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S t r e s z c z e n i e  
 

W  t ym  ref era c i e z a p rez ent ow a no p ew ne s c h em a t y s p ra w neg o  
i  ni ez a w odneg o nu m eryc z neg o c a ł k ow a ni a  p rz es t rz enneg o z a w a rt oś c i  
dys k ret neg o p ola  g ra di ent u . Prz eg lą d p op rz edz ono w s t ę p nym i  roz dz i a ł a m i  
dot yc z ą c ym i  z a g a dni eń  photometric stereo, w  i ns p ek c j i  w i z u a lnej  
rz ec z yw i s t yc h  p ow i erz c h ni , z  na c i s k i em  k ł a dz i onym  na  m oż li w e 
z a s t os ow a ni a  p odej ś c i a  m onos k op ow eg o ora z  w i eloobra z ow eg o  
w  bez s t yk ow ej  i loś c i ow ej  es t ym a c j i  p ow i erz c h ni  o t a k  z ró ż ni c ow a nej  
s t ru k t u rz e g eom et ryc z nej , j a k i m i  s ą  p ow i erz c h ni e na rz ę dz i  ś c i ernyc h . 
 
S ł o w a  k l u c z o w e :  i ns p ek c j a  w i z u a lna , P hotometric S tereo, c a ł k ow a ni e 
nu m eryc z ne, rek ons t ru k c j a  3 D , p ow i erz c h ni e na rz ę dz i  ś c i ernyc h . 
 
Num erica l  g ra d ien t f iel d  in teg ra tion  m ethod s  
in  ta s k  of  v is ua l  in s p ection  of  a b ra s iv e tool s  
s urf a ces  b y  m ea n s  of  Photometric Stereo 

 
A b s t r a c t  

 
I n t h i s  p a p er s om e s c h em es  of  ef f i c i ent  a nd robu s t  nu m eri c a l s p a t i a l  
i nt eg ra t i on of  t h e di s c ret e g ra di ent  f i eld c ont ent s  h a ve been p res ent ed.  
T h e s u rvey f ollow s  i nt rodu c t ory c h a p t ers , rela t ed t o p h ot om et ry s t ereo 
p roblem s , i n vi s u a l i ns p ec t i on of  rea l s u rf a c es , w i t h  s t res s  p u t  on p os s i ble 
a p p li c a t i ons  of  m onos c op i c  a nd m u lt i i m a g e a p p roa c h  i n c ont a c t les s   
q u a nt i t a t i ve es t i m a t i on of  s u c h  t ex t u red s u rf a c es , li k e t h es e of  a bra s i ve 
t ools . 
 
K e y w o r d s :  vi s u a l i ns p ec t i on, P hotometric S tereo, nu m eri c a l i nt eg ra t i on, 
3 D  rec ons t ru c t i on, a bra s i ve t ools  s u rf a c es . 
 
1 .  In trod uction  
 
T h e  g e n e r a l  a i m  o f  w o r k s  h e r e  p r e s e n t e d  i s  t o  g i v e  o v e r v i e w  o f  

r o b u s t  a n d  r e l i a b l e  t e c h n i q u e s  o f  c o n t a c t l e s s  e s t i m a t i o n  o f  c u t t i n g  
p r o p e r t i e s  o f  a b r a s i v e  t o o l s  s u r f a c e s .  F o r  t h i s  a i m , i n  t h i s  p a p e r , 
b a s e  c o n c e p t s  o f  P h o t o m e t r i c  S t e r e o  m e t h o d s  ( P S M )  w i l l  b e  
p r e s e n t e d , a s  s o m e  r e p r e s e n t a t i v e  a p p r o a c h  t o  t h e  g i v e n  p r o b l e m .  
F i r s t l y , i t  h a s  b e e n  p o s t u l a t e d , t h a t  s u c h  e s t i m a t i o n s , s h o u l d  b e  

i n v a r i a b l y  r e a l i s e d  e i t h e r  b a s e d  o n  g i v e n  3 D  s u r f a c e  ( o b t a i n e d  
f r o m  w i t h i n  3 D  p r o f i l o m e t r y  d a t a s e t s ) , o r  b a s e d  o n  r e c o v e r e d  
s u r f a c e  d e p t h  i n f o r m a t i o n , d u e  t o  t h e  a p p l i e d  3 D  r e c o n s t r u c t i o n  
a l g o r i t h m .  H e n c e , t h e  c o m p u t e r  v i s i o n  t e c h n i q u e s  h a v e  b e e n  h e r e  
a d o p t e d .  S e c o n d l y , i t ‘ s  a s s u m e d , t h a t  v e r y  t e x t u r e d  s u r f a c e s  o f  
a b r a s i v e  t o o l s  s h o u l d  b e  e f f i c i e n t l y  r e c o n s t r u c t e d  w i t h  u s e  o f  
m o n o s c o p i c  a n d  m u l t i i m a g e  a p p r o a c h  t o  t h e  p r o b l e m  o f  s u r f a c e  
i m a g i n g  a n d  m a p p i n g  o f  i t s  t o p o g r a p h y .  
H e n c e  P S M  m e t h o d s  a r e  c o n s i d e r e d , w h i l e  s t e r e o s c o p i c  

