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A b s t r a c t  
 

T h i s  p a p e r p re s e t s  a  m od e rn a p p roa c h  t o t h e  m od e lli ng  of  m u lt i -
d i m e ns i ona l i nd u s t ri a l p roc e s s e s . A p rop os e d  m e t h od olog y  i s  f oc u s e d  on 
p roc e s s e s  work i ng  i n m ore  or le s s  c om p le x  t e c h nolog y  e nvi ronm e nt  a nd  
i nt e g ra t e s  d i f f e re nt  a p p roa c h e s  f or s i m u la t i on of  c om p one nt s  of  t h e  
i nve s t i g a t e d  s y s t e m s . I t  i s  re a li z e d  i n f orm  of  t h e  e la s t i c  p rog ra m m a b le  
s of t wa re  p a c k a g e . T h i s  k i nd  of  a p p roa c h  i nc lu d e s  a n a p p li c a t i on of  
m a t h e m a t i c a l m od e ls  ( d e ri ve d  f rom  p h y s i c a l re la t i ons , p a ra m e t ri c  or 
ot h e rs )  i m p le m e nt e d  i n a  re le va nt  s of t wa re , t h a t  a llows  u s  t o p re p a re  
s i m u la t i ons  s o a s  t o e x p lore  p roc e s s  b e h a vi ou rs  i n m a ny  s i t u a t i ons , 
e s p e c i a lly  c ri t i c a l one s . T h e  k e y  i s s u e  of  t h i s  t y p e  of  a p p roa c h  i s  t o p re p a re  
a  m od e l t h a t  wou ld  a p p rox i m a t e  a  p roc e s s  d y na m i c s  wi t h  a  s a t i s f a c t ory  
q u a li t y . T h e re f ore , i n t h i s  p a p e r t h e  p rob le m  of  f i t t i ng  p h y s i c a l m od e ls  
d e s c ri b e d  b y  a  s e t  of  ord i na ry  d i f f e re nt i a l e q u a t i ons  i s  c ons i d e re d . T h i s  
t y p e  of  m od e ls  h a ve  a  s e t  of  u nk nown p a ra m e t e rs  t h a t  h a ve  t o b e  e s t i m a t e d  
s o a s  a  m od e l c ou ld  p rop e rly  m i m i c  a nd  p re d i c t  t h e  p roc e s s . A t ool f or 
op t i m i z i ng  m od e ls  p re p a re d  i n t h e  PExSim i s  d e s c ri b e d  a nd  i t s  c a p a b i li t i e s  
a re  p re s e nt e d . At  la s t , a n a p p li c a t i on of  t h e  PExSim i n m od e lli ng  of  
i nd u s t ri a l p roc e s s e s  a nd  m od e ls  op t i m i z a t i on i s  p re s e nt e d  wi t h  t h e  h e lp  of  
a n e x a m p le  of  a  wa s t e  wa t e r t re a t m e nt  p roc e s s . F u rt h e rm ore , s om e  
p roc e d u re s  of  t h e  c om p le x  m od e ls  op t i m i z a t i on a re  p rop os e d . As  t h e  f i na l 
re s u lt  of  a n op t i m i z a t i on a  wa s t e  wa t e r t re a t m e nt  p roc e s s  m od e l i s  
a c h i e ve d . E x a m p le  re s u lt s  f or s e le c t e d  c onc e nt ra t i ons  of  c ont a m i na t i on i n 
t re a t e d  s lu d g e  a re  p re s e nt e d . 
 
K e y w o r d s :  PExSim, m od e lli ng , m od e l op t i m i z a t i on. 
 
