m a t r i x  w h i c h  r e g u l a t e s  d e p e n d e n c e  
b e t w e e n  s t r e s s  a n d  s t r a i n . 
W e  t r a n s f o r m  )(xu  i n t o  t h e  g l o b a l  c o o r d i n a t e  s y s t e m  b y  

 
  qTu ~

= ,             ( 5 )  
 
w h e r e  T~  i s  t h e  t r a n s f o r m a t i o n  m a t r i x , i n c l u d i n g  d i r e c t i o n a l  c o s i n e  
e n t r i e s  a n d  q  i s  t h e  n o d a l  d i s p l a c e m e n t  v e c t o r  i n  t h e  g l o b a l  
c o o r d i n a t e  s y s t e m .  
I n  o r d e r  t o  f o r m u l a t e  e q u a t i o n s  o f  m o t i o n  w e  u s e  t h e  e x p r e s s i o n  

f o r  t o t a l  e n e r g y  o f  a  s y s t e m . W e  a p p l y  t h e  L a g r a n g e ' s  e q u a t i o n  o f  
t h e  s e c o n d  t y p e  i n  t h e  f o r m , c f . [ 2 ]  
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
∂
∂−∂

∂
q
L

dt
d

q
L

&
     ( 6 )  

 
w h e r e  L =  Ek - Ep +  W i s  t o t a l  e n e r g y  o f  t h e  s y s t e m , w i t h  Ek a n d  Ep 
b e i n g  k i n e t i c  a n d  p o t e n t i a l  e n e r g y , r e s p e c t i v e l y , a n d  W e x t e r n a l  
f o r c e  w o r k . 
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V

T
p ∫ == εσ             ( 7 )  

 
T h e  s y m b o l  LK

~  d e n o t e s  t h e  s t i f f n e s s  m a t r i x  o f  t h e  c o n s i d e r e d  
e l e m e n t  i n  t h e  l o c a l  c o o r d i n a t e  s y s t e m . W e  h a v e  t o  t r a n s p o s e  i t  t o  
t h e  g l o b a l  c o o r d i n a t e  s y s t e m  t o  g e t  
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1 qKqE e

T
p =               ( 8 )  

 
T h e  g l o b a l  s t i f f n e s s  m a t r i x  o f  t h e  e l e m e n t  c a n  n o w  b e  e x p r e s s e d  
a s  

 .
~~~~ TKTK L

T
e =

            ( 9 )  
 
T h e  s y s t e m  g l o b a l  s t i f f n e s s  m a t r i x  o f  t h e  w h o l e  s t r u c t u r e  y i e l d s  
 

.
~~ ∑= eG KK              ( 1 0 )  

 
C l e a r l y , a f t e r  i m p o s i n g  b o u n d a r y  c o n d i t i o n s  m a t r i x  GK

~  i s  
s y m m e t r i c  a n d  p o s i t i v e  d e f i n i t e . I t s  d i m e n s i o n  i s  e q u a l  t o  t h e  
n u m b e r  o f  s y s t e m  d e g r e e s  o f  f r e e d o m  ( D O F ) , d e n o t e  b y  N , b e i n g  
n u m b e r  o f  c o m p o n e n t s  e n t e r i n g  t h e  v e c t o r  Gq  . 
F u r t h e r , k i n e t i c  e n e r g y  r e a d s  
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TT
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&&&& == ∫ ρ            ( 1 1 )  
 
w h e r e  ρ i s  t h e  m a s s  d e n s i t y  a n d  LM

~
 i s  t h e  m a s s  m a t r i x  i n  t h e  

l o c a l  c o o r d i n a t e  s y s t e m , e x p r e s s e d  b y  t h e  e q u a t i o n  
 

 .
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V

T
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T h a t  i m p l i e s  k i n e t i c  e n e r g y  i n  t h e  g l o b a l  c o o r d i n a t e s  
 

 qMqE e
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w h e r e  

        TMTM L
T

e
~~~~

= .       ( 1 4 )  
 