a p p r o a c h  h a s  b e e n  h e r e  e x c l u d e d  f r o m  f u r t h e r  c o n s i d e r a t i o n s .  T h i s  
h a s  b e e n  d o n e  m a i n l y  d u e  t o  s t i l l  e x i s t i n g  o b s t a c l e s  i n  d a t a  
i n t e r p r e t a t i o n  o f  c o r r e s p o n d e n c e  a n d  d e p t h  i n f o r m a t i o n , e m b e d d e d  
w i t h i n  i m a g e s  d a t a  d i s p a r i t y .  D u e  t o  p r e s e n c e  o f  s p e c u l a r i t i e s ,  
a s  w e l l  a s , o c c u r r e n c e s  o f  a t t a c h e d  ( s e l f -s h a d o w i n g )  a n d  c a s t   
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( s e l f -m a s k i n g )  s h a d o w s , i t ‘ s  d e c i d e d , t h a t  a t  l e a s t  3  d i r e c t i o n a l  
l i g h t  s o u r c e s  s h o u l d  b e  a p p l i e d  i n  f u l l y  c o n t r o l l e d  s u r f a c e  l i g h t  
i l l u m i n a t i o n .   
 

2 .  P hotom etric S tereo, im p l em en ta tion  
p rob l em s  

 
T h e  P S M  m e t h o d s  a r e  t w o -s t a g e d  3 D  r e c o n s t r u c t i o n  d a t a  

p r o c e s s i n g  f r a m e w o r k , b a s e d  o n  2 D  i n t e n s i t y  i m a g e s  c o l l e c t e d .  
W i t h i n  s u c h  a  d a t a s e t  o f  i m a g e s , d u r i n g  e a c h  o f  t h e  d a t a  
a c q u i s i t i o n  s t e p s , a  s i n g l e  2 D  i m a g e  i s  b e i n g  a c q u i r e d  w i t h  
s i m u l t a n e o u s l y  r e a l i s e d  a c t i v a t i o n  o f  o n e  f r o m  s e v e r a l  d i r e c t i o n a l  
l i g h t  s o u r c e s , i n  s c h e m e  o f  t h e i r  a c t i v a t i o n :  s i n g l y  a n d  
s u b s e q u e n t l y  o v e r  t h e  s u r f a c e  r e g a r d e d .  W i t h  o t h o r e g i s t r a t i o n  
a s s u m m e d  a s  v a l i d , o b s e r v e d  s p a t i a l  v a r i a b i l i t y  o f  o u t p u t  i n t e n s i t y  
i s  g e n e r a l l y  m o d e l l e d , a s  r e s u l t  o f  i n t e r a c t i o n  b e t w e e n  d i r e c t i o n a l  
p a r a m e t e r  L o f  i n c i d e n c e  l i g h t  i l l u m i n a t i o n , a n d  l o c a l l y  d e p e n d e d  
N n o r m a l  v e c t o r .  
S p a t i a l l y  v a r i a b l e  r e f l e c t a n c e  c o e f f i c i e n t  ρ r e n d e r s  a n y  s i n g l e -

i m a g e  a p p r o a c h  m e t h o d s , s u c h  a s  S h a p e -f r o m -S h a d i n g  ( S F S )  
u s e l e s s  [ 1 , 2 ] .  T h u s , t h e r e  i s  s u b s t a n t i a l  n e e d  f o r  u s e  o f  m u l t i i m a g e  
a p p r o a c h , w i t h  f i r s t l y  p r o v i d e d  ρ d e t e r m i n a t i o n :  
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a n d  s e c o n d l y  r e a l i s e d  d e t e r m i n a t i o n  o f  v e c t o r  g r a d i e n t  f i e l d  
c o n t e n t s  ( i n  f o r m  o f  n o r m a l s ) :  
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I n  e q u a t i o n s  ( 1 ) , ( 3 )  t h e  r e f l e c t a n c e  c o e f f i c i e n t  ρ a n d  n o r m a l  

o r i e n t a t i o n  N, r e s p e c t i v e l y , f o r  a n y  ( x, y)  2 D  i m a g e  l o c a t i o n s , a r e  
d e t e r m i n e d  a c c o r d i n g l y  t o  g e n e r a l i s e d  M o o r e -P e n r o s e ’ s  ( M R )  
m a t r i x  p s e u d o i n v e r s i o n , w h i l e  i n  e q u a t i o n s  ( 2 )  a n d  ( 4 )  S i n g u l a r  
V a l u e  D e c o m p o s i t i o n  ( S V D )  i s  a d o p t e d  i n  t a s k  o f  p s e u d o i n v e r s i o n  
o f  m a t r i x  o f  d i r e c t i o n a l  p a r a m e t e r s .  M R  i n v e r s i o n  h a s  b e e n  w i d e l y  
i m p l e m e n t e d  ( s e e  e x a m p l e s  [ 4 -5 ] ) , w h i l e  S V D  b a s e d  i n v e r s i o n  [ 5 ]  
g i v e s  b e t t e r  r o b u s t n e s s  i n  3 D  r e c o n s t r u c t i o n , r e a l i s e d  o n  s e t  o f  r e a l  
2 D  i n t e n s i t y  i m a g e s .  B o t h  g e n e r a l i s e d  p s e u d o i n v e r s i o n s  a l l o w  f o r  
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using of mor e , t h a n 3  l igh t  sour c e s, w it h  d ir e c t ion ma t r ix , w h ic h  is 
in suc h  c a se  ge ne r a l l y  r e c t a ngul a r .  
T h e  most  c h a l l e nging in t h e  w h ol e  p r oc e ssing fr a me w or k  is t o 

