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A b s t r a c t  
 

D e s i g n of  t h e  i t e ra t i ve  le a rni ng  c ont rol ( I L C )  f or rob ot  m a ni p u la t or w i t h  2 
d e g re e  of  f re e d om  b a s e d  on m od e l of  t h e  rob ot  a p p rox i m a t e d  b y  ne u ra l 
ne t w ork  i s  p re s e nt e d . T h e  rob ot  m od e l h a s  f orm  of  t h e  L a g ra ng e -E u le r 
e q u a t i on a nd  ne u ra l ne t w ork  w a s  t ra i ne d  t o e s t i m a t e  t h e  m od e l p a ra m e t e rs . 
T h e n, t h e  e s t i m a t e d  m od e l w a s  u s e d  f or s y nt h e s i s  of  I L C . 
 
K e y w o r d s :  ne u ra l m od e l of  i nd u s t ri a l rob ot , i t e ra t i ve  le a rni ng  c ont rol. 
 
S y n t e z a  it e r a c y j n ie  u c z ą c e g o  s ię  s t e r o w a n ia  
p r o s t e g o  r o b o t a  n a  p o d s t a w ie  n e u r o n o w e g o  
m o d e lu  r o b o t a  

 
S t r e s z c z e n i e  

 
W  p ra c y  p rz e d s t a w i ono s y nt e z ę  i t e ra c y j ni e  u c z ą c e g o s i ę  s t e row a ni a  d la  
rob ot a  o 2 s t op ni a c h  s w ob od y  na  p od s t a w i e  m od e lu  a p rok s y m ow a ne g o 
p rz y  p om oc y  s i e c i  ne u ronow y c h . M od e l rob ot a  m a  f orm ę  ró w na ń  
L a g ra ng e ’ a -E u le ra , k t ó re g o ni e li ni ow e  f u nk c j e  z os t a ł y  w y z na c z one  p rz e z  
od p ow i e d ni o w y t re now a ną  s i e ć  ne u ronow ą . Ap rok s y m ow a ny  m od e l z os t a ł  
na s t ę p ni e  w y k orz y s t a ny  d o s y nt e z y  re g u la t ora . 
 
S ł o w a  k l u c z o w e :  m od e l ne u ronow y  rob ot a  p rz e m y s ł ow e g o, i t e ra c y j ni e  
u c z ą c e  s i ę  s t e row a ni e . 
 
1 . I n t r o d u c t io n  
 

T h e r obot  mani p u lat or s  h av e c omp lex  nonli near  d y nami c s  t h at  
mi g h t  mak e ac c u r at e and  r obu s t  c ont r ol d i f f i c u lt  [ 6 ] . I t  i s  v er y  
h ar d  t o obt ai n t h e ex ac t  mat h emat i c al mod el of  r obot , t h e 
nonli near  mod el s t r u c t u r e i s  w ell k now n bu t  t h e p ar amet er s  li k e 
i ner t i a moment u ms  ar e u nk now n. T o ov er c ome t h i s  p r oblem, w e 
h av e u s ed  t h e neu r al net w or k  t o ap p r ox i mat e u nk now n nonli near  
f u nc t i ons  i n mod el of  r obot  ar m d y nami c s  [ 7 , 8 ] .  
T h e abi li t y  of  neu r al net w or k  ( N N )  t o ap p r ox i mat e nonli near  

f u nc t i ons  and  t o lear n t h r ou g h  ex amp les  mak es  i t  t h e mai n t ool i n 
many  d i s c i p li nes , i nc lu d i ng  r obot  c ont r ol [ 1 1 ] . M any  r es ear c h er s  
h av e d es i g ned  N N  c ont r oller s  i n r obot  mot i on c ont r ol w i t h  
s u bs t ant i al s u c c es s  bu t  a f ew  of  t h em h av e u s ed  N N  f or  
i d ent i f i c at i on t as k s  [ 1 0 ] . I n t h i s  p ap er , w e c ons i d er  t h e d es i g n of  
N N  i n or d er  t o ap p r ox i mat e nonli near  f u nc t i ons  of  t h e r obot . I t  
s h ou ld  be u nd er li ned  t h at  t h e d es i g n of  N N  d oes n’ t  r eq u i r e t h e 
ex ac t  k now led g e of  f u nc t i ons  t h at  d es c r i be t h e mod el. 

