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A b s t r a c t  
 

A me t h od f or imp rove me nt  of  a p os it ion e s t imat ion of  a robot  manip u lat or 
bas e d on mode l w it h  u nc e rt ain p arame t e rs  is  p re s e nt e d. T o c alc u lat e  t h e  
p os it ion of  t h e  robot  t h e re  w as  de s ig ne d t h e  robot  mode l u s ing  art if ic ial  
ne u ral ne t w ork s  w it h  s t ru c t u re  of  t h e  mat h e mat ic al mode l in t h e  f orm of  
Lagrange-E u l er e q u at ions . T h e  T i k h onov  re g u larizat ion w as  t h e n u s e d t o 
imp rove  t h e  ap p rox imat ion of  t h e  robot ’ s  p os it ion. T h e  e x amp le  of  t h e  
p os it ion of  t h e  robot  PU M A 56 0 w it h  6  de g re e s  of  f re e dom c alc u lat ion 
w it h  p rop os e d me t h od is  p re s e nt e d. O bt aine d re s u lt s  indic at e  s ig nif ic ant  
imp rove me nt  of  t h e  e s t imat ion. 
 
K e y w o r d s :  robot ic s , ne u ral ne t w ork s , inve rs e  dy namic  p roble m, 
re g u larizat ion. 
 Z as t o s o w an i e reg ul aryzac j i  T i kh o n o v a  d o  p o p raw y es t ym ac j i  p o zyc j i  ro bo t a  n a p o d s t aw i e m o d el u o  n i ed o kł ad n yc h  p aram et rac h  w yzn ac zo n yc h  za p o m o c ą  s i ec i  n euro n o w yc h  

 
S t r e s z c z e n i e  

 
W  p rac y  p rze ds t aw iono me t odę  p op raw y  e s t y mac j i p oł oż e ń  robot a na 
p ods t aw ie  mode lu  robot a o nie dok ł adny c h  p arame t rac h . D o w y znac zania 
p oł oż e nia robot a zap roj e k t ow ano mode l robot a z w y k orzy s t anie m 
s zt u c zny c h  s ie c i ne u ronow y c h  o s t ru k t u rze  mode lu  mat e mat y c zne g o  
w  f ormie  ró w nań  Lagrange’ a-E u l era. W  c e lu  p op raw y  e s t y mac j i p oł oż e ń  
na p ods t aw ie  w y znac zone g o mode lu  zas t os ow ano re g u lary zac j ę  
T i k h onow a. Z ap rop onow ana me t oda zos t ał a p rze ds t aw iona na p rzy k ł adzie  
odt w arzania p oł oż e ń  robot a PU M A 56 0. O t rzy mane  w y nik i w s k azu j ą  na 
znac zną  p op raw ę  dok ł adnoś c i. 
 
S ł o w a  k l u c z o w e :  robot y k a, s ie c i ne u ronow e , mode l robot a, re g u lary zac j a. 
 1 . I n t ro d uc t i o n  
 
M at h emat i c al mo d el o f  r o bo t  h as c o mp li c at ed ,  h i g h ly  no nli near  

mult i -i np ut  mult i -o ut p ut  st r uc t ur e.  E q uat i o ns d esc r i bi ng  t h e 
d y nami c s o f  t h e r o bo t  c an be c alc ulat ed  usi ng  t h e Lagrange-E u l er 
eq uat i o n [ 2 ] ,  but  t h i s r eq ui r es a k no w led g e o f  t h e ex ac t  v alues o f  
t h e r o bo t ' s p h y si c al p ar amet er s t h at  ar e h ar d  t o  o bt ai n [ 4 ] .   
I t  i s p o ssi ble t o  i d ent i f y  t h e r o bo t  mo d el w i t h  neur al net w o r k s 

w h i c h  p ar amet er s c an be easi ly ,  ad ap t i v ely  c alc ulat ed .  D i f f er ent  
neur al net w o r k s p r esent ed  i n [ 6 ,  1 0 ,  1 2 ,  1 3 ]  ar e ex amp les o f  suc h  
mo d el.  D esi g ni ng  neur al net w o r k s d o es no t  r eq ui r e t h e k no w led g e 
o f  f unc t i o ns o f  t h e mo d el,  but  o nly  v alues o f  r o bo t  j o i nt s p o si t i o n.  
M o r eo v er  t h e st r uc t ur e o f  t h e neur al net w o r k  c an r esemble t h e 
mo d el o f  t h e r o bo t  and  i d ent i f y  element s i n t h e Lagrange-E u l er 
eq uat i o n.  H o w ev er ,  t h er e ex i st s a p r o blem o f  an unc er t ai nt y  o f  
i d ent i f i ed  p ar amet er s w h i c h  r esult s i n sud d en d ec r ease o f  t h e 
p o si t i o n est i mat i o n ac c ur ac y  [ 1 2 ] .  T h i s c an be c aused  f o r  i nst anc e 

