
346    PAK vol. 55, nr 6/2009 
 
Henryk LASKOWSKI, Leszek MIKULSKI 
POLITECHNIKA KRAKOWSKA,  INSTY TU T M ECHANIKI B U D OWLI 
 

Control Theory in Composite Structure Optimizing 
 
Dr inż. Henryk L A S K O W S K I  
 
A s s i s t a n t  p r o f e s s o r  i n  t h e  C h a i r  o f  t h e  F u n d a m e n t a l s  
o f  C o n t i n u u m  M e c h a n i c s  o f  t h e  C i v i l  E n g i n e e r i n g  
F a c u l t y  i n  C r a c o w  U n i v e r s i t y  o f  T e c h n o l o g y .  A u t h o r  
o f  1 0  p u b l i c a t i o n s  i n  t h e  r a n g e  o f  t h e o r i e s  a n d  u s e s  o f  
t h e  o p t i m a l  c o n t r o l  i n  t h e  t a s k s  o f  t h e  s t r e n g t h  
o p t i m i z a t i o n  o f  t h e  c o n s t r u c t i o n s .  
 
 
 
 
 
e-m a i l :  h en r y k l a s k o w s k i @ p o c z t a . o n et . p l   

 
 

S t r e s z c z e n i e  
 

T h e  p a p e r d e a ls  w it h  a p p ly ing  t h e  op t im a l cont rol m e t h od  in d e s ig n of   
a  com p os it e  g ird e r s u b j e ct e d  t o cons t a nt  a nd  va ry ing  loa d s . T h e  m a x im u m  
p rincip le  w a s  a p p lie d  t o op t im a l s h a p ing  of  t h e  com p os it e  s t ru ct u re s . T h e  
m u lt ip oint  b ou nd a ry  p rob le m  w a s  f orm u la t e d  u s ing  t h e  m a x im u m  
p rincip le . O p t im iz a t ion conce rns  cros s  s e ct ion s h a p ing  f or d if f e re nt  cos t  
f u nct ions  w it h  cons t ra int s  re s u lt ing  f rom  t e ch nica l ru le s  a nd  s t a nd a rd s . 
 
S ł o w a  k l u c z o w e :  op t im iz a t ion, op t im a l cont rol, m a x im u m  p rincip le , 
op t im a l m od e ling . 
 
T eo ri a  st ero w a ni a  w  o p t ym a l i za c j i  ko nst ru kc j i  

 
A b s t r a c t  

 
W  a rt y k u le  p rz e d s t a w iono ory g ina lną  m e t od ę  ob licz e ń  k ons t ru k cy j ny ch  
op a rt ą  na  z a s a d z ie  m a k s im u m . Z a s a d a  m a k s im u m  p oz w a la  s f orm u ł ow a ć  
w a ru nk i k onie cz ne  op t y m a liz a cj i i s p row a d z ić  p rob le m  op t y m a lne g o 
k s z t a ł t ow a nia  d o w ie lop u nk t ow e g o p rob le m u  b rz e g ow e g o, k t ó ry  na s t ę p nie  
m oż e  b y ć  roz w ią z a ny  nu m e ry cz nie . T ę  m e t od ę  z a s t os ow a no w  ob licz e nia ch  
k ons t ru k cy j ny ch  s t a low o-b e t onow e g o d ź w ig a ra  z e s p olone g o p od d a ne g o 
d z ia ł a niu  z ł oż ony ch  u k ł a d ó w  ob cią ż e ń  s t a ł y ch  i z m ie nny ch  z  u w z g lę d nie nie m  
s t a nó w  m ont a ż ow y ch . M e t od a  u m oż liw ia  p rz y j ę cie  ró ż ny ch  f u nk cj i ce lu  
ora z  z ł oż ony ch  og ra nicz e ń  w y nik a j ą cy ch  z  p rz e p is ó w  t e ch nicz ny ch  i norm . 
 
K e y w o r d s :  op t y m a liz a cj a , op t y m a lne  s t e row a nie , z a s a d a  m a k s im u m , 
op t y m a lne  k s z t a ł t ow a nie . 
 
1 .  Int ro d u c t i o n 
 
T h e  opt im al  c ont r ol  t h e or y ,  and par t ic ul ar l y  one  of  it s m e t h ods 

c al l e d t h e  m inim um  pr inc ipl e ,  is b e ing  appl ie d in opt im iz ing  
st r uc t ur al  e l e m e nt s and st r uc t ur e s. F or m ul at ing  f or m  opt im iz ing  
pr ob l e m s c onsist ing  in t h e  c at e g or y  of  t h e  c ont r ol  t h e or y  r e q uir e s 
e st ab l ish ing  a m at h e m at ic al  m ode l ,  in w h ic h  t h e  v ar iab l e s of  st at e  
and c ont r ol ,  t h e  c onst r aint s and t h e  ob j e c t iv e  f unc t ion ar e  de f ine d. 
T h e  m inim um  pr inc ipl e  is b e ing  suc c e ssf ul l y  appl ie d in 
opt im iz ing  b uil ding  st r uc t ur e s w it h  b oundar y  c ondit ions and 
int e r nal  point  c ondit ions. T h at  pr inc ipl e  m ak e s it  possib l e  t o se t   
up t h e  ne c e ssar y  opt im iz at ion c ondit ions,  w h ic h  e sse nt ial l y  ar e  
m ul t i-point  b oundar y  c ondit ions f or  a sy st e m  of  or dinar y  
dif f e r e nt ial  e q uat ions,  or  g e ne r al l y  spe ak ing  - ar e  a dif f e r e nt ial -
al g e b r aic  c onst r aint s pr ob l e m .  
C or r e c t  f or m ul at ion of  opt im um  sh aping  pr ob l e m s is 