I n t h e las t  t w o d ec ad es , a g r eat  d eal of  p r og r es s  h as  been mad e 
i n t h e r es ear c h  of  I LC , e.g . [ 3 , 9 ] . S ev er al d es i g n met h od s  w er e 
p r op os ed  bas ed  on c onv ent i onal c ont r ol s y s t em d es i g n p r i nc i p les .  

W e p r es ent  i n t h i s  p ap er  a s y nt h es i s  of  ad v anc ed  I LC  of  r obot  
ar m bas ed  on r obot  mat h emat i c al mod el w h os e p ar amet er s  ar e 
ap p r ox i mat ed  by  t r ai ned  neu r al net w or k . T h e s t r u c t u r e of  t h e 
d i s c r et e-t i me N N  mod el h as  been d es i g ned  bas ed  on t h e 
Lag r ang e-E u ler  eq u at i on. 
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2 . M a t h e m a t ic a l m o d e l o f  r o b o t  
 

T h e mat h emat i c al mod el of  r obot  c an be r ep r es ent ed  by  t h e 
d i s c r et e t i me mod el d er i v ed  f r om t h e Lag r ang e-E u ler  eq u at i on  
[ 1 , 2 ]  as  f ollow s :  

                          
2 1( 1) 2 ( ) ( 1) [ ( )]{ [ ( ), ( 1)] [ ( )] ( )}Mpy k y k y k T y k D y k y k G y k kτ
−

+ = − − − − + −

                         ( 1 )  
 

w h er e y∈Rn i s  t h e v ec t or  of  j oi nt  p os i t i on, τ∈Rn i s  a v ec t or  of  
g ener ali z ed  t or q u e, [ ( )] n nM y k R ×

∈  i s  i ner t i a mat r i x , 
[ ( ), ( 1)] nD y k y k R− ∈  i s  a v ec t or  of  C or i oli s  and  c ent r i f u g al 

f or c es , [ ( )] nG y k R∈  i s  a v ec t or  of  g r av i t y  load i ng , k  i s   
a d i s c r et e t i me and  Tp i s  s amp li ng  t i me, t = k Tp. 

T h e abov e mod el c an be als o p r es ent ed  i n t h e f ollow i ng  f or m 
                                

( 1) 2 ( ) ( 1) [ ( ), ( 1)] [ ( )] [ ( )] ( )
m m m

y k y k y k A y k y k B y k C y k kτ+ = − − + − + +                                 
( 2 )  

 
w h er e 
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O u r  p u r p os e i s  t o ap p r ox i mat e t h e u nk now n nonli near  

p ar amet er s  of  Am, Bm and  Cm i n mod el ( 2 )  u s i ng  neu r al net w or k . 
T h e p r es ent ed  mod el ( 2 )  c an be r ew r i t t en i n s t at e s p ac e f or m as  

f ollow s                                              
( 1) ( , ) ( , ) ( )

( ) ( )
x k A x k B x k u k

y k C x k
+ = +

=
    ( 3 )  

 
w h er e  
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( )( ) ( 1 )
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y kx k y k
x

x
==

−

         , 
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( )

2 ( ) ( 1)( , ) m mk k k
k

y k y k A BA x k x
−− − + +

=
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( )( , ) 0
m kC

B x k =
    ,   [ ]0C I=  

 
an d I∈Rn×n i s i de n ti ty m atr i x  , 0 ∈Rn×n i s z e r o m atr i x .  
 