P ro f . d r h ab. inż. Je rz y  K U RE K  
 
P r o f e s o r  z w y c z a j n y  P o l .  W a r s z a w s k i e j  ( P W ) .  W  k a d e n c j i  
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d o t y c z ą  m .  i n .  w y z n a c z a n i a  n o w y c h  a l g o r y t m ó w  
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e-m a i l :  j k u r ek @ m c h t r . p w . ed u . p l    
 
by  lo ss o f  t h e p o si t i v e d ef i ni t eness o f  t h e i d ent i f i ed  i ner t i a mat r i x ,  
i t  w as i nv est i g at ed  i n [ 1 3 ] .   
O ne o f  t h e t ec h ni q ues f o r  i mp r o v ement  o f  ap p r o x i mat i o n based  

o n unc er t ai n mo d el i s r eg ular i z at i o n.  T h e mo st  c o mmo n i s t h e 
T ik h o no v  r eg ular i z at i o n [ 1 ,  3 ,  7 ,  8 ]  also  k no w n as t h e T ik h o no v -
P o w el l  r eg ular i z at i o n o r  t h e r i d g e r eg r essi o n.  I n t h i s p ap er  usi ng  
t h e T ik h o no v  r eg ular i z at i o n w e p r esent  a met h o d  f o r  i mp r o v ement  
o f  t h e r o bo t  mani p ulat o r  p o si t i o n est i mat i o n c alc ulat ed  based  o n 
unc er t ai n neur al r o bo t  mo d el.  
T h e ar t i c le i s o r g ani z ed  as f o llo w s.  I n sec t i o n 2  a d i sc r et e t i me 

mat h emat i c al mo d el o f  r o bo t  mani p ulat o r  i n t h e f o r m o f  t h e 
Lagrange-E u l er eq uat i o n i s d esc r i bed ,  and  t h e st r uc t ur e o f  neur al 
net w o r k  f o r  i d ent i f i c at i o n o f  t h e i nv er se r o bo t  mo d el i s p r esent ed .  
A f t er w ar d s,  t h e r o bo t  p o si t i o n est i mat i o n usi ng  i d ent i f i ed  neur al 
mo d el i s d esc r i bed .  T h e T ik h o no v  r eg ular i z at i o n and  p r o p er t i es o f  
i ll-p o sed  p r o blems ar e p r esent ed  i n sec t i o n 3  and  i n sec t i o n 4  t h e 
r o bo t  p o si t i o n est i mat i o n based  o n neur al net w o r k  mo d el w i t h  t h e 
T ik h o no v  r eg ular i z at i o n i s p r esent ed .  S ec t i o n 5  d esc r i bes 
numer i c al r esult s o bt ai ned  f o r  est i mat i o n o f  t h e P U M A  5 6 0  r o bo t  
mani p ulat o r  p o si t i o n.  F i nally ,  c o nc lud i ng  r emar k s ar e g i v en.  
 2 . Neural  n et w o rk L ag ran g e-Eul er  ro bo t  m o d el  

 
T h e d i sc r et e t i me mo d el o f  t h e r o bo t  w i t h  n  d eg r ee o f  f r eed o m,  

based  o n t h e Lagrange-E u l er eq uat i o n [ 2 ]  c an be p r esent ed  as 
f o llo w s [ 1 2 ]  

 
)]1()(2)1([)()()()( 2 −+−+++= − kqkqkqTkMkGkVk pτ   ( 1 )  

 
w h er e n

i Rkk ∈= )]([)( ττ  i s v ec t o r  o f  c o nt r o l si g nals,  
n

i Rkqkq ∈= )]([)(  i s v ec t o r  o f  g ener ali z ed  j o i nt  c o o r d i nat es,  
nn

ij RkmkM ×∈= )]([)(  i s r o bo t  i ner t i a mat r i x ,  )]([)( kqMkM = ,  
nRkV ∈)(  i s v ec t o r  o f  C o rio l is  and  c ent r i f ug al f o r c es,  