c a r e ful l y  c h oose  r ob ust  nume r ic a l  int e gr a t ion me t h od s, for  t h e  
ob t a ine d  v e c t or  gr a d ie nt  fie l d  c ont e nt s.  T h e r e  a r e  sc a nt y  r e sour c e s 
w it h in a v a il a b l e  l it e r a t ur e  (se e  e x a mp l e s:  [ 6 , 7 ] )  on t h is sub j e c t .  
O ne  v e r y  oft e n h a s t o c op e  w it h  c ont e nt s of gr a d ie nt  fie l d s, 
a c q uir e d  in p r oc e ssing of r e a l  2 D  ima ge s se t .  H e nc e , gr a d ie nt  fie l d  
inc onsist e nc y  a nd  e mb e d d e d  noise  sh oul d  b e  t a k e n int o a c c ount .  
T h e  ma in sc op e  of t h e  w or k s h e r e  p r e se nt e d  w il l  b e  na r r ow e d , 

t o me t h od s of r ob ust  nume r ic a l  spatial int e gr a t ion of t h e  gr a d ie nt  
fie l d s, r e a l ise d  in p e r for ming 3 D  r e c onst r uc t ion for  sur fa c e  
v isua l l y  insp e c t e d .  H e nc e , v a r ia t iona l  g lo b al a p p r oa c h e s t o t h e  
p r ob l e m, suc h  a s [ 1 1 , 1 2 ] , w il l  b e  h e r e  omit t e d , a s t h e ir  
imp l e me nt a t ions d o r e a l l y  p e r for m in c a se s of r e gul a r l y  sh a p e d  
sur fa c e s, w it h  r e c ur r e nt l y  r e p e a t e d  p a t t e r ns.  
 
3. S u r v e y  o f  b a s i c  n u m e r i c a l  i n t e g r a t i o n  

m e t h o d s  i m p l e m e n t e d  
 
B a se d  on r e v ie w  of C omp ut e r  V ision l it e r a t ur e , one  c ome s t o 

c onc l usion, t h a t  me t h od s for  nume r ic a l  int e gr a t ion of gr a d ie nt  
fie l d s a r e  t r iv ia l , t h us t o b e  ne gl e c t e d  in sc ie nt ific  a c c ount .  
H ow e v e r , noisy  inp ut  d a t a se t  w it h  imp or t a nt  l e v e l  of 
inc onsist e nc y , r e nd e r s t h e  r e c onst r uc t ion p r oc e ss a l most  
imp ossib l e .  T h us, b ot h  non-it e r a t iv e  a nd  it e r a t iv e  me t h od s w e r e  
sough t , in h op e  of ob t a ining r e l ia b l e  out p ut  r e sul t s.  B e l ow , o u r  
imp l e me nt a t ions h a v e  b e e n a c c ount e d .  
T h e r e  a r e  a d d it iona l  p h e nome na , w h ic h  p osit iv e l y  a d d s up  t o 

t h e  it e r a t iv e  3 D  r e c onst r uc t ion p r oc e ss (suc h  a s infor ma t ion 
p r op a ga t ion of sur fa c e  h e igh t s b e t w e e n t w o sub se q ue nt  it e r a t ions) .  
P e r h a p s t h e  most  r e l ia b l e  a r e  t h ose  a p p r oa c h e s t o t h e  p r ob l e m, 
w h ic h  a r e  d e r iv e d  fr om finit e  or d e r  T a y l or  se r ie s e x p a nsions of 
unk now n h e igh t  func t ion z = f(x ,y )  in d e p e nd e nc e  of giv e n 
d isc r e t e  sur fa c e  sl op e s p a nd  q, on X a nd  Y d ir e c t ions, 
r e sp e c t iv e l y .  
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I n a b ov e  finit e  T a y l or  se r ie s e x p a nsion of f(x, y )  func t ion of x, y 

t w o v a r ia b l e s, w it h  e x p r e ssions up  t o 2 nd  or d e r , it ’ s d e c id e d  not  t o 
inc l ud e  mix e d  d e r iv a t iv e s t e r ms.  W it h in l a t t ic e  of d isc r e t e  gr a d ie nt  
fie l d  c ont e nt s, t h e  d e r iv e d  sur fa c e  h e igh t  c a n b e  r e nd e r e d  a s t h e  
fol l ow ing:  
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I n r e l a t ionsh ip  (5 , 1 st l ine )  finit e  d isc r e t e  a p p r ox ima t ion of p a nd  