3. N e u r a l  m o d e l  o f  r o b o t  
 

I n  th i s w or k , w e  se tup th e  par am e te r s of  di scr e te  ti m e  e q uati on  
(2 ) f or  tw o de g r e e  of  f r e e dom  r ob ot, n= 2 , w i th  r e v ol ute  j oi n ts 
[ 1 0 ] .  T h e se  par am e te r s can  b e  e sti m ate d b y on e -h i dde n  l aye r  
f e e df or w ar d n e ur al  n e tw or k  (F F N N ) sh ow n  i n  f i g .  1 .  T h e  F F N N  
h as b e e n  di v i de d i n to f our  sub -n e tw or k s.  E v e r y sub -n e tw or k  h as 
tw o l aye r s:  th e  h i dde n  l aye r  h as n on l i n e ar  n e ur on s (N L ) an d 
output l aye r  h as l i n e ar  n e ur on s (L ).  T h e  n um b e r  of  n e ur on s i n  
h i dde n  l aye r  w as se t to 4  n e ur on s w h i l e  th e  n um b e r  of  n e ur on s i n  
output l aye r  w as e q ual  to th e  n um b e r  of  e l e m e n ts i n  v e ctor s AN, 
BN, CN1 an d CN2, r e spe cti v e l y 2 ,2 ,2 ,2 .  T h e  pr e se n te d str uctur e  of  
th e  n e ur al  n e tw or k  w as ch ose n  af te r  a n um b e r  of  e x pe r i m e n ts.   
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CN ( k)  
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2 
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F i g .  1 .   T h e  s t r u c t u r e  o f  f e e d -f o r w a r d  n e u r a l  n e t w o r k  ( D  i s  m e m o r y  u n i t )  
R y s .  1 .   S t r u k t u r a  s i e c i  n e u r o n o w e j  f e e d -f o r w a r d  ( D  j e s t  e l e m e n t e m  p a m i ę c i )  

 
T h e  n e ur on s i n  th e  h i dde n  l aye r s ar e  de scr i b e d b y th e  

h ype r b ol i c tan g e n t f un cti on  
 

2 2

2 2( )
v v

v v

e ez f v e e
−

−

−
= =

+
             (4 ) 

 
w h e r e  

1

n

i i
i

v w x b
=

= +∑                                   (5 ) 
 

an d xi, wi, b, z ar e  i n put si g n al s, w e i g h ts, b i as an d output of  th e  
n e ur on , r e spe cti v e l y.  

I n  th e  output l aye r s, th e  n e ur on s ar e  de scr i b e d b y l i n e ar  
f un cti on  

( )z f v v= =                                      (6 ) 
 
W e  h av e  assum e d th at th e  i n put si g n al s to e v e r y l aye r  ar e  

con n e cte d w i th  al l  n e ur on s i n  th i s l aye r .  I n put si g n al s to th e  
n e tw or k  i s y(k).  

T h e  pe r f or m an ce  f un cti on  f or  l e ar n i n g  of  th e  n e ur al  n e tw or k  
w as se l e cte d as th e  sum  of  sq uar e d e r r or , th e n , th e  con j ug ate  
g r adi e n t m e th od [ 4 , 5 , 7 ]  w as ch ose n  f or  l e ar n i n g  of  th e  N N   
of f -l i n e .  

2

1 1

1 [ ( ) ( ) ]2 k j

m n
j njF y k y k

= =

= −∑ ∑                (7 ) 
 

w h e r e  n

ny R∈  i s an  output v e ctor  of  th e  n e tw or k , k i s a n um b e r  
of  th e  tr ai n i n g  patte r n  an d m i s th e  l e n g th  of  l e ar n i n g  data.  
 
 

4. I t e r a t i v e  l e a r n i n g  c o n t r o l  o f  r o b o t  
 

T h e  I L C  al g or i th m  m ay b e  b r i e f l y de scr i b e d i n  th e  f ol l ow i n g  
w ay:  g i v e n  n on l i n e ar  state  space  m ode l  of  r ob ot i n  di scr e te  ti m e  
(3 ) can  b e  pr e se n te d i n  th e  state -space  as f ol l ow s 

                                                
( 1, ) ( , , ) ( , , ) ( , )

( , ) ( , )
x k i A x k i B x k i u k i

y k i C x k i
+ = +

=
     (8 ) 

 
w h e r e  i de n ote s th e  i te r ati v e  l e ar n i n g  i te r ati on .  A  syste m  w h ose  
dyn am i cs pr opag ate s al on g  tw o i n de pe n de n t di r e cti on s i s k n ow n  
as 2 -D  syste m  [ 3 ] .  O n e  pr oce ss i s de scr i b e d b y v ar i ab l e  k w h i ch  
r e pr e se n ts th e  di scr e te -ti m e  an d th e  se con d pr oce ss i s de scr i b e d b y 
v ar i ab l e  i w h i ch  r e f e r s to th e  l e ar n i n g  i te r ati on s.  