)]1(),([)( −= kqkqVkV ,  nRkG ∈)(  i s v ec t o r  o f  t h e g r av i t y  
lo ad i ng ,  )]([)( kqGkG = ,  k  i s d i sc r et e t i me and  pT  i s samp li ng  
p er i o d  ( pkTt = ) .  
T h e abo v e mo d el c an be r ew r i t t en as f o llo w s [ 1 2 ]  
 

)]1()(2)1([)()()( 2 −+−++= − kqkqkqTkMkPk pτ          ( 2 )  
 
w h er e 

)()()]([)( kGkVkpkP i +==            ( 3 )  
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In the robot model (1) the unknown nonlinear elements of 
)(kM , )(kV , )(kG  should be identified. F or identific ation we 

present model (2 ) as a set of n  eq uations 
 

)]1()(2)1([)()()( 2

1
−+−++= −

=

∑ kqkqkqTkmkpk jjjp
n

j
ijiiτ  (4 ) 

  
ni ,,1K=  

 
E lements )(kpi  and )(kmij  c an be identified using  a feed-

forward neural network [ 12 ] . S truc ture of the neural network for 
the identific ation of elements is shown in F ig . 1(a). Inputs to the 
neural network are g eneraliz ed j oint c oordinates )(kq  and the 
output of the network is )(kiτ . T herefore we c all the obtained 
model the ‘ inv erse’  one. C learly , we hav e n independent neural 
models (4 ) for ev ery  deg ree of freedom. 
 
 

  

  
F i g .  1 .   T h e  s t r u c t u r e  o f  n e u r a l  n e t w o r k  f o r  ( a )  i d e n t i f i c a t i o n  a n d  ( b )  e s t i m a t i o n   

o f  e l e m e n t s  i n  m o d e l  ( 4 )  
R y s .  1 .   S t r u k t u r a  s i e c i  n e u r o n o w e j  ( a )  d o  i d e n t y f i k a c j i  i  ( b )  d o  e s t y m a c j i  

e l e m e n t ó w  w  m o d e l u  ( 4 )  
 
T he identified model c an be used for estimation of unknown 

elements of the robot model based only  on j oint c oordinates )(kq , 
see F ig . 1(b). It is easy  to note that matric es in (2 ) c an be 
estimated as follows 

 
njnikmkMkM NNijNN ,,1,,,1)],([)()( KK ===≅       (5 ) 

 
 nikpkPkP NNiNN ,,1)],([)()( K==≅     (6 ) 

 
where elements )(kmNNij and )(kpNNi  are c alc ulated by  neural 
network ac c ording  to F ig . 1(b). 
T hen, the following  eq uation for estimation of robot position 

c an be used 
 

)()1()(2)1( kkqkqkq NNNN Λ+−−=+     (7 ) 
 
where )1( +kqNN  is estimated position and 
 

 )]()()[()( 12 kPkkMTk NNNNpNN −=Λ − τ                 (8 ) 
 
 

3. T h e  T i k h o n o v  r e g u l a r i z a t i o n  
 
In many  automatic  c ontrol applic ations oc c urs a problem of 

finding  a g ood approx imation of the v ec tor nRx∈  that satisfies  
a standard matrix  linear eq uation 
 

 bAx =            (9 ) 
 

where nn
ij RaA ×∈= ][  is matrix  of approx imated c oeffic ients, 

n
i Rxx ∈= ][  represents v ec tor of unknown parameters and 

n
j Rbb ∈= ][  is v ec tor of measurements. 

T he presented problem is c alled well-posed in the sense of 
Hadamard if following  c onditions are satisfied [ 3 , 7 , 8 ] :   
a) a solution ex ists, b) the solution is uniq ue, c ) the solution 
depends c ontinuously  on the data. If one of presented c onditions is 
not satisfied the problem is c alled ill-posed. 
U sually , if (9 ) is ill-posed, the solution has v ery  big  errors. In 

suc h c ase matrix  A is also ill-c onditioned. T his property  c an be 
tested using  a c ondition number whic h c an be c alc ulated 
ac c ording  to a following  eq uation [ 5 ]  
 

min

max

A

A
A

σ

σ
κ =                (10 ) 

 
where maxAσ , minAσ  are max imal and minimal sing ular v alues of 
matrix  A [ 5 ] . 
M atric es with the c ondition number near 1 are said to be well-

c onditioned and matric es with the c ondition number muc h abov e 1 
are said to be ill-c onditioned.  
If the problem is ill-posed, during  the numeric al solution it c an 

be reg ulariz ed using  additional assumptions. T he c ommonly  used 
method is the T i kh o n o v  reg ulatiz ation [ 3 , 7 , 8 ] . R eg ulariz ed 
solution is defined as follows 
 