A s s u m i n g  t h a t  F  i s  t h e  v e c t o r  o f  e x t e r n a l  f o r c e s  a c t i n g  a t  t h e  
n o d a l  p o i n t s  w e  w r i t e  e x t e r n a l  w o r k  i n  t h e  f o r m  
 

,* L
V

TT QudVFuW ∫ ==        ( 1 5 )  
 
w h e r e  LQ  i s  t h e  n o d a l  l o a d i n g  v e c t o r  i n  t h e  l o c a l  c o o r d i n a t e  
s y s t e m , i .e . 
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V

T
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R e w r i t i n g  e x t e r n a l  f o r c e  w o r k  i n t o  g l o b a l  c o o r d i n a t e  s y s t e m  w e  
h a v e  

    
e

TQqW = ,            ( 1 7 )  
 
w h e r e   

   .
~~
L

T
e QTQ =             ( 1 8 )  

T o t a l  e n e r g y  i n  t h e  m a t r i x  f o r m  c a n  b e  e x p r e s s  a s  
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T a k i n g  a d v a n t a g e  o f  t h e  L a g r a n g e ' s  e q u a t i o n  o f  t h e  s e c o n d  t y p e  
w e  n o t e  t h a t  

.0*~*~
=−+− uMQuK LLL

&&          ( 2 0 )  
 
R e w r i t i n g  e n e r g y  t o  t h e  g l o b a l  c o o r d i n a t e  s y s t e m  w e  g e t  e q u a t i o n s  
o f  m o t i o n  i n  t h e  F E M  c o n t e x t  a s  
 

 .
~~

eee QqKqM =+&&          ( 2 1 )  
 
W h e n  d a m p i n g  e f f e c t s  a r e  t a k e n  i n t o  a c c o u n t  w e  h a v e  
 

).(~~~ tQqKqCqM =++ &&&         ( 2 2 )  
 
I n  m a n y  c a s e s  i t  i s  c o n v e n i e n t  t o  c o n s i d e r  t h e  d a m p i n g  t e r m s  a s   
a  l i n e a r  c o m b i n a t i o n  o f  t h e  m a s s  a n d  s t i f f n e s s  t e r m s , s o  t h a t  t h e  
R a y l e i g h ' s  d a m p i n g  m a t r i x  c a n  b e  a s s u m e d  a s  
 