q 1 st or d e r  d e r iv a t iv e s, on X a nd  Y d ir e c t ions r e sp e c t iv e l y , giv e s in 
t h e  r e sul t  e x p a nsion of unk now n z h e igh t  func t ion in d e p e nd e nc e  
of p a nd  q, for  a ny  (i, j )  p oint , c ur r e nt l y  p r oc e sse d .  I t e r a t iv e  
for mul a  (5 , 2 n d  l ine )  is a l so d e r iv e d , w it h  z(i, j )  h e igh t  v a l ue s 
d e t e r mine d  fr om one  it e r a t ion t o a not h e r  ( w it h  ε  a s a  sp a n se t  
b e t w e e n 2  suc c e ssiv e  d isc r e t e  d a t a  l a t t ic e  p oint s, on b ot h  X a nd  Y 
d ir e c t ions) .  T h is is p r od uc e d  for  sk e w  or ie nt a t ion of int e gr a t ion 
p a t h s.  A d d ing up  h or iz ont a l l y  a nd  v e r t ic a l l y  or ie nt e d  int e gr a t ion 
p a t h s, one  ob t a ins a  t r ip l e t  of mut ua l l y  c r osse d  3  p a t h s for  e a c h  of 
t h e  p oint s, on l a t t ic e  of d isc r e t e  gr a d ie nt  fie l d  c ont e nt s (fig.  1 ) :  
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F i g .  1 .   O n  l e f t :  p o i n t w i s e  i n t e g r a t i o n ,  o n  r i g h t  i n  c a s c a d e :  m a s k  i n t e g r a t i o n  
s c h e m e s  w i t h  2 x 2 ,  3 x 3 ,  5 x 5  e l e m e n t s ,  t a k e n  a t  o n e  i t e r a t i o n  

 
C onsid e r ing b ot h  e x ist ing imp l e me nt a t ions a c c ount e d  in 

l it e r a t ur e  r e sour c e s [ 6 -1 0 ] , a nd  t h e  a l gor it h m e ffe c t iv e ne ss b a se d  
on fin ite  T a y l or  se r ie s e x p a nsions a c c or d ingl y  t o b a sic  r e l a t ionsh ip  
(5 )  p r ov id e d  w it h  up  t o 2 n d  or d e r  non-mix e d  t e r ms, one  sh oul d  
und e r l ine  t h e  a c c ur a c y  of t h e  l a t e r .  C oup l e d , i. e .  mix e d  2 n d  or d e r  
t e r ms c oul d  c ont r ib ut e  t o gl ob a l  a nd  it e r a t iv e  3 D  r e c onst r uc t ion 
p r oc e ss, w it h  t h e  infor ma t ion ma inl y  r e l a t e d  t o gr a d ie nt  fie l d  
inc onsist e nc y .  H ow e v e r , t h is minor  p r ob l e m sh oul d  b e  r a t h e r  
a c c ount e d  e l se w h e r e .   
C oup l e d  2 n d  or d e r  t e r ms, a d d e d  t o finit e  se r ie s e x p a nsion in 

r e l a t ionsh ip  (5 )  c oul d  r e p r e se nt  l oc a l l y  oc c ur r e d  gr a d ie nt  fie l d  
inc onsist e nc y .  O n ot h e r  h a nd , t h e  it e r a t iv e  imp l e me nt a t ion of t h e  
nume r ic a l  int e gr a t ion me t h od  h e r e  p r e se nt e d , p osse s c onne c t iv e  
c h a r a c t e r  in d a t a  int e r p r e t a t ion, ma inl y  d ue  t o sur fa c e  h e igh t  
p r op a ga t ion p h e nome non.  T h us, for c ib l y  a ny  l oc a l  d a t a  
inc onsist e nc ie s a r e  a d v a nt a ge ousl y  ov e r w h e l me d  a nd  sup p r e sse d  
b y  gl ob a l l y  oc c ur r e d  d a t a  c onsist e nc y , r e l a t e d  t o 2 D  int e nsit y  
ima ge s d a t a se t  for  sur fa c e  v isua l l y  insp e c t e d .  S ur fa c e  h e igh t  
p r op a ga t ion p h e nome non p l a y s a  r ol e  of c onv e y ing fa c t or  in 
o m n id ir e c tio n al d ist r ib ut ion (in X Y  r e fe r e nc e  p l a ne  for  t h e  sur fa c e  
r e ga r d e d )  of h e igh t  infor ma t ion.  
A c c or d ingl y  t o (7 )  (figur e  1  r igh t ) , t h e r e  is a l so p ossib il it y  t o 

c onsid e r  mor e  t h a t  one  l oc a t ion on gr a d ie nt  fie l d , w it h  ma sk  of for  
e x a mp l e  2 x 2 , 3 x 3  or  5 x 5  e l e me nt s, t a k e n simul t a ne ousl y  a t  one  
it e r a t ion (h e r e  b e l ow  t h e  c a se  of 2 x 2  e l e me nt s ma sk  is p r e se nt e d ) :  