}{minargˆ 2
2

22
2 xbAxx

x
Γ+−= α                 (11)  

where x̂  is ex plic it solution , nxnR∈Γ  denotes T i kh o n o v  matrix  
(it is assumed that ΓΓT  is positiv e definite), 0>α  is sc aling  
fac tor, 2x  denotes E u c l i de an  norm of v ec tor x . 
S olv ing  (11) leads to the following  formula, deriv ed by  

T i kh o n o v  [ 1]  
bAAAx TTT 1)(ˆ −ΓΓ+= α             (12 ) 

 
U sually , in the simple approx imation, Γ  c an be c hosen as an 

identity  matrix  [ 7 , 8 ] . S c aling  fac tor α  c an be c hosen arbitrarily  or 
by  using  spec ial tec hniq ues, for instanc e c ross v alidation, 
max imum likelihood, c onj ug ate g radients or ev olutionary  
alg orithms [ 7 , 8 , 11] . 
 
4. T h e  p o s i t i o n  e s t i m a t i o n  o f  t h e  r o b o t   

u s i n g  n e u r a l  n e t w o r k  m o d e l  a n d   
t h e  T i k h o n o v  r e g u l a r i z a t i o n  

 
In ev ery  step k  the identified by  neural network model of robot 

c an be rewritten using  (2 ) and identified matric es (5 )-(6 ) into the 
matrix  form of linear eq uations as follows 
 

)()]1()(2)1([)( 2 kbkqkqkqTkM NNNNpNN =−+−+−

       (13 )  
where 

)()()( kPkkb NNNN −=τ           (14 ) 
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Using the Tikhonov r egu l ar iz atio n acco r d ing to  ( 1 2 )  w ith the 
T ik ho no v  m atr ix  I=Γ , the fo l l o w ing eq u atio n fo r  the p o sitio n 
estim atio n can b e u sed  
 

)()1()(2)1( kkqkqkq NNrNN Λ+−−=+      ( 1 5 )   
w her e 
 

)]()()[(])()([)( 12 kPkkMIkMkMTk NN
T
NNNN

T
NNpNNr −+=Λ − τα  ( 1 6 )  

 
5. N u m e r i c a l  e x a m p l e  
 
I t w as sho w n in [ 1 2 ]  that cal cu l atio n o f r o b o t p o sitio n estim ate 

acco r d ing to  ( 7 )  can giv e b ig er r o r s, e. g.  fo r  r o b o t P UM A  5 6 0  [ 3 , 7 ] .   
I n the ex am p l e the P UM A  5 6 0  r o b o t w as sim u l ated  in the tim e 

inter v al  T  = 2 0 0  [ sec] , w ith the sam p l ing tim e pT  = 0 . 0 1  [ sec] .  
T her efo r e, ther e w er e 2 0  0 0 0  d ata sam p l es fo r  the tr aining and  2 0  
0 0 0  d ata sam p l es fo r  the testing o f neu r al  netw o r k s.  T he tr aining 
and  testing d ata, r efer ence tr aj ecto r ies and  co ntr o l  inp u ts, w er e set 
d iffer ent fo r  ev er y  j o int.  B o th tr aj ecto r ies ar e p r esented  in F ig.  2 -3  
and  it is easy  to  see the d iffer ences.  
E v er y  el em ent o f the r o b o t’ s m athem atical  m o d el  ( 4 )  w as 

id entified  b y  a tw o  l ay er  neu r al  netw o r k  w ith o ne no nl inear  hid d en 
l ay er  w ith 2  neu r o ns and  o ne l inear  o u tp u t l ay er  w ith 1  neu r o n.  I n 
al l  no nl inear  l ay er s neu r o ns w er e d escr ib ed  b y  sigm o id al  
activ atio n fu nctio n 

)tansig()( uufy NL ==          ( 1 7 )  
 