par t ic ul ar l y  im por t ant ,  i.e . se l e c t ing  t h e  ob j e c t iv e  f unc t ion,  t h e  
de c iding  c ont r ol  v ar iab l e s and t h e  ne c e ssar y  c onst r aint s. P r ope r l y  
assum ing  t h e se  m ag nit ude s e nab l e s e x h ib it ing  t h e  adv ant ag e s 
r e sul t ing  f r om  opt im iz at ion. T ak ing  int o ac c ount  a g r e at e r  num b e r  
of  v ar iab l e s m ak e s it  c onside r ab l y  m or e  dif f ic ul t  t o ac h ie v e  t h e  
opt im um  sol ut ion. T h e  pr ob l e m s of  opt im um  f or m ing  in c iv il  
e ng ine e r ing  ar e  c h ar ac t e r iz e d b y  m any  c ont r ol s and m ul t ipl e  
l im it at ions. I t  is im por t ant  t o assum e  suc h  a st r uc t ur e  of  c ont r ol ,  
w h ic h  is appr opr iat e  f or  t h e  par t ic ul ar  pr ob l e m ,  i.e . t h e  se q ue nc e  
in w h ic h  t h e  c ont r ol s de t e r m ine d b y  v ar ious c ondit ions c om e  up.  
 

P ro f . d r h a b . inż. L es z ek M I K U L S K I  
 
H e a d  o f  t h e  C h a i r  o f  t h e  F u n d a m e n t a l s  o f  C o n t i n u u m  
M e c h a n i c s  o f  t h e  C i v i l  E n g i n e e r i n g  F a c u l t y  i n  C r a c o w  
U n i v e r s i t y  o f  T e c h n o l o g y .  R e s e a r c h  a n d  s c i e n t i f i c  
i n t e r e s t s  c o n c e r n  o p t i m a l  s h a p i n g  o f  t h e  c o n s t r u c t i o n s  
a n d  s y s t e m s  p r o b l e m s ,  a u t h o r  o f  5 0  p u b l i c a t i o n s  i n  
t h i s  r a n g e .  
 
 
 
 
 
e-m a i l :  m i k u l @ o p t r a . w i l . p k . d u . p l   

 
 
T h e  num e r ic al  sol ut ion is b e ing  ac h ie v e d b y  int e r m e diat e  

m e t h ods,  i.e . t h e  m ul t ipoint  b oundar y  pr ob l e m  of  c anonic al  
dif f e r e nt ial  e q uat ions is sol v e d num e r ic al l y  f or  t h e  opt im al  c ont r ol  
st r uc t ur e . T h e  sc ie nt if ic  sof t w ar e  D ir c ol -2 .1  m ak e s it  possib l e  t o 
e f f e c t iv e l y  sol v e  num e r ic al l y  f or m ul at e d opt im iz ing  pr ob l e m s [ 1 ,  1 0 ] . 
 

2 .  G enera l  f o rm u l a t i o n o f  t h e p ro b l em  
 
T h is pape r  anal y z e s t h e  pr ob l e m  of  opt im um  c ont r ol  of  t h e  

M ay e r  t y pe . S oug h t  is t h e  c ont r ol  v ar iab l e  u,  w h ic h  is t h e  r e sul t  of  
t h e  f ol l ow ing  pr ob l e m :  
 

RRly yn →:)),((min φφ  
yuy nnn RRRfuyfy →×= :)( ,,'  

sy nn RRSyS →≥ :0)( ,         (1 )  
guy nnn RRRguyg →×≥ :0)( ,,  

Ψ:Ψ0))((0)Ψ( RRRRllyy yy nn
→××= ,,,  

 
w it h  t h e  f unc t ions of  st at e  ynRly →][0: ,  and t h e  c ont r ol  

unRlu →][0: ,  I n som e  c ase s inst e ad of  t h e  M ay e r -t y pe  f unc t ion 
as t h e  ob j e c t iv e  f unc t ion,  t h e  B ol t z -t y pe  f unc t ion is b e ing  
c onside r e d [ 9 ] . 
 

RRRLRRdxxuxyLly uyy nnnl →×→



 + ∫ ::))(),(())((min

0
,φ,φ

(2 )  
 
G e ne r al iz at ion of  t h e  pr ob l e m  (1 ) ,  w h ic h  is c onside r e d in t h is 

pape r ,  oc c ur s in c ase s of  disc ont inuit y  of  st at e  v ar iab l e s at  t h e  
int e r nal  point s xs ,  of  t h e  se c t ional  de f ine d r ig h t -h and side s of  
dif f e r e nt ial  e q uat ions f ,  and of  pr ob l e m s c l e ar l y  de pe nde nt  on t h e  
inde pe nde nt  v ar iab l e  x. 
W e  assum e  t h at  t h e  g r adie nt s 

u
g i

∂
∂  of  al l  ac t iv e  c onst r aint s 

gi nig ...,,, 10 =≥  ar e  l ine ar l y  inde pe nde nt . T h e  init ial  and 
t e r m inal  b oundar y  c ondit ions h av e  g e ne r al l y  t h e  f or m  

0))(Ψ(0)0( 0 ==− llyyy ,, . 
T h e  ne c e ssar y  opt im al it y  c ondit ions ar e  se t  up f or   

a r e pr e se nt at iv e  c ont r ol  st r uc t ur e  w it h  t h e  b oundar y  r ang e s xw,  xz 
and t h e  c ont ac t  point  xs. S e t t ing  up t h e  ne c e ssar y  opt im al it y  
c ondit ions as a m ul t i-point  b oundar y  pr ob l e m ,  t h e  num e r ic al  
sol ut ion of  w h ic h  is possib l e ,  w e  assum e  t h e  e x ist e nc e  of  t h e  
b oundar y  r ang e  xw ,  xz,  in w h ic h  t h e  c onst r aint  g(y ,  u)  =  0  is ac t iv e . 
T h e  r ang e  of  adm issib l e  c ont r ol s )Ω(y  is de f ine d b y  
 { }0)()Ω( ≥∈= uygRuy un ,|                 (3 )  
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The algebraic-d if f erential bo u nd ary  p ro blem  resu lting o n the 
base o f  the m inim u m  p rincip le has the general f o rm :  

 
yHuyfy =−= 'λ,,' )(  

)()(0 uyguyf u
T

u
T ,µ,λ ⋅+⋅=  

][)(0 zwi xxiuyg ,,, ∈=           ( 4 )  
][0 zwi xxi ,,µ ∉=  

)()( uyguyfH TT ,µ,λ ⋅+⋅=  
0))(()()( ≥−= −+

ksyks
T

s
T xySxx ν,νλλ   

w ith the natu ral bo u nd ary  co nd itio ns 
 

)(
Φ)()0(

Φ)0( lyly
TT

∂
∂−=

∂
∂−= λ,λ

 
)(Φ0 lH

x
+

∂
∂−=     ( 5 )  

