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A b s t r a c t  
 

A not i on of  p os i t i ve  li ne ar d i s c re t e -t i m e  s y s t e m s  w i t h  m u lt i p le  d e lay s   
i n s t at e  and  c ont rol i s  i nt rod u c e d . T h e  ne c e s s ary  and  s u f f i c i e nt  c ond i t i ons  
f or p os i t i vi t y , re ac h ab i li t y  and  m i ni m u m  e ne rg y  c ont rol are  g i ve n.  
C ons i d e rat i ons  are  i llu s t rat e d  b y  e x am p le . 
 
K e y w o r d s :  li ne ar p os i t i ve  s y s t e m s , d i s c re t e -t i m e  s y s t e m s , t i m e -d e lay , 
re ac h ab i li t y , m i ni m u m  e ne rg y  c ont rol. 
 
O si ą g al n o ś ć  i  st er o w an i e z m i n i m al n ą  en er g i ą  
l i n i o w y c h  do dat n i c h  uk ł adó w  dy sk r et n y c h   
z w i el o m a o p ó ź n i en i am i  st an u i  st er o w an i a 

 
S t r e s z c z e n i e  

 
W  p rac y  p od ano w aru nk i , p rz y  s p e ł ni e ni u  k t ó ry c h  li ni ow y  d y s k re t ny  u k ł ad  
z  w i e lom a op ó ź ni e ni am i  z m i e nny c h  s t anu  i  s t e row ani a j e s t  u k ł ad e m  
d od at ni m . Pod ano t e ż  w aru nk i  k oni e c z ne  i  w y s t arc z aj ą c e  os i ą g alnoś c i  oraz  
s t e row ani a z  m i ni m alną  e ne rg i ą . R oz w aż ani a z i lu s t row ano p rz y k ł ad e m . 
 
S ł o w a  k l u c z o w e :  li ni ow y  u k ł ad  d od at ni , d y s k re t ny , op ó ź ni e ni e , 
os i ą g alnoś ć , s t e row ani e  z  m i ni m alną  e ne rg i ą . 
 
1 .  I n t r o duc t i o n  
 

I n  p o sitiv e  sy ste ms in p u ts,  sta te  v a ria b l e s a n d  o u tp u ts ta k e  o n l y  
n o n -n e ga tiv e  v a l u e s f o r n o n -n e ga tiv e  in itia l  sta te s a n d  n o n -
n e ga tiv e  co n tro l s.  I n d u stria l  p ro ce sse s in v o l v in g che mica l  
re a cto rs,  he a t e x cha n ge rs a n d  d istil l a tio n  co l u mn s,  sto ra ge  
sy ste ms,  co mp a rtme n ta l  sy ste ms,  w a te r a n d  a tmo sp he ric p o l l u tio n  
mo d e l s a re  e x a mp l e s o f  p o sitiv e  sy ste ms.  A  v a rie ty  o f  mo d e l s 
ha v in g p o sitiv e  l in e a r sy ste ms b e ha v io r ca n  b e  f o u n d  in  
e n gin e e rin g,  ma n a ge me n t scie n ce ,  e co n o mics,  so cia l  scie n ce s,  
b io l o gy  a n d  me d icin e ,  e tc.  P o sitiv e  l in e a r sy ste ms a re  d e f in e d  o n  
co n e s a n d  n o t o n  l in e a r sp a ce s.  T he re f o re ,  the  the o ry  o f  p o sitiv e  
sy ste ms is mo re  co mp l ica te d  a n d  l e ss a d v a n ce d .  A n  o v e rv ie w  o f  
sta te  o f  a rt in  the  p o sitiv e  sy ste ms the o ry  is giv e n  in  the  
mo n o gra p hs [ 4 ,  5 ].  

R e ce n tl y  so me  re su l ts k n o w n  f o r sta n d a rd  l in e a r p o sitiv e  
sy ste ms ha v e  b e e n  e x te n d e d  f o r p o sitiv e  sy ste ms w ith time -d e l a y s.  
T he  co n d itio n s f o r re a cha b il ity  a n d  min imu m e n e rgy  co n tro l  o f  
p o sitiv e  d iscre te -time  sy ste ms w ith d e l a y  in  sta te  w e re  giv e n  in  
[ 2 ].  T he  p ro b l e m o f  re a cha b il ity  a n d  co n tro l l a b il ity  o f  l in e a r 
p o sitiv e  d iscre te -time  sy ste ms w ith d e l a y s in  co n tro l  o r in  sta te  
w a s d iscu sse d  in  [ 8 ].  A n  o v e rv ie w  o f  so me  re ce n t d e v e l o p me n ts in  
the o ry  o f  p o sitiv e  d iscre te -time  l in e a r sy ste ms w ith d e l a y s in  sta te  
w a s p re se n te d  in  [ 3 ] a n d  [ 6 ].  