I n l inear  l ay er s neu r o ns w er e d escr ib ed  w ith a l inear  activ atio n 

fu nctio n 
uufy L == )(    ( 1 8 )  

 
w her e  

∑
=

+=
N

i
iiuwwu

1
0 ,    ( 1 9 )  

 
and  N is a nu m b er  o f a neu r o n inp u ts, iw  d eno tes a w eight o f the 
i -th inp u t to  the neu r o n, iu  is an i -th inp u t to  the neu r o n and  0w  
is a thr esho l d  o ffset.  
N eu r al  netw o r k s w er e tr ained  o ff-l ine u sing the co nj u gate 

gr ad ient m etho d  to  u p d ate w eights in al l  l ay er s [ 1 4 ] .  T her e w er e 
1 0 0  tr aining iter atio ns.  T he neu r al  netw o r k  tr aining w as car r ied  
o u t b ased  o n the tr aining tr aj ecto r y .  T he p er fo r m ance fu nctio n o f 
the neu r al  netw o r k  w as cho sen as a m ean sq u ar e er r o r  o f the 
co ntr o l  signal  in i -th j o int 
 

2

1
])()([1 ∑

=

−=

K

k
NNiii kk

K
J ττ

           
( 2 0 )  

 
w her e K  is a nu m b er  o f al l  d ata sam p l es.  
T hen, netw o r k  gener al iz atio n p r o p er ties w er e tested  u sing the 

testing tr aj ecto r ies.  B o th tr aj ecto r ies w er e d iffer ent fo r  ev er y  j o int, 
co m p ar e F ig.  2  and  3 .  T he accu r acy  o f the p o sitio n estim atio n in 
ev er y  j o int fo r  l ear ning and  testing tr aj ecto r ies w as ev al u ated  
u sing the fo l l o w ing q u al ity  ind ices 
 

a)  av er age ab so l u te p o sitio n er r o r  
  

∑
=

−=

K

k
riNNiavi kqkqKe

1
)()(1               ( 2 1 )  

 
b )  m ax im u m  ab so l u te p o sitio n er r o r  
 

)()(max
],1[max kqkqe riNNiKki −=

∈            ( 2 2 )  
 
 

  

  

  

  

  

  
F i g .  2 .   T r a i n i n g  t r a j e c t o r i e s  f o r  e a c h  j o i n t  o f  t h e  r o b o t  P U M A  5 6 0  
R y s .  2 .   T r a j e k t o r i e  t r e n i n g o w e  d l a  p o s z c z e g ó l n y c h  p r z e g u b ó w  r o b o t a  P U M A  5 6 0  
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F i g .  3 .   T e s t i n g  t r a j e c t or i e s  f or  e a c h  j oi n t  of  t h e  r ob ot  P U M A  5 6 0  
R y s .  3 .   T r a j e k t or i e  t e s t ow e  d l a  p os z c z e g ó l n y c h  p r z e g u b ó w  r ob ot a  P U M A  5 6 0  
 

 
 

 
 

 
 

 
 

 
 

  
F i g .  4 .   E r r or s  of  r ob ot  P U M A  5 6 0  p os i t i on  e s t i m a t i on  w i t h ou t  r e g u l a r i z a t i on   

f or  t r a i n i n g  t r a j e c t or i e s  
R y s .  4 .   B ł ę d y  e s t y m a t y  p oz y c j i  r ob ot a  P U M A  5 6 0  d l a  t r a j e k t or i i  t r e n i n g ow y c h   

b e z  r e g u l a r y z a c j i  
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 Fig. 5.  E rrors  of  rob ot  P U M A  56 0  p os it ion  e s t im a t ion  w it h ou t  re gu l a riz a t ion   
f or t e s t in g t ra j e c t orie s  

R y s . 5.  B ł ę d y  e s t y m a t y  p oz y c j i rob ot a  P U M A  56 0  d l a  t ra j e k t orii t e s t ow y c h   
b e z  re gu l a ry z a c j i 

Q ual it y  in d ice s  ( 2 1 )  - ( 2 2 )  cal cul at e d  fo r e ach  j o in t  o f t h e  ro b o t  
are  g iv e n  in  T ab l e  1 .  E rro rs  in  e ach  j o in t  fo r t rain in g  an d  t e s t in g  
t raj e ct o rie s  are  p re s e n t e d  in  F ig .  4 -5 .  
 