 

)(33
2

3
2)(3

1
)(33

2
3
2)(3

1
)(33

2
3
2)(3

1
)(33

2
3
2)(3

1

1,12,11,11,2

2

1,11,1
1
,1

1
1,

1
,1,1

,11,1,1,2

2

,1,1
1

1,1
1

,
1
1,,1

1,2,1,1,1

2

1,1,
1

,
1

1,1
1
,11,

,1,,,1

2

,,
1
1,

1
,1

1
1,1,

++++++++++++
−
+

−
+

−
++

+++++++
−

−+
−−

−+

+++++++
−−

+−
−
−+

++
−
−

−
−

−
−−

−+−+⋅+⋅+++=

−+−+⋅+⋅+++=

−+−+⋅+⋅+++=

−+−+⋅+⋅+++=

jijijijijiji
n

ji
n
ji

n
ji

n
ji

jijijijijiji
n

ji
n
ji

n
ji

n
ji

jijijijijiji
n
ji

n
ji

n
ji

n
ji

jijijijijiji
n
ji

n
ji

n
ji

n
ji

qqppqpzzzz

qqppqpzzzz

qqppqpzzzz

qqppqpzzzz

ε
εε

ε
εε

ε
εε

ε
εε

 (8 )  
 



406    PAK v o l .  5 4 ,  n r  7/ 2 0 0 8  
 

In distant a na l o g y  t o  J a c o b i ’ s  i t e r a t i v e  s o l u t i o n,  o ne  c a n b o o s t  
a l g o r i t h m ’ s  c o nv e r g e nc e ,  r e nd e r i ng  i nt e g r a t i o n p r o c e s s  ( 8 )  
s i m i l a r l y  t o  G a u s s -S e i d e l  i t e r a t i v e  s o l u t i o n [ 1 3 ] :  
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A s  t h e  s u r f a c e  h e i g h t s  p r o p a g a t i o n i s  ne e d e d ,  f r o m  o ne  i t e r a t i o n 

s t e p  t o  a no t h e r ,  s i ng l e  s t e p  o f  m a s k  i nt e g r a t i o n s c h e m e s  ( 8 ,  9 )  p l a y  
a n i m p o r t a nt  r o l e  i n s u r f a c e  h e i g h t s  p r o p a g a t i o n.  In p o i nt w i s e  
s c h e m e ,  t h i s  i s  r e a l i s e d  b y  s u r f a c e  c o nv o l u t i o n,  r e a l i s e d  i n e a c h  
i t e r a t i o n s t e p .   
 
4. M o r e  e v o l v e d  s c h e m e s  o f  n u m e r i c a l  

i n t e g r a t i o n  m e t h o d s  
 
In s u p p r e s s i ng  g l o b a l  f a l s i f i c a t i o ns  i n t o p o g r a p h y  o f  3 D  s u r f a c e ,  

r e c o ns t r u c t e d  f r o m  2 D  i m a g e s  o f  r e a l  s u r f a c e ,  i t ’ s  d e c i d e d  t o  u s e  
t w o  a l t e r na t e  s u b -i t e r a t i o ns  i n s i ng l e  i t e r a t i v e  s t e p .   
 
 

  
 

  
R y s .  2.   P o  l e w e j :  c a ł k o w a n i e   z  k i e r u n k i e m  w  d ó ł  w  1 w s z e j  p o d -i t e r a c j i ,  p o  p r a w e j :  

c a ł k o w a n i e  w  g ó r ę  w  2g i e j  p o d -i t e r a c j i ,  p o j e d y n c z e g o  k r o k u  i t e r a c y j n e g o  
F i g .  2.   O n  l e f t :  i n t e g r a t i o n  r e a l i s e d  d o w n w a r d  i n  1 st s u b -i t e r a t i o n ,  o n  r i g h t :   

i n t e g r a t i o n  r e a l i s e d  u p w a r d  i n  2 n d  s u b -i t e r a t i o n ,  i n  s i n g l e  i t e r a t i v e  s t e p  
 
S u r f a c e  d e f l a t i o n,  w h i c h  p r e v i o u s l y  o c c u r r e d ,  h a s  b e e n no w  

r e l a x e d ,  ( f o r  m a c r o -t o p o g r a p h y  f e a t u r e s  o n s u r f a c e s ) .  In 
d i m i ni s h i ng  c o m p u t a t i o na l  e f f o r t ,  i n i nt e g r a t i o n o f  h u g e  g r a d i e nt  
f i e l d s ,  i t  h a s  b e e n d e c i d e d  t o  i nt r o d u c e  e x t r a  a l g o r i t h m  
m o d i f i c a t i o n.  N a m e l y ,  c e nt r e s  o f  m a s k  o f  3 x 3  o r  5 x 5  e l e m e nt s  a r e  
b e i ng  l o c a t e d  m o r e  s p a r s e l y  i n g l o b a l  i t e r a t i o ns  l o o p ,  t h u s  
r e d u c i ng  c o ns i d e r a b l y  g l o b a l  c o m p u t a t i o na l  e f f o r t  i n 3 D  
r e c o ns t r u c t i o n.  In s u c h  c a s e ,  t h e  3 D  s u r f a c e s  r e s u l t e d  a r e  m o r e  
a d e q u a t e ,  i nd i c a t i ng  b e t t e r  c o nv e r g e nc e  o f  t h e  r e c o ns t r u c t i o n 
p r o c e s s .  N o ne t h e l e s s  t h e y  a r e  c h a r a c t e r i s e d  b y  r e g u l a r l y  s p a c e d  
c r u st f e atu r e s o n i t .  T h e s e  a r e  i m p e r f e c t i o ns  o f  h e i g h t  p r o p a g a t i o n 
p r o c e s s ,  i n s p a r s e l y  i m p l e m e nt e d  s c h e m e s  o f  i nt e g r a t i o n.  
 