Z as t o s o w anie  p ak ie t u  P E x Sim  d o  
id e nt y f ik acj i w ie l o w y m iaro w e g o   
m o d e l u  o cz y s z cz al ni ś cie k ó w  

 
S t r e s z c z e n i e  

 
W  a rt y k u le  p rz e d s t a wi ono nowoc z e s ne  p od e j ś c i e  d o m od e lowa ni a  
wi e lowy m i a rowy c h  p roc e s ó w p rz e m y s ł owy c h  ora z  m e t od  op t y m a li z a c j i  
u t worz ony c h  m od e li . W  t re ś c i  op i s a no na rz ę d z i a  u m oż li wi a j ą c e  
m od e lowa ni e  ora z  op t y m a li z a c j ę  wra z  z  p rz y k ł a d e m  i c h  z a s t os owa ni a . 
I s t ot ą  p re z e nt owa ne g o p od e j ś c i a  j e s t  m oż li woś ć  e la s t y c z ne g o 
d os t os owy wa ni a  u t worz ony c h  p a k i e t ó w p rog ra m owy c h  d o p ot rz e b  
u ż y t k owni k a . 
 
S ł o w a  k l u c z o w e :  PExSim, m od e lowa ni e , op t y m a li z a c j a  m od e li . 
 
1 .  I nt ro d u ct io n 
 
S imulation  is a c ommon  ap p roac h  used  f or in vestig ation  of  

in d ustrial p roc esses beh aviours [ 1 ] .  Almost all mod ern  S C AD A 
sy stems h ave some tools f or th e p roc esses d y n amic s mod ellin g ,  
but of ten  th ey  are ad op ted  to a p latf orm used  by  th is sy stem an d  
are n ot stan d ard .  R esults of  th e simulation  reveal d if f eren t 
p h en omen a lik e,  e. g .  p arasitic  osc illation s,  resp on se d ead  time an d  
man y  oth ers but th e n ec essity  of  solvin g  a p roblem w ith   
a p red ef in ed  ac c urac y  is in  c on f lic t w ith  th e p ossibility  of  real 
time op eration  an d  d oes n ot in c lud e th e p ossibility  of  elastic  

in trod uc tion  p rog rams or p roc ed ures w ritten  in  oth er stan d ard s.  
T h eref ore,  d urin g  p lan t op eration  op timiz ation ,  or even  
mod ern iz in g  a tec h n olog y ,  th e ap p lic ation  of  ad van c ed  sof tw are 
sup p ortin g  p roc ess op timiz ation  mig h t be very  usef ul.  T h is k in d  of  
ap p roac h  in c lud es th e ap p lic ation  of  math ematic al mod els 
( d erived  f rom p h y sic al relation s,  p arametric  or oth ers)  
imp lemen ted  in  th e relevan t sof tw are,  th at allow s to p rep are 
simulation s so as to exp lore p roc ess beh aviors in  man y  situation s,  
esp ec ially  c ritic al on es.  T h e k ey  issue of  th is ty p e of  ap p roac h  is 
to p rep are a mod el th at w ould  ap p roximate th e p roc ess d y n amic s 
w ith  satisf ac tory  q uality .  F or multi-d imen sion al p roc esses,  th is 
d y n amic s is d esc ribed  by  man y  d if f eren tial eq uation s an d  th en  th e 
basic  task  is to estimate c orrec t values of  c orresp on d in g  
c oef f ic ien ts in trod uc ed  in  th e math ematic al d esc rip tion .  T h eref ore,  
in  th is p ap er a p roblem of  f ittin g  p h y sic al mod els d esc ribed  by   
a set of  ord in ary  d if f eren tial eq uation s is c on sid ered .  T h is ty p e of  
mod els h ave a set of  un k n ow n  p arameters th at h ave to be 
estimated  so as a mod el c ould  p rop erly  mimic  an d  p red ic t th e 
p roc ess.  C omp lex p roc esses c an  h ave a larg e n umber of  un k n ow n  
p arameters,  so a p rop osal of  ap p roac h  to its estimation  an d   
a sof tw are tool th at allow s to p erf orm n ec essary  c alc ulation s is 
p resen ted  an d  d isc ussed .  D esc ribed  sof tw are allow s to selec t 
p arameters th at h ave to be estimated ,  op timiz ation  alg orith ms,  
limits an d  f orm of  obj ec tive f un c tion  an d  stop  c riterion s.  
T h e aim of  th is p ap er is th eref ore a p resen tation  of  an  ap p roac h  

of  sy stematic  testin g  an d  op timiz in g  of  multi-d imen sion al mod els 
of  in d ustrial p roc esses w ith  th e use of  th e PExSim ( Process 
Exp l orer a n d  S i m u l a t or )  sof tw are,  d evelop ed  at th e I n stitute of  
Automatic  C on trol an d  R obotic s of  W arsaw  U n iversity  of  
T ec h n olog y .  
 