T he  a im o f  this p a p e r is to  giv e  the  n o tio n  o f  the  in te rn a l l y  
p o sitiv e  l in e a r d iscre te -time  sy ste ms w ith mu l tip l e  d e l a y s in  sta te  
a n d  co n tro l  a n d  n e ce ssa ry  a n d  su f f icie n t co n d itio n s f o r the  in te rn a l  
p o sitiv ity ,  re a cha b il ity  a n d  min imu m e n e rgy  co n tro l .   
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T o  the  b e st o f  the  a u tho rs'  k n o w l e d ge ,  the  re a cha b il ity  a n d  
min imu m e n e rgy  co n tro l  p ro b l e ms f o r p o sitiv e  d iscre te -time  
sy ste ms w ith mu l tip l e  d e l a y s in  sta te  a n d  co n tro l  ha v e  n o t b e e n  
stu d ie d  y e t.  

 
2 .  P r el i m i n ar i es 
 

L e t mn×ℜ  b e  the  se t o f  mn×  ma trice s w ith e n trie s f ro m the  
f ie l d  o f  re a l  n u mb e rs a n d  .

1×ℜ=ℜ nn  T he  se t o f  mn×  ma trice s 
w ith re a l  n o n -n e ga tiv e  e n trie s w il l  b e  d e n o te d  b y  mn×

+ℜ  a n d  
.

1×
++ ℜ=ℜ nn  T he  se t o f  n o n -n e ga tiv e  in te ge rs w il l  b e  d e n o te d  b y  

.+Z  
C o n sid e r the  d iscre te -time  l in e a r sy ste m w ith d e l a y s d e scrib e d  

in  the  sta te  sp a ce  b y  the  e q u a tio n s  
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T he  in itia l  co n d itio n s f o r ( 1 a )  a re  giv e n  b y  
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T he  ge n e ra l  f o rm o f  the  so l u tio n  o f  sta te  e q u a tio n  ( 1 a )  is a s 
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is the  sta te -tra n sitio n  ma trix  a n d  1−Z  d e n o te s the  in v e rse   
z-tra n sf o rm.  

T he  sta te -tra n sitio n  ma trix  )(iΦ  sa tisf ie s the  e q u a tio n  
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)(...)1()()1( 10 hiAiAiAi h −Φ++−Φ+Φ=+Φ           ( 5 )  
 
w i t h  t h e  i n i t i a l  c o n d i t i o n s  

 
,)0( nI=Φ    0)( =Φ i  f o r  .0<i                ( 6 )  

 
Definition 1. T h e  s y s t e m  ( 1 )  i s  c a l l e d  ( i n t e r n a l l y )  p o s i t i v e  i f  

n
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Theorem 1. T h e  s y s t e m  ( 1 )  i s  i n t e r n a l l y  p o s i t i v e  i f  a n d  o n l y  i f   
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P roof . D e f i n i n g  
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e q u a t i o n s  ( 1 )  c a n  b e  w r i t t e n  i n  t h e  f o r m  
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S y s t e m  ( 1 0 )  i s  c a l l e d  ( i n t e r n a l l y )  p o s i t i v e  i f  n
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H e n c e ,  s y s t e m  ( 1 )  i s  p o s i t i v e  i f  a n d  o n l y  i f  t h e  m a t r i c e s  ,A  ,~B  
C~  a n d  D~  s a t i s f y  c o n d i t i o n s  ( 1 2 )  t h a t  a r e  e q u i v a l e n t  t o  ( 7 ) . � 
 
3. R e a c h a b i l i t y  
 

F o r  s i m p l i c i t y  i t  w i l l  b e  a s s u m e d  t h a t  qh =  i n  ( 1 a ) . T h e  c a s e  
qh ≠  i s  s i m i l a r l y  a n a l y z e d . 

 
Definition 2. A  s t a t e  n

fx +ℜ∈  i s  c a l l e d  r e a c h a b l e  i n  N s t e p s  i f  
t h e r e  e x i s t s  a  s e q u e n c e  o f  i n p u t s  ,

m
iu +ℜ∈  ,1,...,1,0 −= Ni  t h a t  

t r a n s f e r s  t h e  s y s t e m  ( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  ( 2 )  t o  t h e  s t a t e  
.fx  

 
Definition 3 . I f  e v e r y  s t a t e  n

fx +ℜ∈  i s  r e a c h a b l e  i n  N s t e p s  t h e n  
t h e  s y s t e m  i s  c a l l e d  r e a c h a b l e  i n  N s t e p s .  
 
Definition 4 . I f  f o r  e v e r y  s t a t e  n

fx +ℜ∈  t h e r e  e x i s t s  a  n a t u r a l  
n u m b e r  N s u c h  t h a t  t h e  s t a t e  fx  i s  r e a c h a b l e  i n  N s t e p s  t h e n  t h e  
s y s t e m  i s  c a l l e d  r e a c h a b l e . 