))()0(Ψ()())()0(Φ( llyylllyy T ,,αφ,, +=  
 
The sy stem  o f  d if f erential eq u atio ns ( 4 )  has a sp ecial stru ctu re in 
the scalar co ntro l f u nctio n nu = 1 . The no n-linear state eq u atio ns 
d ep end  o nly  o n the state y o f  the sy stem ,  and  the co nj u gate 
eq u atio ns are linear as co ntro l d ep end s o nly  o n the state o f  the 
sy stem . The nu m erical so lu tio n o f  the p ro blem  can be achiev ed  
u sing the so f tw are D irco l-2 .1  [ 1 0 ] . 
 

3. C o m p u t a t i o n a l  e x a m p l e  – o p t i m i z a t i o n  o f   
a  c o m p o s i t e  g i r d e r  

 
3.1 . D e s c r i p t i o n  o f  t h e  g i r d e r  
 
The gird er to  be o p tim iz ed  co nsists o f  the tw o  m ain elem ents o f  

a trip le sp an ro ad  brid ge w ith sp ans o f  6 0  – 9 0  – 6 0  m  length. The 
steel p art o f  the brid ge co nsists o f  an I -sectio n p late gird er. The 
d im ensio ns o f  the bo tto m  f lange and  the w eb thick ness are v ary ing 
and  shall be d eterm ined  by  o p tim iz atio n. The u p p er f lange,  hav ing 
a f ixed  w id th,  is rectilinear w hile the bo tto m  f lange has  
a p red ef ined  p arabo lic p ro f ile. The gird er is a co ntinu o u s beam  
( F ig. 1 ) . I t is a p late gird er co m bined  w ith the reinf o rced  co ncrete 
slab p latf o rm ,  interco nnected  at the bearings. The cro ss sectio n o f  
the co m p o site gird er,  its m ain d im ensio ns and  d esignatio ns are 
sho w n in F ig. 2  [ 2 ] . 
 
 

y
xh  =  5 . 0  mw h  =  2 . 5  mwh  =  2 . 5  mw

L  =  9 0  mp 2 L  =  6 0  mp 3L  =  6 0  mp 1   
F i g .  1 .   D i a g r a m  o f  t h e  g i r d e r  
R y s .  1 .   S c h e m a t  d ź w i g a r a  
 
The cro ss sectio ns d eterm ined  in the co u rse o f  o p tim iz atio n 

shall satisf y  the u ltim ate state criteria o f  lo ad  cap acity  and  
serv iceability  acco rd ing to  m and ato ry  stand ard s. These states shall 
no t be exceed ed  neither d u ring assem bly ,  no r d u ring the serv ice 
lif e o f  the o bj ect. I t is theref o re essential to  anticip ate and  tak e into  
acco u nt in the o p tim iz atio n schem e all critical d esign situ atio ns 
co ncerning the u ltim ate states o f  lo ad  cap acity  and  the 
serv iceability  lim it states,  w hich can o ccu r f ro m  the tim e o f  
starting co nstru ctio n to  the end  o f  the serv ice lif e. The 
o p tim iz atio n p ro blem  shall theref o re be p reced ed  by  an analy sis o f  
the assem bly  state and  the p o ssible lo ad ing co m binatio ns d u ring 
the u sage o f  the o bj ect. 
 

  
F i x e d  d i m e n s i o n s  o f  t h e  c r o s s  s e c t i o n  
 

bfs =  0 . 4 0 0  m  

tfs =  0 . 0 2 0  m  
bs =  0 . 1 2 0  m  
hs =  0 . 0 6 0  m  

bc =  4 . 0 0 0  m  
hc =  0 . 2 5 0  m  
zz =  0 . 2 5 0  m  

 
W e b  h e i g h t :  

h m i n  =  2 . 5 0 0  m  

h m a x  =  5 . 0 0 0  m  
 
A d o p t a b l e  v a r i a b l e s :  

u1 – B o t t o m  f l a n g e  t h i c k n e s s  
u2 – B o t t o m  f l a n g e  w i d t h  
u3 – W e b  t h i c k n e s s  
 

F i g .  2 .   C r o s s  s e c t i o n  o f  t h e  g i r d e r  a n d  d e s i g n a t i o n s  
R y s .  2 .   P r z e k r ó j  p o p r z e c z n y  d ź w i g a r a  - o z n a c z e n i a  
 
 

3.2 . A s s e m b l y  p h a s e s  
 
The co nd itio n o f  the sy stem  in the p hases d ep end s o n tw o  

f acto rs,  nam ely  the stru ctu ral sy stem  and  the lo ad  p attern. D u ring 
assem bly ,  the serv ice p hases are d eterm ined  m ainly  by  
co nsid ering the stru ctu ral sy stem ,  w hile d u ring the serv ice p erio d  
o nly  the lo ad  p attern is d ecisiv e. 
 

P h a s e  1 .   
The bearing sectio ns o f  the steel gird er resting o n the f ixed  
bearings and  the erectio n bearing ( F ig. 3 )  are assem bled  d u ring the 
f irst p hase. C o ncreting o f  the d eck  slab o n the assem bled  p arts is 
also  carried  o u t in the co u rse o f  that p hase. I s w as assu m ed  that 
bo th the geo m etry  and  the lo ad ing o f  the o bj ect are sy m m etric 
d u ring the assem bly  p hases,  theref o re the half  sy stem  w as 
co nsid ered  in the analy sis ( F ig. 4 ) . I n the f u rther p arts o f  this p ap er 
the rem aining assem bly  p hases are d escribed  in a generaliz ed  
m anner o nly . 
 