5 . S u r f a c e  s a m p l e s  i n s p e c t i o n  a n d  3 D  
m e a s u r e m e n t s  d a t a s e t s  

 
F o r  t e s t  o f  a l g o r i t h m s  p e r f o r m a nc e ,  d i s t i nc t  s u r f a c e  s a m p l e s  

w e r e  c h o s e n.  F i r s t  s u r f a c e  w a s  r e l i e f  o f  Z l o t y  c o i n‘ s  h e a d  ( f i g .  1 ) ,  
w i t h  r e c o g ni s a b l e  p a t t e r n o n i t .  T h u s ,  1 st s u r f a c e  s a m p l e  r e p r e s e nt s  
a  m a c r o  t e m p l a t e  t o  b e  p r o p e r l y  m a p p e d ,  a nd  i t  i s  t r e a t e d ,  a s  a  t e s t  
s a m p l e  i n v i s u a l  i ns p e c t i o n/ e v a l u a t i o n o f  t h e  r e s u l t s .  S e c o nd  
s u r f a c e  s a m p l e  w a s  c u t  f r o m  a b r a s i v e  t a p e  ( 3 M  A A 2 3 7 ) ,  w i t h  
a l o x i t e  g r a i ns  i m p r e s s e d  i nt o  f o r m  o f  p y r a m i d s  ( f i g . 2 ) .  T h e  2 n d  
s a m p l e  r e p r e s e nt s  r e g u l a r  o c c u r r e nc e  o f  a s p e r i t i e s  o n s u r f a c e .  
T h i r d  s u r f a c e  s a m p l e  i s  c u t  f r o m  l a p p i ng  s t o ne ,  m a d e  o f  r e d  
a l o x i t e  ( f i g .  3 ,  d e s c r i p t i o n:  9 9 A 1 2 0 M V 8 ) .   
In c a s e  o f  t h e  3 r d  s u r f a c e  s a m p l e ,  o ne  d e a l s  w i t h  v e r y  t e x t u r e d  

s u r f a c e .  H e nc e ,  f o r  r a nd o m  t o p o g r a p h i c  f e a t u r e s  a r r a ng e m e nt  o n 
t e x t u r e d  s u r f a c e s ,  s u c h  a s  s u r f a c e s  o f  a b r a s i v e  t o o l s ,  t h e y  c a n b e  
r e l i a b l y  r e c o ns t r u c t e d  w i t h  p r o p e r l y  a d a p t e d  sp atial  nu m e r i c a l  
i nt e g r a t i o n m e t h o d s ,  a nd  w i t h  t h e  d a t a  p r o c e s s i ng  f r a m e w o r k  i n 
P S M  o f  t h e  s o l u t i o ns  p o s e d  sp atial l y .  
 
 

a )        b )  

     
R y s .  3 .   a )  R e l i e f  1  Z ł o t e g o  w  o ś w i e t l e n i u  o  k ą c i e  e l e w .  6 0  s t p . ,  o b r a z y  2D :  

1 8 0 x 1 8 0  p i k s e l i ,  o d p o w .  w y m .  p u n k t u  8 3 u m ,  b )  p o l e  g r a d .  w  r e k o n s t r .  3 D  
( w s p ó ł r z .  w y d r u k u  w  ś r o d w .  M a t l a b )  

F i g .  3 .   a )  R e l i e f :  1  Z l o t y ,  l i g h t  i l l u m i n a t i o n  o f  6 0 d e g  o f  e l e v a t i o n  a n g l e ,  2D  
i m a g e s :  1 8 0 x 1 8 0  p i x e l s ,  p i x e l  s p a t i a l  c o r r e s p o n d e n c e :  8 3 u m ,   
b )  g r a d .  f i e l d  i n  3 D r e c o n s t r . ( M a t l a b  c o o r d s .  p l o t )  

 
 
a )       b )  

      
 
c )       d )  