T h e n , th e  g e n e r al  I L C  r ul e  can  b e  g i v e n  as f ol l ow s  
 

( , 1) ( , ) ( , )u k i u k i u k i+ = + ∆                (9 ) 
 

w h e r e  ∆u de n ote s updati n g  of  th e  con tr ol  i n put.  T h us, (8 ) an d (9 ) 
de scr i b e  a 2 -D  m ode l  of  I L C  pr oce ss.  I n  I L C  th e  b oth  dyn am i cal  
pr oce sse s ar e  i n de pe n de n t of  e ach  oth e r .  

T h e n , assum e  th at w e  h av e  g i v e n  th e  r e f e r e n ce  output i n  f i n i te  
di scr e te  ti m e  i n te r v al  k∈ [ 0 ,N ] , w h e r e  N  i s an  i n te g e r  de te r m i n e d 
b y w or k i n g  task  spe ci f i cati on .  O ur  task  i s to f i n d con tr ol  i n put 
such  th at r ob ot output y f ol l ow s th e  g i v e n  r e f e r e n ce  output yr.  I n  
th e  I L C  af te r  se v e r al  l e ar n i n g  i te r ati on s, u(k,i) i s m odi f i e d such  
th at y(k) ≈ yr(k), i n  g e n e r al  e(k,i) =  yr(k) – y(k,i) → 0  i f  i→∞ .  F i g .  
2  sh ow s th e  g e n e r al  str uctur e  of  I L C  usi n g  2 -D  de scr i pti on s, th e  
r ob ot i s th e  con tr ol l e d syste m  de scr i b e d b y (8 ).   

 
 

  
F i g .  2 .   F l o w c h a r t  o f  I L C  o p e r a t i o n  
R y s .  2 .   S c h e m a t  d z i a ł a n i a  u k ł a d u  i t e r a c y j n i e  u c z ą c e g o  s i ę  s t e r o w a n i a  

 
B ase d on  th e  state  space  m ode l  (8 ), th e  ti m e -v ar i ab l e  l e ar n i n g  

con tr ol  r ul e  can  b e  pr e se n te d, [ 9 ] , as f ol l ow s 
                                          

1

2

3

( , ) ( , 1) ( , , )[ ( ) ( , )]
( , , )[ ( , , ) ( , , 1)]
( , , ) ( , 1)

ru k i u k i K x k i y k y k i
K x k i A x k i A x k i
K x k i u k i

= − + −

+ − −

+ −

  (1 0 ) 
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where matrices of learning gain K1, K2 and K3 are calculated the 
following way  

                                                      
1

1

2 1

3 1

( , ) [ ( , , )]
( , , ) ( , , )
( , ) ( , , ) ( , , 1 )

K x k CB x k i

K x k i K x k i C

K x k K x k i CB x k i

−

=

= −

= −

    (1 1 )  

 
S ince usually  rob ot model p arameters are unk nown we hav e 

used the trained F F N N  as a p art of control sy stem.  T he F F N N  
calculates the rob ot p arameters (2)  which are then used in model 
(8 )  for calculation of the I L C  learning gain (1 1 ) .  

I n this case, the estimated matrices of the nonlinear state sp ace 
model (3 )  of rob ot can b e rewritten as follows 

 
( , 1) ( )

2
2 ( ) ( 1)( , ) ( )

N Nk k ky k y k A BA x k x k
−− − + +

=
    , 

 
( )( , ) 0
N kC

B x k =
     and [ ]0C I=  

 
where AN, BN and CN are rob ot model p arameters ap p rox imated b y  
F F N N .  
 