2 .  PExSim p ack ag e  
 

PExSim is op en  ( th is mean s it is d esig n ed  as p lug -in  ty p e 
sof tw are) ,  f reely  c on f ig urable sof tw are similar to M atlab 
S imulin k .  T h e p ac k ag e h as a f orm of  men u-c on trolled  sof tw are 
w ith  d if f eren t op tion s f or th e c h oic e of  op erators of  p roc essed  
sig n als,  simp le d y n amic  mod els of  c omp on en ts an d  ad d ition al 
elemen ts used  f or simulation  of  time sig n als or even ts w ith  th e 
p ossibility  of  visualiz ation [ 1 ,  2 ] .  
W ith  h elp  of  th e PExSim ,  it is p ossible to c reate c omp lex sig n al 

tran sf ormation s p ath s,  F ig . 1  M ore d etailed  d esc rip tion  c an  be 
f oun d  in  [ 3 ] .  I n  th e PExSim ,  d ata p roc essin g  alg orith ms are 
imp lemen ted  as bloc k  sc h emes,  c alled  p ath s.  E very  p ath  c on sists 
of  f un c tion  bloc k s,  realiz in g  d if f eren t w ay s of  sig n al p roc essin g .  
P rop er c on n ec tion  of  in p uts an d  outp uts of  th e bloc k s realiz es 
in ten d ed  f low  of  sig n als.  F ig .  1  p resen ts th e struc ture of  elemen ts 
used  f or d ata p roc essin g .  
Available,  built-in  bloc k  libraries are as f ollow s:  C / C + +  S c rip ts,  

C on trollers,  C risp  L og ic ,  D isc rete O p eration s,  E lec tric  
C omp on en ts,  E xec ution  C on trol,  F ilterin g ,  F I S  S y stems,  F uz z y  
L og ic ,  H eat E xc h an g e,  H euristic  T ests,  H y d raulic  E lemen ts,  
I n c ip ien t F D I ,  L in ear D y n amic ,  M ath ematic  O p erators,  
M I T f o r R D  M od els,  N on lin ear D y n amic ,  N on lin ear E lemen ts,  
P arameters O p timiz ation ,  P n eumatic  E lemen ts,  P orts an d  
S ubsy stems,  R obotic  E lemen ts,  S ig n al R outin g ,  S in k s,  S ourc es,  
S tatistic  O p erators,  V ec tor L ibrary ,  W ater-steam D ep en d en c ies,  
W aste W ater T reatmen t P lan t E lemen ts.  F urth ermore,  PExSim is 
a p lug -in  ty p e sof tw are,  th at allow s to c on struc t n ew  f un c tion  
bloc k s,  d esig n ed  by  a user in  th e f orm of  th e available library .  I t is 
a big  ad van tag e,  esp ec ially  if  in vestig ated  p roc esses are in d ivid ual 
ad ap ted  to in vestig ated  p roblem.  
T h e simulation  results c an  be observed  in  f orm of  n umbers 

exp osed  on  top  of  eac h  n od e of  th e simulated  sy stem,  on  multip le 
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time displays with the elastic configuration of colours, magnitude 
of responses and time mark s on tangent ax is.  
T he application of the identified model of the process dynamics 

determines a sampling interv al for simulation.  T hen, all 
components of the simulated structure hav e to be processed with 
the same sampling interv al.  
 