,
~~~ KMC βα +=             ( 2 3 )  

 
w h e r e  α a n d  β  a r e  t h e  c o e f f i c i e n t s , o b t a i n e d  i n  a n  e x p e r i m e n t a l  
w a y .  
I f  t h e  i n e r t i a l  a n d  d a m p i n g  e f f e c t s  a r e  n e g l e c t e d , t h e  f i r s t  t w o  

t e r m s  o n  t h e  l e f t -h a n d  s i d e  o f  E q . ( 2 2 )  v a n i s h , l e a d i n g  t o  
 

 ,
~

GGG QqK =           ( 2 4 )  
 
w h e r e  

GQ  n o w  b e c o m e s  t i m e -i n d e p e n d e n t . T h i s  w a y  w e  o b t a i n  
t h e  s e t  o f  s t a t i c  e q u i l i b r i u m  e q u a t i o n s  i n  m a t r i x  r e c o r d i n g . 
R e c a l l i n g  E q . ( 2 3 )  i t  i s  p o i n t e d  o u t  h e r e  t h a t  i n  t h e  f r a m e w o r k  

o f  t h e  s u p e r p o s i t i o n  m e t h o d  [ 3 ]  t h e  m o d a l  d a m p i n g  c o e f f i c i e n t s  
c a n  c o n v e n i e n t l y  b e  c o m p u t e d . T o  t h i s  e n d  w e  f i r s t  n o t e  t h a t  t h e  
c o u p l e d  e q u a t i o n s  o f  m o t i o n  ( 2 2 )  c a n  b e  t r a n s f o r m e d  i n t o  t h e  b a s e  
o f  t h e  n o r m a l  ( m o d a l )  c o o r d i n a t e s  

,ny , n =  1 , 2 , … , N ,  a s  
 

yq Φ= ~ ,                                       ( 2 5 )  
 
w h e r e  },...,,{ 21 Nyyyy = , [ ]NΦΦΦ=Φ ,...,,

~
21

 i s  t h e  e i g e n v e c t o r  
m a t r i x , s o l v e d  f o r  b y  t h e  g e n e r a l i z e d  e i g e n p r o b l e m , c f . [ 3 ]  
 

    ( ) 0~~~~ =ΦΩ− MK ,     ( 2 6 )  
 

w i t h  Ω~  b e i n g  a  d i a g o n a l  m a t r i x , w h o s e  e n t r i e s  a r e  t h e  s y s t e m  
n a t u r a l  f r e q u e n c i e s  s q u a r e d , ].,...,,[~ 22

2
2
1 Nωωω=Ω  T a k i n g  o n  

a c c o u n t  t h e  m a s s  o r t h o n o r m a l i t y  a n d  s t i f f n e s s  o r t h o g o n a l i t y , 
e x p r e s s e d  r e s p e c t i v e l y  a s  
 

                      Ι=ΦΦ ~~~ MT ,  Ω=ΦΦ ~~~~ KT ,              ( 2 7 )  
 
w e  a r r i v e  a t  t h e  u n c o u p l e d  s y s t e m  o f  t h e  f o r m  
 

 ,2 2 Qyyy T
nnnnnnn Φ=++ ωωλ &&&  n =  1 , 2 , … , N .       ( 2 8 )  

 
T h e  n-t h  m o d a l  d a m p i n g  f a c t o r  

nλ  i s  d e t e r m i n e d  f r o m , c f . E q . 
( 2 3 )  

  2~

nn
T
nn CC βωα +=ΦΦ=                      ( 2 9 )  

 
a n d , b y  a s s u m p t i o n , f r o m  
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nnnC ωλ2= ,                   ( 3 0 )  

 
i m p l y i n g  





 += n

n

n βωω
αλ

2
1 ,   ( 3 1 )  

 
o r , g e n e r a l l y  

.
2
1 


 += βωω
αλ    ( 3 2 )  

 
C l e a r l y , i f  

ω

α
ω = ,                                       ( 3 3 )  

 
t h e n  λ  t e n d s t o  m i n i m u m .  T h i s i m p l i e s 
 

     λωα = ,  ω
λβ =       ( 3 4 )  

 
a n d   





 +=

n

n
n T

T
T
T

2
λλ .                  ( 3 5 )  

 
W i t h  

    
ω

π2
=T ,  .π2

n
nT

ω
=          ( 3 6 )  

 
T h e  d a m p i n g  f a c t o r  λ  w i l l  b e  o n  i n p u t  a p p l i e d  i n  n u m e r i c a l  
a n a l y si s b e l o w , i n  S e c t i o n  4 .  
 

3. S t r u c t u r e  d e s c r i p t i o n  – F E M  m o d e l  
 