    
R y s .  4 .   a )  T a ś m a  ś c i e r n a  ( 3 M  A A 23 7 ) ,  4 0 0 x 4 0 0  p i k s e l i ,  o d p .  w y m .  p u n k t u  1 0 u m ,   

b )  p o l e  g r a d i e n t u ,  c )  k o r u n d  ( 9 9 A 1 20 M V 8 )  k ą t  e l e w a c j i  3 0  s t p . ,  5 0 0 x 5 0 0  
p i k s e l i ,  o d p .  w y m .  p u n k t u  1 4 . 5 u m ,  d )  p o l e  g r a d i e n t u  ( 1 w s z a  ć w i a r t k a )  
( w s p ó ł r z .  w  ś r o d o w i s k u  M a t l a b )  

F i g .  4 .   a )  A b r a s i v e  t a p e  ( 3 M  A A 23 7 ) ,  4 0 0 x 4 0 0  p x l s ,  p o i n t s  s p a t i a l  c o r r e s p .  1 0 u m ,  
b )  g r a d i e n t  f i e l d ,  c )  a l o x i t e  l a p p i n g  s t o n e  ( 9 9 A 1 20 M V 8 ) ,  i n c i d e n c e  l i g h t  
e l e v a t i o n  o f  3 0 d e g ,  5 0 0 x 5 0 0  p x l s ,  p o i n t s  s p a t i a l  c o r r e s p . :  1 4 . 5 u m ,   
d )  g r a d i e n t  f i e l d  ( 1 st q u a r t e r )  ( M a t l a b  c o o r d .  p l o t )  
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Though, there exist some global discrete solutions of 
v ariationally  p osed task s for 3 D  surface reconstruction, they  are 
narrow ed in ap p lications.  S uch ap p roaches, as in the w ork s of 
F rank ot and C hellap a ( et alli, see examp les of [ 1 1 , 1 2 ] ) , of 
globally  p osed 3 D  reconstruction p roblem solv ed in freq uency  
domain, w e hav e imp lemented by  ourselv es and tested.  They  are 
p rov ed to be useful in insp ection of surfaces of reccurently  
occurred top ograp hy  features.  
The 2 D  image datasets for the 3  samp les hav e been acq uired 

w ith commercially  av ailable camera, w hich is p rov ided w ith 
adv anced micro-z ooming facility , allow ing for tak ing images from 
minimal obj ect distance of 1 0  millimetres.  A s to the 3 rd surface 
samp les ( fig.  3 ) , it w as lit w ith incidence light of intentionally  low  
elev ation angle ( 3 0 deg. ) .  A t such low  elev ation angle, self-
shadow ing/ self-mask ing do really  occur, but w ith low ered inter-
reflection p henomena.  W ithin set of 2 D  images dataset, 
p ointw isely  realised data classifications and exclusion, render 3 D  
reconstruction scalable, accordingly  to number of v alid inp ut 
intensities.  
I n adap ted P S M  3 D  reconstruction method, in classification and 

filtering w ithin data p re-p rocessing stage, double-thresholded 
exclusion has been imp lemented of arbitrarily  set tw o v alues.  
E xtremely  low  outp ut intensities w ithin 2 D  images are excluded, 
i. e.  treated as inv alid data, p ossibly  correlated to self-mask ing and 
self-shadow ing p henomena.  M oreov er, extremely  high outp ut 
intensities w ithin 2 D  images are also excluded, i. e.  treated as 
inv alid data, p ossibly  correlated to occurrence of sp ecularities and 
highlights.   
 
6. N o i s e s  a n d  i m p e r f e c t i o n s  o f  r e a l  2 D  

i m a g e s  a c q u i r e d  
 
F irstly , a v alid orientation of trip let of integration p aths has 

been chosen.  G radient field inconsistency  of the data occurred due 
to inherent noise, w hich induces dev astating distortions in 3 D  
reconstruction on one sp ecific sk ew  orientation, w hile on other 
direction, the influence of it w as diminished considerably .  
P erhap s, this w as p rov ok ed by  imp erfections of acq uiring  
p rocess for intensities data, w hich can be of non-stationary  
interline characters w ithin comp lete scan of the p hotosensitiv e 
cells array .  
A  T w o  S c an s  [ 8 , 9 ]  non-iterativ e integration method is used  

for testing.  I t’ s decided firstly  to simulate the p resence of noise 
w ithin sy nthetic data, at stage of gradient field data p rocessing.  
The 3 D  map s from 3 D  p rofilometric measurements, for the 
surface samp les w ere used and treated as a reference g r o u n d  tr u th  
data.  
B ased on simulations realised on sy nthetic gradient field  

( 2 n d surface samp les) , w e noticed, that noise v ariance of 0 . 0 0 1  or 
less, embedded w ithin gradient field contents, does not contributes 
so much to gradient field inconsistency .  H ow ev er, lev el of the 
noise v ariance of 0 . 0 2 , distinctly  alternate results.   
I t’ s finally  decided to use in comp arativ e analy ses, generally  the 

most adv anced schemes.  That means, the outp ut results of 
ex c lu s iv ely  iterativ e numerical integration methods w ith both 
p ointw ise, and mask  schemes w ith 2 x2  and 3 x3  elements, w ere 
tak en into account.  M oreov er tw o alternativ e subiterations ( see 
fig.  2 )  w ere ap p lied.  
 