3. M o d e l  o p t i m i z a t i o n  
 
A  problem of optimiz ation (minimiz ation) can be defined as 

follows: to find a v ector of real or integer v ariables within an 
allowed, finite set Ω x [ 4]  that achiev e ex treme v alue of some 
performance index .  I n a case of presented optimiz ation problem it 
is eq uiv alent to the estimation of unk nown coefficients present in 
eq uations that describe the processes: 
 

)f(=)f(
x −Ω∈

xx
X

nimˆ    (1 ) 
 
where: RR:f n →  is the minimiz ed obj ectiv e function,  
x – coefficients v ector, x̂  - optimal coefficients v ector and Ω X is 
the set of admissible solutions.  D ifferent iterativ e optimiz ation 
algorithms can be used.  A ll optimiz ation algorithms are defined as 
a seq uence of proj ections of the elements x∈ΩX onto itself: 
 

VV:A →             (2 ) 
 
and mean an association of a set VA(x)⊂  to each element Vx∈ .   
I n the PExSim the following algorithms were integrated:  

� using a gradient of the obj ectiv e function: C o nj u ga t e  G r a d ie nt s  
and V a r ia b l e  M e t r ic method, 

� not calculating an obj ectiv e function gradient: H o o k – J e e v e s ’ , 
R o s e nb r o ck’ s , S im p l e x (S ) and P o w e l l ’ s  method, 

� global optimiz ation algorithm: P a r t icl e  S w a r m  O p t im iz a t io n, 
D etailed descriptions of selected methods are av ailable in  

[ 5 , 6 , 7 ] .  F or proper application of these algorithms, it is necessary 
to k now: the sensitiv ity of a method for selection of a start point 
and the rate of conv ergence (interpreted as a number of function 
ev aluations).  A ccording to [ 5 , 7 ]  , the least sensitiv e was 
R osenbrock ’ s method.  B asically this method was slower than 
H ook  – J eev es’  method, but almost always has yielded  
a satisfactory result.  O n the other hand, the fastest methods were 
the C onj ugate G radients and V ariable M etric ones, which had to 
use obj ectiv e function gradients.  
T he P owell’ s and V ariable M etric M ethods are sensitiv e to the 

starting point choice.  I n the case of an inadeq uate selection  
a conv ergence rate of them was approx imately a q uadratic one, so 
at the beginning it is slow, but nearly to a optimal solution could 
be q uite fast.  T his behav iour can be ex plained by the processing 
manner: at the beginning, a search with unk nown parameters is 
done with use of the orthogonal direction base.  A s the conj ugate 
directions are well estimated, a proper search direction is set, and 
an efficiency of the optimiz ation is increased.   
T he simplex  method has a v ery adv antageous feature: a choice 

of starting point in areas of steep “ v alleys”  does not effect the rate 
of the method.  T his method has shown almost linear conv ergence 
rate, so consecutiv e decrements of the obj ectiv e function were 
reached with the same speed.  A  disadv antage of this method is the 
sensitiv ity of obj ectiv e function shape.  F or starting points that are 
in the flat area close to the optimal solution, this method is slower 
than other methods.   
T he P article S warm O ptimiz ation (P S O ) is a swarm intelligence 

based algorithm designed to find a solution to an optimiz ation 
problem in the search space, or model and predict the social 
behav ior in presence of obj ectiv es [ 8 ] .  T he S warm is typically 
modeled by particles in the multidimensional space that hav e 
position and v elocity.  T hese particles fly through the hyperspace 
(i. e. , nℜ ) and hav e two essential reasoning capabilities: their 
memory of their own best position and k nowledge of the global or 
their neighborhood best.  I n a minimiz ation optimiz ation problem, 

the " best"  simply means the position with the smallest obj ectiv e 
v alue.  M embers of a swarm communicate good positions to each 
other and adj ust their own position and v elocity based on these 
good positions.  S o a particle has the following information to 
mak e a suitable change in its position and v elocity: 
• A  global best that is k nown to all and immediately updated 
when a new best position is found by any particle in the swarm.  
• N eighborhood best that the particle obtains by communicating 
with a subset of the swarm.  
• T he local best, which is the best solution that the particle has 
seen.  
T he particle position and v elocity update eq uations in the 

simplest form that gov ern the P S O  are giv en by [ 8 ] : 
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where: xi – position of i-th particle, k – algorithm step, ω – interia 
constant, c1,  c2 – conv ergence coefficients (cognitiv e and social), 

ix̂ - best solution for i-t h  particle iĝ  - global best solution.   
 