 

y
x

30 30 30 30 30 30 30
  

F i g .  3 .   S c h e m a t i c  d i a g r a m  o f  t h e  f i r s t  a s s e m b l y  p h a s e  
R y s .  3 .   S c h e m a t  i d e o w y  m o n t a ż u  w  p i e r w s z e j  f a z i e  m o n t a ż o w e j  
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F i g .  4 .   L o a d  p a t t e r n  o f  t h e  g i r d e r  d u r i n g  t h e  f i r s t  a s s e m b l y  p h a s e  
R y s .  4 .   S c h e m a t  d ź w i g a r a  w  p i e r w s z e j  f a z i e  m o n t a ż o w e j  
 

Phase 2.  
T ensioning  th e d eck  sl ab by  raising  th e erection bearing s at p oints 
2  and  4 .  
 
Phase 3 .  
T ensioning  th e bearing  sections of  th e d eck  sl ab by  means of  stressing  
cabl es.  
 
Phase 4 .  
A ssembl ing  th e steel  g ird er and  concreting  th e d eck  sl ab on intersp aces 
1  and  4 .  
 
Phase 5 .  
A ssembl ing  th e ou tf it and  brid g e f l ooring .  
 
A p p rop riate ad d itional  l oad  sy stems resu l ting  f rom constru ction 

w ork  are consid ered  in al l  assembl y  p h ases.  T h e g eometrical  
ch aracteristics of  th e cross section v ary ing  al ong  th e g ird er ax is 
w ere al so consid ered ,  tak ing  into accou nt th e meth od  of  assembl y  
and  th e rh eol og ical  p h enomena occu rring  in concrete.  
 

3.3. S e r v i c e  p h a s e s  
 
S tand ard  sp ecif ication l oad s and  th eir most u nf av orabl e 

combinations w ere consid ered  f or th e serv ice l if e p h ases.  T h e 
f ol l ow ing  serv ice p h ases reg ard ing  l oad ing  w ere assu med :  
− P h ase of  l oad ing  by  tru ck s q and  a crow d  of  p ed estrians p - 4  
l oad  combinations.  
− P h ase of  l oad ing  by  a v eh icl e K - 7  l oad  combinations to 
d etermine th e inf l u ence l ine of  sectional  reactions.  
− P h ase of  creep ing ,  in w h ich  th e red istribu tion of  sectional  
reactions d u e to creep ing  in th e serv ice l if e w as consid ered .  
− P h ase of  concrete contraction in th e serv ice l if e.  
− P h ase of  th ermal  l oad s – 2  ex treme d esig n situ ations,  in w h ich  
th e steel  g ird er and  th e concrete sl ab reach  th e max imu m and  
minimu m temp eratu res accord ing  to th e stand ard  cod e.  
T h e h al f -section l oad  p attern w as assu med  in al l  consid ered  

d esig n situ ations,  w ith  th e corresp ond ing  bearing  or corresp ond ing  
cond itions of  th e state v ariabl es at th e sy mmetry  ax is of  th e obj ect.  
 

3.4 . E q u a t i o n s  o f  s t a t e  
 
T h e p ap er d escribes onl y  th e g eneral  meth od s of  f ormu l ating  

th e eq u ations of  state ap p l ied  in th e p resented  ex amp l e f or th e 
ty p es of  l oad ing  p resent in th e v ariou s serv ice p h ases.  T h e 
eq u ations of  state are f ormu l ated  sep aratel y  f or each  ch aracteristic 
intersp ace.  F ou r ch aracteristic intersp aces w ere assu med ,  
d etermined  by  th e ax is of  sy mmetry  and  th e p osition of  th e f ix ed  
bearing s and  th e assembl y  bearing s ( F ig .  4 ) .  
 

D i st r i b u t ed  l o ad  
T h e basic sy stem of  d if f erential  eq u ations of  a beam w ith  
d istribu ted  l oad  h as th e f orm ( 6 ) :  
 

φ' =y ,   EI
M

='φ ,   QM =' ,   qQ −='    ( 6 )  
 

w h ere:  y – d ef l ection,  ϕ - d ef l ection ang l e,  M – bend ing  moment,  

Q – transv erse f orce,  q d istribu ted  l oad .  
T h e p oint cond itions of  th e state v ariabl es are to be f ormu l ated  

f or th ese eq u ations,  th e nu mber of  v ariabl es being  eq u al  to th e 
p rod u ct of  th e nu mber of  eq u ations and  th e nu mber of  
ch aracteristic intersp aces.  
 
C o n c en t r at ed  l o ad s 
W h en th e concentrated  l oad s occu r w ith in th e l imits of  
ch aracteristic intersp aces,  th en th e beam is to be d escribed  u sing  
th e basic sy stem of  eq u ations ( 6 ) ,  th e v al u e of  th e concentrated  
l oad s being  accou nted  f or in th e cond itions of  state v ariabl es.  I f ,  in 
th e assu med  mod el  of  concentrated  l oad s,  th e l oad s occu r w ith in 
th e ch aracteristic intersp aces,  th en th e basic sy stem of  eq u ations is 
red u ced  to th e f irst th ree eq u ations of  th e sy stem ( 6 ) ,  in w h ich  th e 
transv erse f orce Q is ex p ressed  anal y tical l y .  T h ese eq u ations are 
su p p l emented  by  an ad eq u ate nu mber of  p oint cond itions.  
 
G eo m et r i c al  l o ad s 
I n th e anal y sis p h ase consid ering  th e g eometrical  l oad s,  th e beam 
can be d escribed  by  th e basic sy stem of  eq u ations ( 6 ) ,  tak ing  into 
accou nt al so th e d istribu ted  l oad s,  if  th ey  occu r at th at p h ase.  T h e 
g eometrical  l oad s are consid ered  in th e f orm of  d etermined  
d isl ocations of  bearing  p oints.  
 