T h e  F E M  m o d e l  i s i n sp i r i t e d  b y  t h e  m o st  c h a r a c t e r i st i c  b r i d g e  

i n  M a l a y si a , i n  o u r  o p i n i o n .  I t  i s a sy m m e t r i c  c a b l e -st a y e d  b r i d g e  
w i t h  i n v e r t e d -Y  p y l o n  h e i g h t  8 5  m .  I t s l o o k  r e se m b l e s a  sa i l  sh i p , 
F i g .  1 .  
 

  
F i g .  1 .   S u s p e n d e d  b r i d g e  
R y s .  1 .   M o s t  p o d w i e s z o n y  
 
T h e  t o t a l  l e n g t h  o f  t h e  b r i d g e  i s 2 4 0  m  w i t h  t h e  m a i n  sp a n  1 6 8 . 5  

m .  T h e  e m p l o y e d  m a t e r i a l s a r e :  p y l o n  — r e i n f o r c e d  c o n c r e t e , 
c a b l e s — st e e l .  T h e  n u m b e r  o f  c a b l e s i s 1 0 2 .  T h e  d e c k  w i d t h  i s 
3 7 . 2  m .  
A s m e n t i o n e d  b e f o r e , t h e  g o a l  o f  t h i s w o r k  i s t h u s, i n   

a  c o m p u t a t i o n a l l y  e x p e r i m e n t a l  w a y  b y  t h e  f i n i t e  e l e m e n t  se t t i n g , 
a n  a t t e m p t  t o  ' r e d e si g n '  t h e  st r u c t u r a l  m o d e l  a c c o r d i n g  t o  t h e  
e x i st i n g  P o l i sh  r u l e s o f  c i v i l  e n g i n e e r i n g .  T h e  m a i n  i n p u t  d a t a  a r e  
so  a ssu m e d  a s f o l l o w s:  h e i g h t  o f  t h e  n o n -f o r k e d  p y l o n  — 1 0 0  m , 
l e n g t h  o f  m a i n  sp a n  — 1 6 0  m , t o t a l  l e n g t h  o f  t h e  b r i d g e  — 2 2 0  m , 
t o t a l  w i d t h  o f  d e c k  i s 4 0  m , i n c l u d i n g  l a n e s —6 x 5 ,0  m , p a v e m e n t s 

— 2 x 2 ,5  m  a n d  m e d i a n  p a r t  — 5  m .  T h e  m a i n  sp a n  h a n g s o n  6 2  
sy m m e t r i c a l  c a b l e s c o n n e c t i n g  a  p y l o n  a n d  a  p l a t e .  T h e  P y l o n  i s 
su p p o r t e d  b y  b a c k -c a b l e s a n d  st e e l  a r c h e s.  B e t w e e n  t h e  a r c h e s a n d  
p y l o n  a r e  d e si g n e d  a d d i t i o n a l  st e e l  t i e s w i t h  c r o ss-se c t i o n a l  a r e a s 
si g n i f i c a n t l y  sm a l l e r  t h a n  t h o se  o f  t h e  m a i n  c a b l e s.   
T h e  w h o l e  st r u c t u r e  i s m o d e l l e d  b y  t h r e e  3 D  e l e m e n t  t y p e s — 

t r u ss, b e a m  a n d  sh e l l .  C l e a r l y , a l l  t h e  c a b l e s a r e  c o n si d e r e d  a s 
t r u ss e l e m e n t s a n d  o n l y  a x i a l  f o r c e s c a n  b e  f o u n d  i n  t h e m .  T h e  
p y l o n , a r c h e s a n d  r i b s a r e  d i v i d e d  i n t o  b e a m  e l e m e n t s.  T h e  d e c k  i s 
sp l i t  i n t o  sh e l l  e l e m e n t s.  T h e  n u m b e r  o f  p a r t i c u l a r  e l e m e n t s a r e :  
t r u sse s — 1 5 4 , b e a m s — 6 7 5  a n d  sh e l l s — 5 1 0 .  T h e  t o t a l  n u m b e r  
o f  sy st e m  d e g r e e s o f  f r e e d o m  i s e q u a l  3 5 3 6 .  R e g a r d i n g  t h e  
n u m e r i c a l l y  e x p e r i m e n t a l  c h a r a c t e r  o f  t h e  p a p e r  w e  c o n si d e r  t h e  
st r u c t u r e  a s i f  i t  w e r e  l o c a t e d  i n  S z c z e c i n , P o l a n d .   T h e  st r u c t u r a l  