 
R e c a l l  t h a t  t h e  s e t  nX ℜ⊂  i s  c a l l e d  t h e  c o n e  i f  t h e  f o l l o w i n g  

i m p l i c a t i o n  h o l d s :  i f  Xx∈  t h e n  Xx∈α  f o r  e v e r y  .+ℜ∈α  T h e  
c o n e  X i s  c a l l e d  c o n v e x  i f  f o r  a n y  Xxx ∈21,  e v e r y  p o i n t  o f  t h e  
l i n e  s e g m e n t  Xxxx ∈λ+λ−= 21)1(  f o r  .10 ≤λ≤  T h e  c o n e  X i s  
c a l l e d  s o l i d  i f  i t s  i n t e r i o r  c o n t a i n s  t h e  s p h e r e  ),( rxK  w i t h  t h e  
c e n t e r  a t  t h e  p o i n t  Xx∈  a n d  r a d i u s  r. 

 
Theorem 2. T h e  s e t  o f  r e a c h a b l e  s t a t e s  o f  p o s i t i v e  s y s t e m  ( 1 )  i s   
a  p o s i t i v e  c o n v e x  c o n e . T h i s  c o n e  i s  s o l i d  i f  a n d  o n l y  i f  t h e r e  
e x i s t s  a n  +∈ZN  s u c h  t h a t  t h e  r a n k  o f  t h e  r e a c h a b i l i t y  m a t r i x  
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w h e r e  NR  h a s  f o r m  ( 1 3 )  w i t h  )(iΨ  d e f i n e d  b y  ( 1 4 )  a n d   
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I f  nRN =rank  t h e n  f r o m  ( 1 5 )  i t  f o l l o w s  t h a t  i f  Nu0  s t e e r s  

s y s t e m  ( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  t o  ,Nx  t h e n  Nu0α  s t e e r s  t h i s  
s y s t e m  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  t o  Nxα  f o r  e v e r y  .ℜ∈α  
T h e r e f o r e ,  t h e  s e t  o f  s t a t e s  w h i c h  a r e  r e a c h a b l e  i n  N s t e p s  i s   
a  c o n e . 

L e t  NX  d e n o t e s  t h e  p o s i t i v e  c o n e  o f  r e a c h a b l e  s t a t e s  o f  p o s i t i v e  
s y s t e m  ( 1 ) .  
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NNN uuv λ+λ−=  H e n c e ,  t h e  c o n e  NX  i s  c o n v e x .  
L e t  ),0( εK  b e  t h e  s p h e r e  w i t h  t h e  c e n t e r  0=x  a n d  r a d i u s .ε  

F r o m  t h e  a s s u m p t i o n  nRN =rank  i t  fo l l o w s  t h a t  t h e  s y s t e m  i s  
r e a c h a b l e  i f t h e  i n p u t  i s  u n b o u n d e d .  In  t h i s  c a s e  t h e r e  e x i s t s  a n  
i n p u t  Nu0∆  t h a t  s t e e r s  t h e  s t a t e  o f s y s t e m  ( 1 )  t o  a n  a r b i t r a r y  p o i n t  
i n s i d e  t h e  s p h e r e .  F r o m  t h e  l i n e a r i t y  o f t h e  s y s t e m  a n d  
s u p e r p o s i t i o n  p r i n c i p l e  i t  fo l l o w s  t h a t  t h e  i n p u t  NN uu 00 ∆+  c a n  s t e e r  
t h e  s y s t e m  t o  a n  a r b i t r a r y  p o i n t  i n s i d e  t h e  s p h e r e  ),,( εxK  w h e r e  
Nu0  i s  t h e  i n p u t  t h a t  s t e e r s  s y s t e m  ( 1 )  t o  .x  T h e  i n p u t  Nu0∆  c a n  b e  

c h o s e n  s o  t h a t  a l l  e n t r i e s  o f NN uu 00 ∆+  a r e  n o n -n e g a t i v e  a n d  
.),( NXxK ⊂ε  H e n c e ,  t h e  c o n e  NX  i s  s o l i d .  O n  t h e  o t h e r  h a n d ,  i f 

NX  c o n t a i n s  t h e  s p h e r e  ),( εxK  t h e n  t h e r e  e x i s t s  a n  i n p u t  Nu0∆  
t h a t  s t e e r s  s y s t e m  ( 1 )  t o  a n  a r b i t r a r y  p o i n t  i n s i d e  t h e  s p h e r e  

),0( εK  o n l y  i f .rank nRN =  � 
 
T h e  c o n e  NX  o f t h e  r e a c h a b l e  s t a t e s  o f p o s i t i v e  s y s t e m  ( 1 )  

u s u a l l y  i n c r e a s e s  w i t h  N ,  i . e .  21 NN XX ⊂  fo r  .12 NN >  T h e  
fo l l o w i n g  t h e o r e m  g i v e s  t h e  c o n d i t i o n s  u n d e r  w h i c h  t h i s  c o n e  i n  
i n v a r i a n t  w i t h  r e s p e c t  t o  N .   