S l ab  p r et en si o n i n g  
T h e eq u ations d escribing  sl ab p retensioning  are th e tw o f irst 
eq u ations of  th e basic sy stem of  eq u ations.  T h e bend ing  moment 
is ex p ressed  anal y tical l y ,  incl u d ing  th e u nk now n bearing  reactions 
and  th e tensioning  f orce.  T h e tensioning  f orce f u nction can be 
d etermined  ap p l y ing  al g orith ms u sed  in th e d esig n of  p re-stressed  
stru ctu res.  T h e u nk now n bearing  reactions are consid ered  in th e 
op timiz ation p robl em as control  p arameters,  w h ich  are th en 
d etermined  by  f ormu l ating  ad d itional  p oint cond itions in th e f orm 
of  state v ariabl e p oints and  g l obal  eq u il ibriu m cond itions.  
 
C o n c r et e shr i n k ag e 
I n th at case,  as in th e case of  p retensioning ,  f ormu l ated  are th e 
f irst tw o eq u ations of  th e basic sy stem of  eq u ations,  in w h ich  th e 
bend ing  moment is anal y tical l y  ex p ressed .  T h e bearing  reactions 
d u e to sh rink ag e in statical l y  ind eterminate sy stems are incl u d ed  
in th e op timiz ation p robl em as control  p arameters,  w h ereas th e 
f orce cau sed  by  sh rink ag e is being  d etermined  assu ming  f l at cross 
sections and  th e bal ance of  f orces.  
 
T her m al  l o ad s 
T h ermal  l oad s are accou nted  f or by  ap p l y ing  th e same eq u ations 
as in th e case of  concrete sh rink ag e,  rep l acing  th e sh rink ag e f orce 
by  th e f orce d u e to th e temp eratu re d if f erence betw een th e steel  
p art and  th e concrete one,  assu ming  th e sense of  th e f orce p rop er 
f or th e actu al  situ ation.  
 
L o ad  c o m b i n at i o n s 
I n cases w h en combinations of  f orces are to be consid ered  in 
op timiz ation,  th en th e state eq u ations sh al l  be f ormu l ated  
sep aratel y  f or each  ty p e of  l oad ing  at th e step  of  f ormu l ating  th e 
constraints.  S el ection of  th e most d isad v antag eou s l oad  
combination is d one ap p l y ing  th e max imu m or minimu m f u nction.  
S u ch  ap p roach  l ead s in most cases to a smal l er nu mber of  state 
eq u ations.   
 
M o v i n g  l o ad s 
M ov ing  l oad s can be consid ered  in th e op timiz ation p rocess 
anal y z ing  a f inite nu mber of  l oad  setting s and  sel ecting  th e most 
d isad v antag eou s mov ing  l oad  setting  at th e step  of  f ormu l ating  th e 
constraints.  T h is meth od  can be u sed  in th e case of  smal l  obj ects.  
I n th e case of  mu l ti-sp an brid g es,  a smal l er nu mber of  eq u ations is 
req u ired  by  th e meth od ,  w h ich  l ead s to th e d etermination of  th e 
env el op e of  bend ing  moments.  T h at meth od  w as al so u sed  in th is 
ex amp l e.  T h e env el op e of  minimu m moments and  of  max imu m 
moments at th e su p p orts is d etermined  by  consid ering  2 n-2  
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pos it ions  of  t h e m ov ing  l oad  (n = nu m ber  of  s pans ) ,  w h il e t h e 
env el ope of  m ax im u m  s pan m om ent s  is  r eac h ed  u s ing  t h e 
inf l u enc e l ines  of  s u ppor t  r eac t ions  d et er m ined  in t h e opt im iz at ion 
pr obl em .  
 
Concrete creeping 
I n or d er  t o t ak e int o ac c ou nt  t h e c r eeping  of  c onc r et e at  as s em bl y  
s t at es ,  t h e m et h od  of  t h e eq u iv al ent  m od u l u s  of  el as t ic it y  w as  
appl ied ,  m od if y ing  t h e Y ou ng ' s  m od u l u s  of  c onc r et e ac c or d ing  t o 
it s  ag e.  A t  t h e s er v ic e s t at es ,  t h e T r os t  m et h od  w as  appl ied ,  w h ic h  
m ad e it  pos s ibl e t o d et er m ine t h e c h ang es  in t h e s ec t ional  
r eac t ions  in t h e c r os s  s ec t ion in t h e s t eel  and  c onc r et e par t s  d u r ing  
t h e s er v ic e l if e in a s t at ic al l y  d et er m inat e s y s t em .  I n t h e 
opt im iz at ion pr obl em  t w o ad d it ional  s t at e eq u at ions  w er e 
int r od u c ed ,  w h ic h  enabl e d et er m inat ion of  t h e c oef f ic ient s  in t h e 
bas ic  eq u at ion of  t h e f or c e m et h od  in a s ing l e d eg r ee s t at ic al l y  
ind et er m inat e s y s t em .  
 
T h is  w ay  w as  u s ed  t o d et er m ine 7 9  s t at e eq u at ions  t og et h er  

w it h  point  c ond it ions  and  ad d it ional  c ond it ions  c ons id er ing  t h e 
c ont r ol  par am et er s .  T h e d es c r ipt ion of  t h e s t at e v ar iabl es  is  
pr es ent ed  in T abl e 1  [ 2 ] .  
 