  
F i g .  1 .   A n  e x a m p l e  o f  t h e  P S O  a l g o r i t h m  a p p l i c a t i o n .  ( t h e  l i g h t e r  c o l o r s  m e a n   

t h e  s m a l l e r  v a l u e  o f  t h e  o b j e c t i v e  f u n c t i o n )  
R y s .  1 .   P r z y k ł a d  d z i a ł a n i a  a l g o r y t m u  P S O  ( j a ś n i e j s z y m  k o l o r o m  o d p o w i a d a j ą  

m n i e j s z e  w a r t o ś c i  f u n k c j i  c e l u )  
 
 

4. A p p l i c a t i o n  o f  t h e  d e s c r i b e d  o p t i m i z a t i o n  
a l g o r i t h m s  i n  t h e  PExSim 

 
A pplication of the abov e presented algorithms is currently 

implemented in stand alone ov erlay called PExSim O p t imiz e r  that 
in fact is a part of the PExSim pack age.  T he presented approach is 
focused on an issue of finding unk nown parameters in 
mathematical descriptions so as to fit a model to a certain set of 
data obtained from the real process.  I n this way, it is possible to 
find a model that mimick s a real process with a satisfactory 
accuracy.  T he configurable obj ectiv e function is a factor that tells 
about differences between a multi-dimensional process and its 
model, for ex ample as: 
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where: K – total number of performed simulation steps, k – current 
simulation step, N – number of process v ariables of a model and 
industrial process, y m , n  – model n-th output v alue, y p , n  – process  
n-th output v alue for selected parameters v ector x in a discrete 
simulation step k, g – selected penalty function that is added when 
found solution is out of admissible set.  
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An example of th e penalty function can be stated as: 
 

( )[ ]∑
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w h er e A – coefficients matr ix, H – v ector  of acceptable solutions, 
α, β, χ , δ  – penalty function coefficients. 
A meth odolog y of optimizing  industr ial pr ocesses’  can be 

descr ibed in th e steps as follow s: 
- P r epar ation a model of th e selected pr ocess in PExSim (th is 
means selecting  and connecting  necessar y block s). 

- S tatement of a r elev ant obj ectiv e function (for  example th e one 
th at w as pr esented abov e). 

- D efinition of a star ting  point x0 (if it is necessar y) and an 
admissible set of solutions Ωx. 

- S electing  a stop cr iter ion for  th e optimization alg or ith m. 
At ev er y step of optimization alg or ith ms all of th e abov e stated 

optimization par ameter s can be ch ang ed, so as to per for m better  
and faster  optimization pr ocess. F or  example, stop cr iter ion or  
penalty function can be ch ang ed etc., w ith  one exception: th e 
pr oblem dimensionality h as to be fixed. 
 
5. E x a m p l e  o f  a p p l i c a t i o n  
 
Application of th e PExSim in th e modelling  of industr ial 

pr ocesses and models optimization w ill be pr esented w ith  th e use 
of an example of w aste w ater  tr eatment w ith  use of a activ ated 
sludg e pr ocess. 
T h e activ ated sludg e pr ocess is defined in T G L  550 3 2 / 0 4  as 