sc h e m e  i s sh o w n  i n  F i g .  2 , c f .  [ 5 ]  
 

  
F i g .  2 .   S t r u c t u r a l  s c h e m e  
R y s .  2 .   S c h e m a t  o b l i c z e n i o w y  
 
I n  o r d e r  t o  si m p l i f y  t h e  F E M  m o d e l l i n g , c r e a t i n g  a  f o r k e d  p y l o n  

i n  t h e  f o r m  o f  l e t t e r  ' Y '  w a s r e l i n q u i sh e d  a n d  a  c a i sso n  c r o ss-
se c t i o n , w h o se  si z e  a r e  a s i n  F i g .  3 ( a )  w a s a d o p t e d .  
 

( a )              ( b )  

z

y

  

y

z

y

z

  
         ( c )  

 

  
F i g .  3 .   ( a )  P y l o n ’ s  c r o s s -s e c t i o n ,  ( b )  A r c h ’ s  c r o s s -s e c t i o n ,  ( c )  P l a t e  m o d e l   
R y s .  3 .  ( a )  P r z e k r ó j  p o p r z e c z n y  p y l o n u ,  ( b )  P r z e k r ó j  p o p r z e c z n y  ł u k u ,   

( c )  M o d e l  p ł y t y  
 
T h e  m a i n  sp a n  i s d e si g n e d  a s a  p l a t e  f r o m  sp e c i a l  c o m p o si t e  

m a t e r i a l  ( E=1 0 4 k N / c m 2 a n d  ν =0 ,2 5 )  st r e n g t h e n e d  w i t h  l o n g i t u d i n a l  
a n d  c r o ssw i se  r i b s f r o m  st e e l .  R i b s a r e  a t t a c h e d  t o  t h e  b o t t o m  o f  t h e  
p l a t e .  H o w e v e r , a d o p t i n g  su c h  a  sc h e m e  i n  F E M  w o u l d  r e q u i r e  
c o m p l i c a t e d  a n d  t i m e -c o n su m i n g  c a l c u l a t i o n s, w h i c h  w e r e  a v o i d e d  
b y  u si n g  a  si m p l i f i e d  m o d e l  a s g i v e n  i n  F i g .  3 ( c ) .  
A ssu m e d  p l a t e ’ s t h i c k n e ss o f  c r o ss-se c t i o n  d =  3 0  c m .  F o r  

r e d u c i n g  w e i g h t  o f  sp a n  w e  d e c i d e d  t o  st i f f e n  t h e  p l a t e  b y  u si n g  
st e e l  a g a i n st  r e i n f o r c e d  c o n c r e t e  f o r  r i b s.  T h e  c o m p u t e r  c o d e   
u se d  t o  c a l c u l a t e  t h e  c h o se n  st r u c t u r e  b y  F E M  a l l o w s t o  m o d e l  t h e  
a r c h  a s a  sh e l l  w i t h  v a r i a b l e  l e n g t h w i se  c r o ss-se c t i o n s.  F o r  
si m p l i f i c a t i o n  w e  a c c e p t  t h e  c o n st a n t  l e n g t h w i se  p i p e  c r o ss-
se c t i o n , F i g .  3 ( b ) .  
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In the calculation we assumed the ropes are assumed in the 
f orm of  sev en g alv aniz ed wires Φ 5  mm which are in the H D P E  
coat, b ecause they  are the most widespread.  T he f ollowing  
material data are adopted,  [ 4 ] :  y ield stress σY =  1 6 7 0  M P a, 
b reak ing  streng th R p k  =  1 8 7 0  M P a and Y oung ’ s modulus Ec =  2 0 0  
G P a.  T he cross-section of  main ropes Ac =  6 3 ,0 2  cm2 the ties 
connecting  py lon with arches are less strenuous and they  hav e 
secondary  f unction so we tak e f or them cross-section in the f orm 
of  sing le b ar f rom hig h-perf ormance steel with diameter eq ual to 
3 6  mm Ac2  = 1 0 ,1 8  cm2.  A ccepted Y oung ' s modulus f or these 
cab les is 2 1 0  G P a, in accordance with [ 4 ] .   
 

4. N u m e r i c a l  r e s u l t s  
 