Tab. 1.  D e s c r i p t i o n  o f  t h e  s t at e  v ar i abl e s  
Tab. 1.  O p i s  z m i e n n y c h  s t an u  
 

 S t at e  v ar i abl e s  i n  t h e  an al y z e d  
d e s i g n  s i t u at i o n s  

 

De
fle

cti
on
 

An
gle

 of
 

rot
ati
on
 

Me
nd
ing

 
mo

me
nt 

Tr
an
sve

rse
 

for
ce 

11δ  P1δ

 

V 

A s s e m bl y  s t ag e  I  1y  2y  3y  4y     

A s s e m bl y  s t ag e  I I  5y  
9y  

6y  
10y  7y  8y     

A s s e m bl y  s t ag e  I I I  11y  
13y  

12y  
14y       

A s s e m bl y  s t ag e  I V  15y  
19y  

16y  
20y  17y  18y     

A s s e m bl y  s t ag e  V  21y  
25y  

22y  
26y  23y  24y     

q 1 27y  28y  29y  30y     
q 2  31y  32y  33y  34y     
q 3  35y  36y  37y  38y     

S e r v i c e  s t ag e  
w i t h  t r u c k  l o ad   
q  an  p e d e s t r i an  
c r o w d  p  

q 4  39y  40y  41y  42y     
K1 43y  44y  45y  46y     
K2  47y  48y  49y  50y     
K3  51y  52y  53y  54y     
K4  55y  56y  57y  58y     
K5  59y  60y  61y  62y     
K6  63y  64y  65y  66y     

S e r v i c e  s t ag e   
w i t h  t r u c k  K 

K7  67y  68y  69y  70y     
C r e e p i n g  s t ag e      71y  72y   
S h r i n k ag e  s t ag e  73y  74y       

T1 75y  76y       Th e r m al  l o ad  
s t ag e  T2  77y  78y       
V o l u m e        79y  

 
3.5. F o r m u l a t i n g  t h e  o p t i m i z a t i o n  p r o b l e m  
 
T h e obj ec t iv e opt im u m  s ol u t ion c ons is t s  in d et er m ining  t h e 

c r os s  s ec t ion of  t h e s t eel  g ir d er ,  in w h ic h  t h e v al u e of  t h e obj ec t iv e 

f u nc t ion is  m inim al .  T h e obj ec t iv e f u nc t ion s el ec t ed  in t h e 
pr es ent ed  ex am pl e is  t h e v ol u m e of  s t eel  u s ed  t o m ak e t h e pl at e 
par t  of  t h e c om pos it e g ir d er .  P r ec is el y  t h is  w as  w h y  t h e s t at e 
v ar iabl e y

79 
= Va and  t h e f ol l ow ing  s t at e f or m u l a [ 4 ]  w as  appl ied :  

 
aAy =

'
79 ,   0)0(79 =y        (7 )  

 
w h er e:  a – d es ig nat ion of  t h e s t eel  par t  of  t h e c om pos it e g ir d er  
w it h ou t  r einf or c em ent .  
A ppl y ing  t h at  v ar iabl e m ad e it  pos s ibl e t o r ed u c e t h e 

opt im iz at ion pr obl em  w it h  t h e g ener al  L ag r ang e f u nc t ional  t o t h e 
M ay er -t y pe pr obl em  (1 ) ,  (2 ) .  
T h e s t at e eq u at ions ,  c ons t r aint s ,  and  t h e opt im iz at ion obj ec t iv e 

f u nc t ion c ons t it u t e par t s  of  t h e ind is pens abl e f or m al  s t r u c t u r e 
enabl ing  t h e appl ic at ion of  t h e m ax im u m  pr inc ipl e,  w h ic h  
f or m u l at es  t h e nec es s ar y  c ond it ion of  opt im iz at ion.  
 

1 .  T h e opt im iz ed  g ir d er  is  d es c r ibed  by  t h e s y s t em  of  f ir s t  or d er  
d if f er ent ial  eq u at ions  
 

])()([ xxxfy ii ,,' uy= ,   i = 1  ÷  7 9   (ny = 7 9 )           (8 )  
 

2 .  T h e ad m is s ibl e s pac es  and  t h e c ons t r aint s  w er e d et er m ined  and  
f or m u l at ed  f or  t h e s t at e v ar iabl es  and  t h e d ec is ion v ar iabl es  
 

0])()([ ≥xxxgs ,,uy ,   s = 1  ÷  8   (ns = 8 )        (9 )  
 

3 .  T h e H am il t on f u nc t ion in t h e anal y z ed  pr obl em  h as  t h e f or m  
 

)]()([])()([ xxxxxH T uyµguyfλ ,,, +=      (1 0 )   
4 .  T h e s y s t em  of  c onj u g at e v ar iabl e eq u at ions  h as  t h e f or m  
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f uyuy ,µ,λλ' ,   i = 1  ÷  7 9      (1 1 )  
 

5 .  T h e s y s t em  of  eq u at ions  f ol l ow ing  t h e c ond it ion of  t h e 
H am il t on f u nc t ion m ax im u m  h as  t h e f or m  
 

∑∑
==

∂
∂+

∂
∂=

8

1

79

1

)()(0
s j

s
s

k j
k

k u
g

u
f uyuy ,µ,λ ,   j = 1  ÷  3   (nu = 3 )   (1 2 )  

 
T h e opt im al  s ol u t ion is  f ou nd  by  w ay  of  t h e d if f er ent ial -

al g ebr aic  s y s t em  of  eq u at ions  (7 ) ,  (9 )  and  (1 0 ) ,  r es pec t ing  t h e 
f ol l ow ing  ex c ept ions :  
 

1 .  I f  a d ec is ion v ar iabl e as s u m es  v al u es  f r om  t h e bou nd ar y  of  t h e 
d ef ined  ad m is s ibl e s pac e,  t h en t h e eq u at ion f or m u l at ed  w it h  t h is  
v ar iabl e is  ex c l u d ed  f r om  t h e s y s t em  of  eq u at ions  (1 2 ) .   

 
2 .  W h en one of  t h e c ons t r aint s  (9 )  is  ac t iv e,  t h en t h e r es pec t iv e 
eq u at ion (1 2 )  is  ex c l u d ed  f r om  t h at  s y s t em  and  is  r epl ac ed  by  
t h e f ol l ow ing  eq u at ion:  

 
0])()([ =xxxgm ,,uy ,   m –  nu m ber  of  t h e ac t iv e c ons t r aint   (1 3 )  

 
3 .  T h e pr obl em  c an be s ol v ed  onl y  w h en t h e nu m ber  of  c as es  
d es c r ibed  u nd er  it em  1  and  2  d oes  not  ex c eed  t h e nu m ber  of  
d ec is ion v ar iabl es .  