‘ biolog ical sew ag e tr eatment in ar tificially aer ated v essels, in 
w h ich  th e or g anic constituents of th e sew ag e ar e metabolized by 
th e activ ated sludg e, being  par tially or  completely deg r aded 
and/ or  metabolized’  [ 9 ] . T h e micr oor g anisms g r ow ing  in or  on 
flock s ar e ter med activ ated sludg e or  sludg e biomass, and 
tr eatment pr ocess is accor ding ly k now n as an activ ated sludg e 
pr ocess.  
An activ ated sludg e pr ocess applied in th e consider ed W W T P  

consist of sev er al ph ases of sew ag e tr eatment pr ocesses. I t 
contains an intr oductor y mech anic pur ification section, follow ed 
by th e biolog ical tr eatment and th e final sedimentation tank  w ith  
r ecycling  str eam of activ ated sludg e.  
T h e tech nolog ical pr ocess of th e municipal W W T P  can be 

div ided into sev er al sub-pr ocesses: at th e beg inning  th e cr ude 
sludg e is mech anically filter ed by a g r it separ ator  and th en it is 
tr ansfer r ed to pr eliminar y settling  tank , to r educe miner al fixed 
components. T h e second stag e is a biolog ical tr eatment of sew ag e, 
to r educe nitr og en components by th e activ ated sludg e. At last is 
th e second sedimentation pr ocess, in w h ich  some effects of 
bioch emical pr ocessing  (dead bacter ia and h eav y suspension) ar e 
div ided fr om sew ag e flow  by sedimentation and maj or ity flow  of 
th e activ ated sludg e is r ecov er ed to th e bioch emical ph ase of 
W W T P  pr ocess. 
A math ematical descr iption of th e bioch emical pr ocesses, in 

th is paper , is based on th e AS M  N o. 1  model [ 1 0 , 1 1 , 1 2 ] .  
A main r eason for  th is ch oice w as actual str uctur e of W W T P  
applied in R zeszó w . Accor ding  to AS M  N o. 1  model, th e 
follow ing  components ar e tak en into consider ation: iner t 
par ticulate or g anic matter  xl, slow ly biodeg r adable substr ate xs, 
activ e h eter otr oph ic biomass x B H, activ e autotr oph ic biomass 
x B A, debr is fr om biomass xD, iner t soluble or g anic matter  sl, 
r eadily biodeg r adable substr ate sS, oxyg en sO, nitr ate nitr og en 
s N O, ammonia nitr og en s N H, soluble biodeg r adable or g anic 
nitr og en s N S, par ticulate biodeg r adable or g anic nitr og en x N S, 
alk alinity molar  units sAL K .  
F or  th e appr oximation of th e distr ibuted ch ar acter  of th e r eal 

pr ocess, each  one of th e elements w as div ided into many cells  
[ 1 1 , 1 2 ] , as sh ow n in F ig .2 , th e str uctur e of th e pr eliminar y 
settling  tank . 
 
 

  
F i g .  2 .   D i a g r a m  o f  a  c e l l  m o d e l  o f  t h e  p r e l i m i n a r y  s e t t l i n g  t a n k  
R y s .  2 .   S c h e m a t  m o d e l u  o s a d n i k a  w s t ę p n e g o  
 
T h e final model of th e full scale w aste w ater  tr eatment plant 

consisted of: 
� system of 1 0  differ ential eq uations for  each  cell of th e 
pr eliminar y settling  tank , each  eq uation for  th e par ticulate 
component h ad 2  par ameter s, 

� system of 1 3  differ ential eq uations for  each  cell of th e activ ated 
sludg e tank , w h er e number  of par ameter s v ar ied fr om 3  to 7 , 