5. C o m p u t e r  s i m u l a t i o n  
 

I n order to learn and test the designed neural network , the data 
for learning and testing of N N  were generated b y  simulation of the 
2-D O F  P U M A  rob ot [1 0 ], whose model p arameters (1 )  are 
describ ed as follows 

 
2 21 2 3 2 3

22 3 2

( ) ( )
( )

2 cos( ) cos( )[ ( )] cos( )
k k

k

p p p y p p yM y k p p y p
+ + +

=
+

   
 

 
3 1 2 2 3 2 1 2 2

2
3 1 2

( 1) ( 1) ( ) ( 1)[ ( 1) ( 1)] ( )11
( 1) ( )2 1

sin( ) sin( )
sin( )

d k k k k k k k

d k k

p y y y p y y y y

p y y

= − − − − −

−

− − +

=   
11

2 1
[ ( ), ( 1)] d

d
D y k y k − =

    
 

 
4 1 5 1 2

5 1 2

( ) ( ) ( )
( )

cos( ) cos( )[ ( )] cos( ( ) )
k k k

k
p y p y yG y k p y k y

+ +
=

+

     
 
T he coefficients pi of rob ot are 
 

[ ]
[ ]

1 2 3 4 5

1.6 0.5 0.6 3.7 1.2

P p p p p p=

=

 

 
T he N N  was learned using the conj ugate-gradient method [4 , 5 , 

7 ].  I np ut signals to the network  were rob ot p osition 
X = { y(1 ) ,… ,y(m ) }  and rob ot torq ue U = { τ(2) ,… ,τ(m ) }  while 
Yn= { yn(3 ) ,… ,yn(m ) }  was N N  outp ut and Y = { y(3 ) ,… ,y(m ) }  was 
desired outp ut.  T he learning traj ectory  (desired)  of the rob ot 
outp ut is describ ed b y  the following formula 

                                                                      
1 cos t

T
y A ω  −    =                               (1 3 )  

 

where 
π

10
=A  [o/ rad] is the amp litude, ω = 2π  and the p eriod 

T = 1 8 . 8  [sec].  T he neural model outp ut had to follow the ab ov e 
giv en traj ectory  in time t = 5  [sec] and samp ling time Tp= 0 . 0 1  [sec].  

T ask  of the N N  learning was to find the network  p arameters 
such that the network  outp ut signal Yn≈Y .  T his can b e achiev ed b y  
calculating of the error b etween the actual and desired outp uts 
after each learning iterations in order to up date the weights of N N  
according to the conj ugate gradient learning method rule [4 , 5 , 7 ] 

                                                               
( )( 1 ) ( ) ( )

F h
w h w h

w h
η

∂
+ = +

∂
           (1 4 )  

 
where h is learning iterations and η is learning p arameter and was 
set arb itrarily  to 0 . 0 0 3 .  T he ob tained results for the desired 
traj ectory  and N N  outp ut signals are illustrated on F ig.  3 .   

 
 

  

  
F i g .  3 .   T h e  d e s i r e d  tr a j e c to r y  y a n d  th e  N N  o u tp u t yn ( L e a r n i n g  s ta g e )  
R y s .  3 .   Z a d a n a  tr a j e k to r i a  y i  w y j ś c i e  s i e c i  N N  ( n a u k a )  
 
T he max imum ab solute errors b etween the desired traj ectory  

and N N  outp ut are giv en in tab le 1 .    
 
T a b .  1.   M a x i m u m  a b s o l u te  e r r o r  b e tw e e n  d e s i r e d  tr a j e c to r y  y a n d  N N  o u tp u t yn 

( l e a r n i n g  s ta g e )  
T a b .  1.   M a k s y m a l n e  b ł ę d y  a b s o l u tn e  m i ę d z y  z a d a n ą  tr a j e k to r i ą  y o r a z  w y j ś c i e m  

N N  yn ( u c z e n i e )  
 

J o i n t n u m b e r  1 2 
E r r o r  [ o] 0 . 0 3 20  0 . 0 3 6 1 

 
 

A fter the N N  was trained it was incorp orated within I L C  
sy stem, the reference traj ectory  at each j oint for control 
calculation was according to [1 0 ] as follows 

                                                                        
3

1
sin

r i

iy A t
T
ω

=

= ∑    
                             (1 5 )  

 



208    PAK vol. 55, nr 3/2009 
 

where 
π

10
=A  [o/ rad ]  i s  t he ampl i t u d e and  t he peri o d  i s  T = 2 . 5  

[s ec] .  T he f req u enci es  are ω1= 1 . 0  H z ,  ω2= 2 . 0  H z ,  and  ω3= 4 . 0  H z .  
T he ro bo t  arm has  t o  f o l l o w t he g i v en ref erence t raj ect o ry  i n t i me 
t = 5  [s ec]  wi t h s ampl i ng  t i me Tp= 0 . 0 1  [s ec] ,  i . e.  N = 5 0 0  t i me 
i ns t ant s .  