7 . 3 D  s u r f a c e  r e c o n s t r u c t i o n  r e s u l t s ,  

c o m p a r a t i v e  a n a l y s e s  
 
There is an urgent need of some conv ergence analy ses, both in 

function of number of iterations and comp utational efforts, sp ent 
on p articular reconstruction task s, w ith ov erall algorithm 
p erformances.  H ow ev er, it’ s decided, not to realise comp arison of 
absolute max/ min height extensions, w hich in that case should be 
confronted to g r o u n d  tr u th  dataset.  
 

 

 a )  

    
 
 b )  

    
 
 c )  

     
 
 d )  

  
 
R y s .  5 .   R ó ż n i c e  R M S  k o l e j n y c h  p o w i e r z c h n i  w  f .  i t e r a c j i  ( p r ó b k a  1 w s z a ) ,  

s c h e m a t y  m a s k i :  a ) ,  c )  2 x 2  o r a z :  b ) ,  d )  3 x 3  e l e m e n t y ,  w  r o z w i ą z a n i u :   
a ) ,  b )  J a c o b i e g o ,  c ) ,  d )  G a u s s -S e i d e l ’ a   

F i g .  5 .   R M S  d i f f e r e n c e s  f o r  s u b s e q u e n t  s u r f a c e s  i n  f u n c t i o n  o f  i t e r a t i o n s  ( 1 st 
s a m p l e )  m a s k  s c h e m e  a ) ,  c )  2 x 2 ,  b ) ,  d )  3 x 3  e l e m e n t s ,  s o l u t i o n s :   
a ) ,  b )  J a c o b i ,  c ) ,  d )  G a u s s -S e i d e l  

 
I nstead of that, the M ean S q uare R oot ( R M S )  differences 

betw een tw o subseq uently  reconstructed real surfaces w ill be 
p resented in function of sev eral aimed numbers of global 
iterations, sp ent on them.  O n figures 5  ( a-d)  conv ergence of 3 D  
reconstruction methods is p resented, in sense of stabilising the 
p rocess of the p rop agation of z height information.   
The authors tested algorithm imp lementations, p rov ing stability  

in p resence both of moderate lev el of the disturbing noise 
contributing to data inconsistency .  F or macro-top ograp hy  
temp lates, it is noticed some intermediate stage of surface heights 
rev olution w ith final stabilising p rocess after circa 3 0 0  iterations.  
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Finally, the reconstruction results will be presented in brief  below 
f or the sam ples described abov e in all work s here related.  
 
 

  
 
 

  
 
 

  
 
R y s .  6 .   W y n i k i  z  u ż y c i e m  r o z w i ą z a ń  i t e r .  G a u s s -S e i d e l  d l a  o d p o w i e d n i o :   

1 ,  2  i  3  p r ó b k i   
F i g .  6 .   R e s u l t s  b y  G a u s s -S e i d e l  i t e r a t i v e  s o l u t i o n s  f o r  1 st , 2 n d ,  3 r d  s u r f a c e s ,  

r e s p e c t i v e l y  
 

 
8. A  b r i e f  c r i t i q u e  o f  p o s s i b l y  e x i s t i n g  3 D  

r e c o n s t r u c t i o n  m e t h o d s  a n d  t h e i r  
i m p l i c a t i o n s  

 
I n pursue of  ef f ectiv e 3 D  surf ace reconstruction m ethods, som e 

unacceptable solutions and their subseq uent im plem entation 
im plications are accounted in C om puter V ision literature.  N am ely, 
v ector g radient f ield ( see only the ex am ple in [ 6 ] , pag e 9 0 , 
subsection 4 . 3 . 1 :  F i ltr es  m o y enneur s  ( in French) )  is not treated as 
o r i ented , but m ere, as a scalar contents, sum m ed up with use of  
m ean m ask , reg ardless of  directions and orientations of  the data.  
I n such case one could obtain, q uite erratically, only a surf ace 

edg e detector.  S uch basic m isunderstanding  in any num erical 
integ ration m ethods possibly inclines m ost researches to 
unnecessary com plicated solutions, such as wav elet reconstruction 
m ethods, g iv ing  up the m ost basic and probably the m ost ef f ectiv e 
m ethods.  
 
9 . F i n a l  r e m a r k s ,  c o n c l u s i o n s  i n  n u m e r i c a l  

i n t e g r a t i o n  m e t h o d s  
 
I n num erical trials with both real 2 D  im ag es and depth m aps 

( i. e.  tak en f rom  3 D  prof .  m easurem ents) , it occurred that surf ace 
heig ht propag ation played considerable role.  V ector g radient f ield, 
f rom  its v ery nature, is of  directional contents, and it be should 
processed ex clusiv ely in directional m anner, i. e.  with use of  
oriented integ ration paths ( see relationships ( 6 ) -( 9 ) ) .  
S im ultaneously, iterativ e im plem entations allow f or ef f icient 
surf ace heig ht propag ation in all directions on ref erence plane of  
the surf ace v isually inspected.  H ence, resum ing , the iterativ e 
im plem entations prev ail ov er non-iterativ e ones, in 3 D  
reconstruction.  
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