 
T h e nu m ber  of  c ons t r aint s  in t h e pr es ent ed  pr obl em  is  m u c h  

h ig h er  t h an t h e nu m ber  of  eq u at ions  of  t h e k ind  (1 2 ) ,  w h ic h  
inc r eas es  t h e pr obabil it y  t h at  c ir c u m s t anc es  c an ar is e at  w h ic h  
t h er e is  no opt im al  s ol u t ion.  
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3.6. N u m e r i c a l  s o l u t i o n  
 
A p p l y ing  th e m axim u m  p rincip l e s trictl y ,  th e o p tim iz atio n 

p ro b l em  w as  red u ced  to  a m u l ti-p o int b o u nd ary  p ro b l em ,  w h ich  
w as  s o l v ed  u s ing  th e s o f tw are D irco l -2 . 1 .  A l o ng  th is  w ay ,  th e 
f o l l o w ing  cl au s es  w ere d eterm ined :  
− 7 9  s tate v ariab l es ,  
− 7 9  ad j o int v ariab l es ,  
− 3  d ecis io n v ariab l es ,  
− 2 5  co ntro l  p aram eters  ( 2 3  b earing  reactio ns  and  2  f o rce 
eq u atio n co ef f icients ) ,  
− 8  L ag rang e m u l tip l iers  rel ated  to  co ns traints  o f  th e s tate 
v ariab l es ,  
−  1 3 5  co ns tants ,  res p o ns ib l e f o r th e j u m p  o f  s tate v ariab l es  at 
s u p p o rt p o ints  and  at th e s y m m etry  axis ,  
−  1 4 4  co ns tants ,  res p o ns ib l e f o r th e j u m p  o f  ad j o int v ariab l es  at 
s u p p o rt p o ints  and  at th e s y m m etry  axis ,  
−  5  co ns tants  res p o ns ib l e f o r th e j u m p  o f  H am il to n f u nctio n at 
s u p p o rt p o ints  and  at th e s y m m etry  axis .  
A l to g eth er 4 7 8  m ag nitu d es  w ere as s ig ned .  A  s o l u tio n w as  

f o u nd ,  w h ich  s atis f ies  th e neces s ary  co nd itio ns  o f  o p tim al ity   
( F ig .  5 ,  6 ,  7 ) .  
 
 

  
F ig .  5 .   O p t im a l  t h ic k n e s s  o f  t h e  b o t t o m  f l a n g e  o f  t h e  p l a t e  g ir d e r  – d e c is io n  

v a r ia b l e  u1 [ m ]  
R y s .  5 .   O p t y m a l n a  g r u b o ś ć  d o l n e g o  p a s a  b l a c h o w n ic y  – z m ie n n a   

d e c y z y j n a  u1 [ m ]  
 
 

  
F ig .  6 .   O p t im a l  w id t h  o f  t h e  b o t t o m  f l a n g e  o f  t h e  p l a t e  g ir d e r  – d e c is io n   

v a r ia b l e  u2 [ m ]  
R y s .  6 .   O p t y m a l n a  s z e r o k o ś ć  d o l n e g o  p a s a  b l a c h o w n ic y  – z m ie n n a   

d e c y z y j n a  u  2 [ m ]  
 
 

  
F ig .  7 .   O p t im a l  t h ic k n e s s  o f  t h e  p l a t e  g ir d e r  w e b  – d e c is io n  v a r ia b l e  u3 [ m ]  
R y s .  7 .   O p t y m a l n a  g r u b o ś ć  ś r o d n ik a  b l a c h o w n ic y  – z m ie n n a  d e c y z y j n a  u  3 [ m ]  
 
T h e co m p u tatio ns  carried  o u t u s ing  th e s o f tw are D irco l -2 . 1  

s h al l  b e p reced ed  b y  l o ad ing  th e s tarting  v al u es  o f  th e s tate 
v ariab l es ,  w h ich  are au to m atical l y  co rrected  in th e s u b s eq u ent 
s tep s  o f  iteratio n u ntil  ach iev ing  th e s o l u tio n,  w h ich  s atis f ies  th e 
neces s ary  co nd itio ns  o f  o p tim al ity .  O f ten,  d ep end ing  o n th e 
s tarting  v al u es ,  d if f erent s o l u tio ns  are ach iev ed .  F ro m  th es e 
s o l u tio ns  th o s e o nes  s h al l  b e s el ected ,  th e res u l t o f  w h ich  is  
ch aracteriz ed  b y  th e m inim u m  v al u e o f  th e o b j ectiv e f u nctio n.  
T h ere nev er exis ts ,  h o w ev er,  s u renes s  th at no  b etter s o l u tio n is  
p o s s ib l e.  

I n th e p res ented  exam p l e,  th e s am e s o l u tio n w as  al w ay s  
ach iev ed  w h en d if f erent s tarting  v al u es  w ere as s u m ed .  I t can 
th eref o re b e s u p p o s ed  th at co ns id ering  th e g iv en co ns traints  and  
ad o p ted  as s u m p tio ns  th is  is  th e o nl y ,  i. e.  th e o p tim al  s o l u tio n 
res p ecting  th e m inim u m  s teel  v o l u m e criterio n.  
T h e f ig u res  5 ,  6 ,  7  p res ent th e el em ents  o f  th e cro s s  s ectio n o f  

th e p l ate g ird er,  d eterm ined  b y  th e o p tim iz ing  p ro ces s .  B o th  
d im ens io ns  o f  th e b o tto m  f l ang e are increas ing  at th e z o ne o f  th e 
interm ed iate b earing  and  in th e s p an s ectio ns .  T h e th ird  
d eterm ined  d im ens io n – th e w eb  th ick nes s  - d o es  no t u nd erg o  any  
ch ang es  p ractical l y  and  ach iev es  th e m inim u m  v al u e o f  th e 
ad m is s ib l e rang e o f  v ariab il ity .  
O n s ectio ns  w h ere al l  d ecis io n v ariab l es  ach iev e v al u es  o f  th e 