T he co nt ro l  s y s t em was  t hen t es t ed  t o  f o l l o w t he g i v en 
ref erence t raj ect o ry .  T he o bt ai ned  res u l t s  f o r ro bo t  t raj ect o ri es ,  
ref erence t raj ect o ri es  and  co nt ro l  s i g nal s  are pres ent ed  o n F i g .  4  
and  5 .   

 

  

  
F i g .  4 .   T h e  r e f e r e n c e  tr a j e c to r y  yr a n d  th e  a c tu a l  r o b o t p o s i ti o n  y 
R y s .  4 .   S y g n a ł  z a d a n y  yr i  s y g n a ł  p o z y c j i  r o b o ta  y 

 
 

  

  
F i g .  5 .   T h e  c o n tr o l  s i g n a l  τi f o r  r o b o t j o i n t n o .  1 a n d  2 
R y s .  5 .   S y g n a ł  s te r u j ą c y  τi p r z e g u b u  1 o r a z  2 r o b o ta  

 

T he abs o l u t e co nt ro l  erro rs  bet ween t he ref erence t raj ect o ry  and  
act u al  ro bo t  t raj ect o ry  are g i v en i n t abl e 2 .  

 
T a b .  2.   M a x i m u m  a b s o l u te  c o n tr o l  e r r o r  b e tw e e n  r e f e r e n c e  tr a j e c to r y  yr a n d  r o b o t 

o u tp u t y  
T a b .  2.   M a k s y m a l n e  a b s o l u tn e  b ł ę d y  s te r o w a n i a  m i ę d z y  s y g n a ł e m  z a d a n y m  yr o r a z  

w y j ś c i e m  r o b o ta  y 
 

J o i n t n u m b e r  1 2 
E r r o r  [ o]×10 -3 0 . 210  0 . 5 0 0  

 
 
I t  i s  eas y  t o  f i nd  t hat  t he al g o ri t hm o f  I L C  wo rk s  ef f i ci ent l y  

al t ho u g h t he ro bo t  paramet ers  are i d ent i f i ed  by  t he neu ral  net wo rk .  
I n t he pres ent ed  res u l t s ,  we f o u nd  o u t  t hat  t he maxi mu m abs o l u t e 
erro r f o r j o i nt  no .  1  and  2  no t  exceed  0 . 0 0 0 2 1  and  0 . 0 0 0 5  [o] ,  
res pect i v el y ,  and ,  t he s at i s f act o ry  q u al i t y  co nt ro l  was  o bt ai ned  
af t er t hree l earni ng  co nt ro l  i t erat i o n ( i = 3 ) .  
 
6. C o n c l u s i o n  
 

T he d es i g n o f  i t erat i v e l earni ng  co nt ro l  f o r 2 -D O F  P u ma ro bo t  
bas ed  o n mo d el  i n t he f o rm o f  L ag rang e-E u l er eq u at i o n whi ch 
paramet ers  were appro xi mat ed  paramet ers  o bt ai ned  by  t rai ned  
F F N N  was  pres ent ed .  T he s at i s f act o ry  co nt ro l  has  been o bt ai ned  
i n a f ew l earni ng  i t erat i o ns .   

H o wev er,  we hav e enco u nt ered  s o me pro bl ems  d u ri ng  N N  
l earni ng  and  t es t i ng  s u ch as  t he l eng t h o f  t i me req u i red  f o r 
l earni ng ,  and  s el ect i o n o f  t he N N  s t ru ct u re and  l earni ng  met ho d  t o  
d o  t hi s  t as k  pro perl y .  O ne can expect  mo re pro bl ems  f o r co nt ro l  o f  
ro bo t  wi t h mo re d eg ree o f  f reed o m.  T hu s ,  mo re res earch i s  
req u i red  i n o rd er t o  i ncreas e t he ef f i ci ency  o f  l earni ng  al g o ri t hms  
and  s i mpl i f y  t he N N  s t ru ct u re and  at  t he s ame t i me wi t ho u t  l o o s e 
o f  s peci f i ed  perf o rmance l ev el .   
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