T a b . 1 . A v e ra ge  a n d  m a x im u m  e rrors  f or t ra in in g a n d  t e s t in g t ra j e c t orie s  w it h ou t  
t h e  re gu l a riz a t ion  of  t h e  e s t im a t e d  in e rt ia  m a t rix  of  P U M A  56 0  rob ot  

T a b . 1 . Ś re d n ie  i m a k s y m a l n e  b ł ę d y  d l a  t ra j e k t orii t re n in gow y c h  i t e s t ow y c h  b e z  
re gu l a ry z a c j i e s t y m ow a n e j  m a c ie rz y  in e rc j i rob ot a  P U M A  56 0  

 
E rror J oin t  1  J oin t  2  J oin t  3  J oin t  4  J oin t  5 J oin t  6  

T ra in in g t ra j e c t ory  
avie  [ d e g]  0 .0 85 0 .0 0 8 0 .0 3 8 0 .0 56  0 .0 0 9  0 .0 3 0  

iemax  [ d e g]  3 81  1 1  1 4 3  1 84  1 9  9 1  
T e s t in g t ra j e c t ory  

avie  [ d e g]  0 .0 52  0 .0 2 6  0 .0 4 2  0 .0 55 0 .0 1 3  0 .0 4 8 
iemax  [ d e g]  54 4  2 6 6  2 6 1  554  9 8 4 3 1  

 
 
R e s ul t s  p re s e n t e d  in  T ab l e  1  an d  in  F ig .  4 -5  s h o w  t h at  t h e  

P U M A  5 6 0  p o s it io n  e s t im at io n  w as  v e ry  in accurat e  b e caus e  
m ax im um  e rro rs  ( 2 2 )  w e re  v e ry  h ig h .   
T h e n ,  w e  h av e  us e d  t h e  p ro p o s e d  m e t h o d  w it h  T ik h o n o v  

re g ul ariz at io n  in  o rd e r t o  im p ro v e  accuracy  o f t h e  ro b o t  p o s it io n  
e s t im at io n .  
F irs t ,  in  e v e ry  s t e p  t h e re  w as  cal cul at e d  t h e  co n d it io n  n um b e r 

( 1 0 )  o f t h e  m at rix  )(kM NN .  F o r t h e  m o d e l  w it h o ut  t h e  
re g ul ariz at io n  o b t ain e d  v al ue s  are  p re s e n t e d  in  F ig .  6 .  I t  is  e as y  t o  
s e e  t h at  in  m an y  cas e s  t h e  co n d it io n  n um b e r w as  v e ry  b ig  an d  t h e  
id e n t ifie d  m at rix  w as  il l -co n d it io n e d .  
 
 

  

  
Fig. 6 .  T h e  c on d it ion  n u m b e r of  t h e  e s t im a t e d  m a t rix  f or t h e  t ra in in g s e t  a n d   

t h e  t e s t in g s e t  
R y s . 6 .  L ic z b a  w a ru n k ow a  m a c ie rz y  e s t y m ow a n e j  d l a  d a n y c h  t e s t ow y c h   

i t re n in gow y c h  
 
S in ce  t h e  e s t im at e d  in e rt ia m at rix  w as  fre q ue n t l y  il l -co n d it io n e d  

t h e  p re s e n t e d  e s t im at io n  m e t h o d  w as  us e d .  T h e re fo re ,  ro b o t  
p o s it io n s  e s t im at e s  b as e d  o n  t h e  o b t ain e d  n e ural  m o d e l  w e re  
cal cul at e d  w it h  t h e  re g ul ariz at io n  acco rd in g  t o  ( 1 5 ) .  Q ual it y  
in d ice s  ( 2 1 ) -( 2 2 )  o b t ain e d  aft e r t h e  re g ul ariz at io n  w it h  d iffe re n t  
v al ue s  o f t h e  s cal in g  fact o r α are  g iv e n  in  T ab l e s  2 -4 ,  v al ue s  o f t h e  
s cal in g  fact o r w e re  ch o s e n  arb it raril y  e q ual  t o  1 ,  1 0   an d  1 0 0 .   
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Tab. 2. A v e r ag e  an d  m ax im u m  e r r o r s  f o r  t r ain in g  an d  t e s t in g  t r aj e c t o r ie s  w it h   
t h e  r e g u l ar iz at io n  o f  t h e  e s t im at e d  in e r t ia m at r ix  an d  s c al in g  f ac t o r  α = 1   
f o r  P U M A  5 6 0 r o bo t  