� system of 1 3  differ ential eq uations for  each  cell of th e final 
settling  tank , w h er e each  eq uation for  th e par ticulate component 
h ad 2  par ameter s. 
U nk now n par ameter s intr oduced in differ ential eq uations of h e 

math ematical descr iption of th e W W T P  pr ocesses, h ad to be 
ev aluated to r educe possible differ ences betw een g ener ated (by th e 
model) pr ocess v alues and th e r ecor ded measur ements. T h e 
dev eloped model h ad ov er  1 0 0  unk now n par ameter s in differ ential 
eq uations. A manual adaptation of all th ese par ameter s w ould be 
extr emely time-consuming , so for  th e effectiv e study of a pr oper  
model an optimization tech niq ue w as used.  
D ue to h ig h  number  of th e model par ameter s w h ich  w er e not 

pr ecisely k now n and a limited number  of r ecor ded measur ements, 
optimization of only a g r oup of par ameter s w as consider ed. T h ese 
selected par ameter s w er e (for  detailed descr iption of selected 
par ameter s please r efer  [ 1 , 4 , 5, 6] ): 
− par ameter s A, B stated in eq uations descr ibing  a pr imar y settling  
tank  model (6), 
− par ameter s µH, µA, kH, kA, kh, ka,  stated in eq uations descr ibing  
th e nitr ification pr ocesses model, 
− par ameter s v0, B stated in eq uations (4 ) of th e sedimentation 
pr ocess in tank s. 
All stoich iometr ic par ameter s, w er e set constant w ith  default 

v alues tak en fr om [ 1 3 , 1 4 ,1 5, 1 6] . 
As an obj ectiv e function a follow ing  for mula w as tak en: 
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w h er e: K – total number  of per for mer  simulation steps, k - cur r ent 
simulation step, n – number  of outputs, zM , i  – i-t h  modelled output, 
z R , i  – i-t h  measur ed output. 
O ne of th e cr ucial pr oblems in th e optimization of th e multi-

dimensional pr ocess models is th e selection of a star ting  point for  
an optimization alg or ith m. T h e essential issue is a selection of 
star ting  points th at w ould not lie close to th e local minimum so as 
not to finish  th e optimization in th at minimum. O n th e oth er  h and 
application of stoch astic alg or ith ms (P S O  mig h t be an example) 
extends time of th e optimization pr ocess. T h er efor e, th e follow ing  
appr oach  w as pr oposed: 
-  in th e fir st step th e P a r t ic l e  S w a r m  O p t im iza t io n alg or ith m is 
star ted, w ith  th e assumed maximum steps number  stop cr iter ion. 
T h e basic aim of th is step is to find a set of star ting  points th at 
mig h t lie close to local minima. O ne of th ese minimums is 
pr obably th e g lobal minimum. 
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-  nex t , f or  ever y  point  f ou nd  in t h e f ir st  st ep a f ast  alg or it h m  (it  
m eans h aving  a f ast  conver g ence) alg or it h m  is st ar t ed  so as t o 
f ind  a m inim u m  close t o t h e select ed  st ar t ing  point . T h e 
alg or it h m  select ed n f or  t h is st ep was Variable Met ric  alg or it h m . 
A n id ea of  t h is alg or it h m  is b ased  on t h e est im at ion of  t h e 
conj u g at e d ir ect ions of  ob j ect ive f u nct ion m inim iz at ion, st ar t ing  
f r om  t h e f ollowing  pr esent ed  d ir ect ion:  

 
)( k

K
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wh er e any  select ed  m at r ix  Vk in t h e seq u ent ial it er at ions 
appr ox im at es a m at r ix  of  second  par t ial d er ivat ives of   
a ob j ect ive f u nct ion in t h e f ollowing  way :  
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wh er e:  k1kk xxs −=

+ , and  )()( k1kk xxy ff ∇−∇= + . 
-  f r om  all m inim u m  f ou nd  in t h at  way  t h e b est  point  is ch osen 
and  an opt im iz at ion is f inish ed   
A  f inal r esu lt  of  an opt im iz at ion is a wast e wat er  t r eat m ent  

pr ocess m od el. E x am ple r esu lt s f or  select ed  concent r at ions of  t h e 
cont am inat ion in t h e t r eat ed  slu d g e ar e pr esent ed  b elow in g r aph ic 
f or m . I n t h is paper  T ot al N it r og en (N T) and  B iolog ical O x y g en 
D em and  (B O D 5)ar e pr esent ed  as t h e m ost  im por t ant  ou t pu t s of  t h e 
pr ocess and  it s m od el. Q u alit y  of  t h e f inal m od el is q u it e g ood , 
and , m or eover , t h e est im at ed  valu es of  it s par am et er s ar e wit h in 
ad m issib le lim it s. I t  m eans t h at  valu es of  t h e st oich iom et r ic and  
pr ocess k inet ics par am et er s m ig h t  b e ph y sically  int er pr et ed , and  
it s valu es ar e close t o lit er at u r e ones. 
 