In static analy sis we f ocused rather on considering  the way  

particular structural memb ers cooperate than on creating  the b asis 
f or desig ning .  In the calculation we adopted then, f or the sak e of  
simplif ication, only  the loads b elow at their max imum v alues:  
-  constant surf ace load – according  to P olish rules 8 2 / B -0 2 0 0 1 0  and 
8 5 / S -1 0 0 3 0  the sy stem of  roadway  lay ers g1 d  =  1 4 ,8 6 5  k N / m2 and 
sy stem of  pav ement lay ers g2 d  =  1 9 ,2 6  k N / m2 , 

-  constant linear load:  k erb stone – 0 ,8 9 1  k N / m, cornice – 4 ,3 3 1  k N / m, 
-  mov ing  load of  road b ridg e ob j ects - on the b asis of  T ab le 5 , of  
P olish rule 8 5 / S -1 0 0 3 0  we estab lished:  class of  ob j ect as A , 
permissib le weig ht of  v ehicle – 5 0 0  k N , load of  cars’  train –  
q =  4 ,0  k N / m2, K =  8 0 0  k N , pressure on ax le 2 0 0  k N , 

-  crowd load qt d  =  3 ,2 5  k N / m2, 
-  computational v alue of  suction ef f ect of  wind on the plate of  span 
with perpendicular horiz ontal f low of  the air – w1 d  =  0 ,6 5  k P a, 
computational v alue of  horiz ontal pressure of  load on the cross-
section of  the main g irder – w2 d  =  1 ,6 2 5  k P a, static wind load on the 
py lon.  
B ecause of  the siz e of  the structure the cab les'  leng th reach of  

1 5 0  m, which mak es them work  lik e spring s and not f ulf ill their 
carry ing  f unction.  Initial tensions are req uired in order to mak e 
them carry  load ex perimentally .  T his sig nif icantly  decreases the 
def lections of  suspended part of  the span.  S imultaneously , it 
increased the def lection of  the adj oining  plate rested on the 
supports.  T he results of  internal f orces and nodal displacements in 
chosen elements are presented in T ab les 1  and 2 .  
 

Tab.  1 .   D i s p l ac e m e n t s  at  t h e  r e p r e s e n t at i v e  n o d al  p o i n t s  o f  t h e  p y l o n  
Tab.  1 .   P r z e m i e s z c z e n i a w y br an y c h  p u n k t ó w  w ę z ł o w y c h  p y l o n u  
 
N o d a l  
p o i n t  

X  
T r a n s l a t i o n  

[ c m ]  
Y  

T r a n s l a t i o n  
[ c m ]  

Z  
T r a n s l a t i o n  

[ c m ]  
X X  

R o t a t i o n  
[ r a d ]  

Y Y  
R o t a t i o n  
[ r a d ]  

Z Z  
R o t a t i o n  
[ r a d ]  

63 5 9, 4 1 E -01  -9, 1 1 E -1 3  -4 , 4 5E -01  1 , 8 5E -1 6 3 , 23 E -05 4 , 7 8 E -1 6 
61 0 7 , 06E -01  -4 , 3 9E -1 3  -3 , 8 9E -01  1 , 56E -1 6 1 , 01 E -04  3 , 29E -1 6 
58 0 2, 97 E -01  -9, 3 7 E -1 4  -2, 3 2E -01  7 , 4 7 E -1 7  1 , 23 E -04  1 , 50E -1 6 

 
Tab.  2 .   D i s p l ac e m e n t s  o f  t h e  r e p r e s e n t at i v e  n o d al  p o i n t s  o f  t h e  p l at e  
Tab.  2 .  P r z e m i e s z c z e n i a w y br an y c h  p u n k t ó w  w ę z ł o w y c h  p ł y t y  
 
N o d a l  
p o i n t  

X  
T r a n s l a t i o n  

[ c m ]  
Y  

T r a n s l a t i o n  
[ c m ]  

Z  T r a n s l a t i o n  
[ c m ]  

X X  
R o t a t i o n  
[ r a d ]  

Y Y  
R o t a t i o n  
[ r a d ]  

Z Z  
R o t a t i o n  
[ r a d ]  

3 09 1 , 7 5E -02 4 , 4 7 E -04  -8 , 99E -01  -3 , 4 5E -02 -8 , 05E -04  0 