Tab. 2. Ś r e d n ie  i m ak s y m al n e  bł ę d y  d l a t r aj e k t o r ii t r e n in g o w y c h  i t e s t o w y c h   
z  r e g u l ar y z ac j ą  e s t y m o w an e j  m ac ie r z y  in e r c j i i w s p ó ł c z y n n ik ie m  
s k al o w an ia α = 1  r o bo t a P U M A  5 6 0 

 
E r r o r  J o in t  1  J o in t  2 J o in t  3  J o in t  4 J o in t  5  J o in t  6  

Tr ain in g  t r aj e c t o r y  
avie  [ d e g ]  0.0021  0.001 1  0.001 2 0.001 3  0.001 1  0.001 3  

iemax  [ d e g ]  0.01 7 7  0.021 8  0.01 09  0.01 3 4 0.01 5 9  0.01 1 0 
Te s t in g  t r aj e c t o r y  

avie  [ d e g ]  0.001 0 0.001 2 0.001 3  0.001 4 0.001 0 0.001 9  
iemax  [ d e g ]  0.009 4 0.01 05  0.01 6 6  0.01 5 2 0.01 04 0.01 5 6  

 
 
 
Tab. 3 . A v e r ag e  an d  m ax im u m  e r r o r s  f o r  t r ain in g  an d  t e s t in g  t r aj e c t o r ie s  w it h   

t h e  r e g u l ar iz at io n  o f  t h e  e s t im at e d  in e r t ia m at r ix  an d  s c al in g  f ac t o r  α = 1 0  
f o r  P U M A  5 6 0 r o bo t  

Tab. 3 . Ś r e d n ie  i m ak s y m al n e  bł ę d y  d l a t r aj e k t o r ii t r e n in g o w y c h  i t e s t o w y c h   
z  r e g u l ar y z ac j ą  e s t y m o w an e j  m ac ie r z y  in e r c j i i w s p ó ł c z y n n ik ie m  
s k al o w an ia α = 1 0 r o bo t a P U M A  5 6 0 

 
E r r o r  J o in t  1  J o in t  2 J o in t  3  J o in t  4 J o in t  5  J o in t  6  

Tr ain in g  t r aj e c t o r y  
avie  [ d e g ]  0.0021  0.001 0 0.001 2 0.001 2 0.001 1  0.001 3  

iemax  [ d e g ]  0.01 1 2 0.01 9 5  0.008 4 0.01 23  0.008 5  0.01 06  
Te s t in g  t r aj e c t o r y  

avie  [ d e g ]  0.0009  0.001 1  0.001 3  0.001 4 0.001 0 0.001 9  
iemax  [ d e g ]  0.007 6  0.008 7  0.01 06  0.01 1 1  0.008 3  0.01 49  

 
 
 
Tab. 4. A v e r ag e  an d  m ax im u m  e r r o r s  f o r  t r ain in g  an d  t e s t in g  t r aj e c t o r ie s  w it h   

t h e  r e g u l ar iz at io n  o f  t h e  e s t im at e d  in e r t ia m at r ix  an d  s c al in g  f ac t o r  α = 1 00 
f o r  P U M A  5 6 0 r o bo t  

Tab. 4. Ś r e d n ie  i m ak s y m al n e  bł ę d y  d l a t r aj e k t o r ii t r e n in g o w y c h  i t e s t o w y c h   
z  r e g u l ar y z ac j ą  e s t y m o w an e j  m ac ie r z y  in e r c j i i w s p ó ł c z y n n ik ie m  
s k al o w an ia α = 1 00 r o bo t a P U M A  5 6 0 

 
E r r o r  J o in t  1  J o in t  2 J o in t  3  J o in t  4 J o in t  5  J o in t  6  

Tr ain in g  t r aj e c t o r y  
avie  [ d e g ]  0.0023  0.0008  0.001 0 0.001 0 0.0009  0.001 1  

iemax  [ d e g ]  0.006 1  0.009 6  0.006 7  0.009 3  0.005 8  0.008 1  
Te s t in g  t r aj e c t o r y  

avie  [ d e g ]  0.0007  0.0009  0.001 0 0.001 1  0.0009  0.001 7  
iemax  [ d e g ]  0.0040 0.005 7  0.005 6  0.007 2 0.0047  0.01 02 

 
 