 

  
F i g .  3.   C o m p a r i s o n  o f  m e a s u r e d  a n d  m o d e l e d  c o n c e n t r a t i o n  o f  T o t a l  N i t r o g e n  ( N T )  

i n  t r e a t e d  s l u d g e  
R y s .  3.   P o r ó w n a n i e  z m i e r z o n e g o  i  m o d e l o w a n e g o  s t ę ż e n i a  A z o t u  O g ó l n e g o  ( N T )   

w  ś c i e k a c h  o c z y s z c z o n y c h  
 
 

  
F i g .  4.   C o m p a r i s o n  o f  t h e  m e a s u r e d  a n d  m o d e l e d  B i o l o g i c a l  O x y g e n  D e m a n d  

( B O D 5)  i n  t r e a t e d  s l u d g e  
R y s .  4.   P o r ó w n a n i e  z m i e r z o n e g o  i  m o d e l o w a n e g o  B i o l o g i c z n e g o  Z a p o t r z e b o w a n i a  

T l e n u  ( B O D 5 )  w  ś c i e k a c h  o c z y s z c z o n y c h  
 

6. S u m m a r y  
 
I n t h is paper , a t ool f or  t h e m od elling  of  com plex  ind u st r ial 

pr ocesses was pr esent ed . P r oposed  sof t war e PExSim ( P ro c es s  
E x p lo rer an d  S im u lat o r) is open, f r eely  conf ig u r ab le sof t war e 
sim ilar  t o M at lab  S im u link . W it h  t h e h elp of  t h e PExSim, it  is 
possib le t o cr eat e com plex  sig nal t r ansf or m at ion pat h s t h at  ar e 
m im ick ing  t h e r eal pr ocess. T h e applicat ion of  t h e ab ove d escr ib ed  
opt im iz at ion is im plem ent ed  b y  st and  alone over lay  called  PExSim 
O p t imiz e r  t h at  in f act  is a par t  of  t h e PExSim pack ag e. T h e 
pr esent ed  appr oach  is f ocu sed  on an issu e of  est im at ion of  u nk nown 
par am et er s in eq u at ions t h at  d escr ib e a pr ocess. 
T h e applicat ion of  t h e pr oposed  sof t war e t ools was pr esent ed  

wit h  t h e h elp of  an ex am ple of  t h e wast e wat er  t r eat m ent  pr ocesses. 
T h e d eveloped  m od el of  t h ese pr ocesses h ad  over  1 0 0  u nk nown 
par am et er s in d if f er ent ial eq u at ions. T h e pr oposed  opt im iz at ion 
appr oach  y ield ed  g ood  r esu lt s – per f or m ed  m od el f it s d at a r ecor d ed  
f r om  t h e r eal plant  wit h  an accept ab le q u alit y  and , wh at  was cr u cial, 
est im at ed  par am et er s h ad  d ir ect  ph y sical int er pr et at ion.  
I n su m m ar y , pr esent ed  t ools and  m et h od s m ig h t  b e ver y  u sef u l in t h e 

m od elling  and  opt im iz at ion of  m u lt i-d im ensional ind u st r ial pr ocesses. 
 
7 . A c k n o w l e d g m e n t s  
 
T h e r esear ch  was m ad e f or  inst allat ion of  m u nicipal W W T P  in 

R z esz ó w, and  was par t ially  sponsor ed  b y  a pr oj ect  no. R 1 1  0 0 1  0 1  
of  P olish  M inist r y  of  S cience and  H ig h er  E d u cat ion. 
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