3 1 0 1 , 7 4 E -02 3 , 59E -04  -9, 56E + 00 -3 , 4 1 E -02 -8 , 4 9E -04  0 
3 1 1  1 , 7 3 E -02 2, 3 9E -04  -2, 50E + 01  -2, 7 8 E -02 -6, 4 5E -04  0 
3 1 2 1 , 7 2E -02 1 , 4 2E -04  -3 , 69E + 01  -1 , 8 7 E -02 -3 , 8 1 E -04  0 
3 1 3  1 , 7 2E -02 4 , 7 5E -05 -4 , 29E + 01  -5, 26E -02 -3 , 1 2E -04  0 
3 1 4  1 , 7 2E -02 -1 , 1 9E -1 5 -4 , 3 5E + 01  -1 , 09E -1 6 -3 , 21 E -04  0 
3 1 5 1 , 7 2E -02 -4 , 7 5E -05 -4 , 29E + 01  5, 26E -02 -3 , 1 2E -04  0 
3 1 6 1 , 7 2E -02 -1 , 4 2E -04  -3 , 69E + 01  1 , 8 7 E -02 -3 , 8 1 E -04  0 
3 1 7  1 , 7 3 E -02 -2, 3 9E -04  -2, 50E + 01  2, 7 8 E -02 -6, 4 5E -04  0 
3 1 8  1 , 7 4 E -02 -3 , 59E -04  -9, 56E + 00 3 , 4 1 E -02 -8 , 4 9E -04  0 
3 1 9 1 , 7 5E -02 -4 , 4 7 E -04  -8 , 99E -01  3 , 4 5E -02 -8 , 05E -04  0 

 
In dy namic analy sis we consider the case of  a sudden hit of   

a sig nif icant amount on to the top of  the py lon.  T he eig enprob lem 
is solv ed f or the f irst 1 2  eig enpairs and conv erg ed af ter 1 1  
iterations.  D y namic analy sis is carried out b y  the mode 
superposition method with 2 0 0 0  time steps ∆ t with 0 ,0 2  s, each.  

T he assumed damping  f actor is λ = 0 ,0 1 .  W e apply  the impulse 1 0 5 
k N  at time z ero and decreases to 1 0 0 0  k N  af ter 4 0  seconds.  
W hat was f oreseeab le that the inf luence of  the larg er v ertical 

v ib rations occur in the middle of  the suspended part of  the plate, 
the v ib rations the others are smaller.  T he larg est v ib rations in the 
X-ax is direction are at the point numb er 6 3 5 , on the top of  the 
py lon.  T he nearer the b asis the smaller the displacements are.  T he 
ob tained results are describ ed in F ig s.  4 .  
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F i g .  4 .   (a)  D i s p l ac e m e n t s  i n  t h e  p l at e ,  (b)  D i s p l ac e m e n t s  i n  t h e  p y l o n  
R y s .  4 .   (a)  P r z e m i e s z c z e n i a n a p ł y c i e ,  (b)  P r z e m i e s z c z e n i a n a p y l o n i e  
 
5 . C o n c l u d i n g  r e m a r k s  a n d  f u t u r e  w o r k  
 
• D y namic ef f ects cannot b e ig nored in desig ning  such modern 
slender structures.  S ome options of  dy namic analy sis should 
necessarily  b e g iv en in desig n rules.  

• T he max imum v alue of  def lation of  the plate is ab out 4 4  cm.  It may  
b e too larg e and not satisf y  the req uirements of  P olish rules.  F urther 
work  at this model would b e adv isab le, considering  the way  to 
ov ercome this throug h other material solutions f or the plate.  

• It should b e necessary  to consider ef f icient way s f or the initial 
compression of  the cab les in order to simultaneously  determine 
the v alue of  the tensions on their cross-sections.  

• It should b e recommended to consider modern, hig h-q uality  
materials f or particular structural memb ers and as well as 
possib le chang es in the constructions of  structural models.  

• T his tex t serv es as the starting  point f or f urther work  in the 
f orthcoming  paper.  
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