R e s u l t s  p re s e n t e d  in  T a b l e s  1  – 4  s h ow  t h a t  t h e  a c c u ra c y  of  t h e  

p os it ion  e s t im a t ion  in c re a s e d  s ig n if ic a n t l y  a f t e r t h e  re g u l a riz a t ion .  
F or t ra in in g  t ra j e c t orie s ,  d e p e n d in g  on  t h e  j oin t  n u m b e r a n d  t h e  
s c a l in g  f a c t or,  a v e ra g e  e rrors  d e c re a s e d  f rom  ∼ 7  t o ∼5 5  t im e s  a n d  
m a x im u m  e rrors  d e c re a s e d  f rom  ∼ 5 0 0  t o ∼ 6 2  5 0 0  t im e s .  F or 
t e s t in g  t ra j e c t orie s ,  d e p e n d in g  on  t h e  j oin t  n u m b e r a n d  t h e  s c a l in g  
f a c t or,  a v e ra g e  e rrors  d e c re a s e d  f rom  ∼ 1 3  t o ∼ 5 5  t im e s  a n d  
m a x im u m  e rrors  d e c re a s e d  f rom  ∼ 9  5 0 0  t o ∼ 1 3 6  5 0 0  t im e s .  O n e  
c a n  s e e  ( T a b l e s  2  – 4 )  t h a t  f or t h e  p os it ion  e s t im a t ion  w it h  t h e  
re g u l a riz a t ion  a v e ra g e  e rrors  in c re a s e  a n d  m a x im u m  e rrors  
d e c re a s e  if  t h e  s c a l in g  f a c t or in c re a s e .   
 
 

  

  

  

 
 

  

  
F ig . 7 .  E r r o r s  o f  r o bo t  P U M A  5 6 0 p o s it io n  e s t im at io n  w it h  r e g u l ar iz at io n   

f o r  t r ain in g  t r aj e c t o r ie s  w it h  s c al in g  f ac t o r  α = 1 00 
R y s . 7 .  B ł ę d y  e s t y m at y  p o z y c j i r o bo t a P U M A  5 6 0 d l a t r aj e k t o r ii t r e n in g o w y c h   

z  r e g u l ar y z ac j ą  i z e  w s p ó ł c z y n n ik ie m  s k al o w an ia α = 1 00 
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 Fig. 8.  E r r o r s  o f  r o b o t  P U M A  5 6 0  p o s it io n  e s t im a t io n  w it h  r e gu l a r iz a t io n   
f o r  t e s t in g t r a j e c t o r ie s  w it h  s c a l in g f a c t o r  α = 1 0 0  

R y s . 8.  B ł ę d y  e s t y m a t y  p o z y c j i r o b o t a  P U M A  5 6 0  d l a  t r a j e k t o r ii t e s t o w y c h   
z  r e gu l a r y z a c j ą  i z e  w s p ó ł c z y n n ik ie m  s k a l o w a n ia  α = 1 0 0  

 

I n F ig . 7 -8  th ere are p res ented  erro rs  in eac h  j o int al o ng  training  
and  tes ting  traj ec to ries  w h ere s c al ing  f ac to r 100=α . 
 

6. C o n c l u d i n g  r e m a r k s  
 
T h e m eth o d  o f  th e p o s itio n es tim atio n o f  ro b o t m anip u l ato r 

b as ed  o n th e inv ers e neu ral  m o d el  im p ro v em ent w as  p res ented . 
T h e p ro p o s ed  tec h niq u e ap p l ies  th e Tikhonov reg u l ariz atio n f o r 
c al c u l atio n o f  th e inv ers e o f  es tim ated  inertia m atrix . O b tained  
res u l ts  o f  th e 6  d eg ree o f  f reed o m  ro b o t P U M A  5 6 0  s h o w  th at th e 
p ro p o s ed  m eth o d  s ig nif ic antl y  im p ro v es  th e ac c u rac y  th e p o s itio n 
es tim atio n w ith  p res ented  neu ral  netw o rk s .  
H o w ev er,  th ere are c ertain p ro b l em s  th at s h o u l d  b e s o l v ed  in 

th e f u tu re. F o r ins tanc e f u rth er res earc h  s h o u l d  b e d o ne to  f ind   
a p ro p er m eth o d o l o g y  to  c h o o s e th e s c al ing  f ac to r w h ic h  in 
p res ented  s im u l atio ns  w as  c h o s en arb itraril y .  
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