l im it o f  th e ad m is s ib l e rang e ( 0  ÷  1 2  m ,  2 4  ÷  5 1  m ,  6 9  ÷  8 4  m ) ,  al l  
eq u atio ns  ( 1 2 )  w ere excl u d ed  f ro m  th e o p tim iz atio n p ro ces s .  
O n s ectio ns  w h ere tw o  d ecis io n v ariab l es  ach iev e v al u es  o f  th e 

l im it o f  th e ad m is s ib l e rang e ( 1 2  ÷  1 5  m ,  2 1  ÷  2 4  m ,  9 6  ÷  1 0 5  m ) ,  
tw o  eq u atio ns  o f  th e s y s tem  ( 1 2 )  w ere excl u d ed .  I f  o n th es e 
s ectio ns  o ne o f  th e co ns traints  gs is  activ e,  th en al s o  th e th ird  
eq u atio n is  excl u d ed  f ro m  th e o p tim iz atio n p ro ces s ,  and  th at 
v ariab l e,  th e v al u es  o f  w h ich  are no t s itu ated  at th e l im it o f  th e 
ad m is s ib l e rang e,  is  d eterm ined  b y  th e activ e co ns traint.  T h e 
d iag ram s  o f  co ns traint f u nctio ns ,  w h ich  are no t incl u d ed  in th is  
p res entatio n o f  th e p ap er,  s h o w  th at o nl y  th e f irs t co ns traint is  
activ e o n s o m e interv al s .  T h ey  are th e interv al s  1 5  ÷  2 1  m ,  5 1  ÷  6 9  m ,  
and  8 4  ÷  1 0 5  m .  
O n s ectio ns  w h ere o nl y  o ne d ecis io n v ariab l e ach iev es  a v al u e 

o f  th e l im it o f  th e ad m is s ib l e rang e ( 1 5  ÷  2 1  m ,  4 8  ÷  7 2  m ,  8 4  ÷  
9 6  m ) ,  o ne eq u atio n o f  th e s y s tem  ( 1 2 )  is  excl u d ed .  O ne o f  th e 
s u b s eq u ent tw o  eq u atio ns  is  excl u d ed  w h en th e f irs t co ns traint is  
activ e.  W h en o nl y  o ne eq u atio n is  excl u d ed  f ro m  th e s y s tem  o f  
eq u atio ns  ( 1 2 ) ,  th en th e v ariab l es ,  th e v al u es  o f  w h ich  are no t 
s itu ated  o n th e l im it o f  th e ad m is s ib l e rang e,  are d eterm ined  b y  
th es e eq u atio ns .  W h ereas ,  w h en d u e to  th e activ ity  o f  th e f irs t 
co ns traint o f  th e s y s tem  ( 1 2 )  th e s eco nd  eq u atio n is  excl u d ed ,  th en 
th e v ariab l es ,  th e v al u es  o f  w h ich  are no t s itu ated  o n th e l im it o f  
th e ad m is s ib l e rang e,  are d eterm ined  b y  th e activ e co ns traint and  
b y  o ne o f  th e eq u atio ns  ( 1 2 ) .  I t is  h o w ev er im p o s s ib l e to  f ind  o u t,  
w h ich  d ecis io n v ariab l e is  af f ected  d irectl y  b y  th e activ ity  o f  th e 
co ns traint.  T h e ab o v e d ep end encies  in th e anal y z ed  p ro b l em  are 
p res ented  in f o rm  o f  th e s tru ctu re o f  co ntro l  in T ab l e 2 .  
 
T a b .  2 .   St r u c t u r e  o f  t h e  o p t im a l  s o l u t io n  
T a b .  2 .   St r u k t u r a  r o z w ią z a n ia  o p t y m a l n e g o  
 

P r z e d z ia ł  u  1 u  2 u  3 
0  ÷  1 5  u1. m i n u  2. m i n u  3. m i n 
1 2  ÷  1 5  u  1. m i n u  2. o p t   ⇐ (1 2 . 2 )  u  3. m i n 

1 5  ÷  2 1  (u  1. o p t  ,  u  2o p t )  


∪
=⇐ (12.2)(12.1)
01g  u  3. m i n 

2 1  ÷  2 4  u  1. m i n u  2. o p t   ⇐ (1 2 . 2 )  u  3. m i n 
2 4  ÷  5 1  u  1. m i n u  2. m i n u  3. m i n 

5 1  ÷  6 9  (u  1. o p t  ,  u  2o p t )  


∪
=⇐ (12.2)(12.1)
01g  u  3. m i n 

6 9  ÷  8 4  u  1. m i n u  2. m i n u  3. m i n 

8 4  ÷  9 6  (u  1. o p t  ,  u  2o p t )  


∪
=⇐ (12.2)(12.1)
01g  u  3. m i n 

9 6  ÷  1 0 5  u  1. o p t   ⇐ g1 =  0  u  2. m a x  u  3. m i n 
 
4 . S u m m a r y  
 
T h e th eo ry  o f  o p tim al  co ntro l  can b e ap p l ied  in p ro b l em s  o f  

o p tim iz atio n o f  b u il d ing  s tru ctu res .  T h e p ap er p res ents  in d etail  an 
exam p l e o f  o p tim iz ing  a g ird er w ith  co m p o s ite cro s s  s ectio n,  in 
w h ich  v ario u s  l o ad ing  co nd itio ns  w ere co ns id ered ,  and  a co m p l ex 
s tru ctu re o f  th e o p tim u m  s o l u tio n w as  p ro p o s ed ,  in w h ich  th e 
m u l tip o int b o u nd ary  p ro b l em  is  co nv erg ent.  T h e s o l v ed  p ractical  
exam p l e co nf irm s  th e p o s s ib il ity  o f  ap p l y ing  th e o p tim al  co ntro l  
th eo ry  in o p tim al  s tru ctu re d es ig n.  
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