 
Theorem 3. T h e  c o n e  NX  o f r e a c h a b l e  s t a t e s  o f p o s i t i v e  s y s t e m  
( 1 )  i s  i n v a r i a n t  fo r  nhnN )1(~ +=>  i f a n d  o n l y  i f nRN =rank  a n d  
t h e  c o e ffi c i e n t s  o f t h e  c h a r a c t e r i s t i c  p o l y n o m i a l   

 

01
1~

1~
~

~

0

1

...)det(
)det(

azazazAIz

zAIz
n

n
n

n

khh

k
kn

h

++++=−=
∑−

−
−

−

=

+

       ( 1 7 )  
 

a r e  n o n -p o s i t i v e ,  i . e .  0≤ka  fo r  .1~,...,1,0 −= nk  
 

P roof . In  t h e  s a m e  w a y  a s  i n  [ 2 ]  i t  c a n  b e  p r o v e d  t h a t   
 

),()1(
...)1~()~(

01

1~

jaja
jnajn n

Φ−+Φ−
−−+Φ−=+Φ

−

   .+∈Zj        ( 1 8 )  
 
H e n c e ,  )~( jn +Φ  fo r  a n y  +∈Zj  i s  a  l i n e a r  n o n -n e g a t i v e  

c o m b i n a t i o n  o f )( kj +Φ  )1~,...,1,0( −= nk  i f a n d  o n l y  i f ,0≤ka  
.1~,...,1,0 −= nk  

F r o m  ( 1 4 )  fo r  jni += ~  w e  h a v e  
 

,)~()~(
0

k

h

k
Bkjnjn ∑ −+Φ=+Ψ

=

 
.+∈Zj    ( 1 9 )  

 
B e c a u s e  mn

kB
×

+ℜ∈  fo r  ,,...,1,0 hk =  t h e  m a t r i x  )~( jn +Ψ  fo r  
a n y  +∈Zj  i s  a  l i n e a r  n o n -n e g a t i v e  c o m b i n a t i o n  o f ),~( kjn −+Φ  

.,...,1,0 hk =  H e n c e ,  i f ,rank nRN =  t h e n  njn XX ~~ =+  fo r  a l l  
+∈ Zj  i f a n d  o n l y  i f a l l  t h e  c o e ffi c i e n t s  ka  )1~,...,1,0( −= nk  o f 

p o l y n o m i a l  ( 1 7 )  a r e  n o n -p o s i t i v e .  � 
 
B y  d e fi n i t i o n  3  p o s i t i v e  s y s t e m  ( 1 )  i s  r e a c h a b l e  i f a n d  o n l y  i f 

t h e  r e a c h a b i l i t y  c o n e  i s  e q u a l  t o  .

n

+ℜ  
D e n o t e  b y  NR+Im  t h e  p o s i t i v e  i m a g e  o f t h e  m a t r i x  

,
Nmn

NR
×

+ℜ∈  i . e .  
 

}.,:{Im Nm
N

n
N uuRyyR +++ ℜ∈=ℜ∈=    ( 2 0 )  

 
Theorem 4. P o s i t i v e  s y s t e m  ( 1 )  i s  r e a c h a b l e  i f a n d  o n l y  i f t h e r e  
e x i s t s  a n  +∈ZN  s u c h  t h a t  nRN =rank  a n d   
 
1 )  ,Im n

NR ++ ℜ=  w h e r e  NR  i s  d e fi n e d  b y  ( 1 3 ) ,  
2 )  n l i n e a r l y  i n d e p e n d e n t  c o l u m n s  c a n  b e  c h o s e n  fr o m  NR  s o  t h a t  

t h e  m a t r i x  NR  c o n s t r u c t e d  fr o m  t h e m  i s  a  m o n o m i a l  m a t r i x  
( e v e r y  r o w  a n d  e v e r y  c o l u m n  h a s  o n l y  o n e  p o s i t i v e  e n t r y  a n d  
t h e  r e m a i n i n g  e n t r i e s  a r e  e q u a l  t o  z e r o ) ,  

3 )  n l i n e a r l y  i n d e p e n d e n t  c o l u m n s  c a n  b e  c h o s e n  fr o m  NR  s o  t h a t  
t h e  m a t r i x  NR  c o n s t r u c t e d  fr o m  t h e m  h a s  t h e  i n v e r s e  1−

NR  w i t h  
n o n -n e g a t i v e  e n t r i e s ,  i . e .  .

1 nn
NR

×
+

− ℜ∈  
 

P roof . If fN xx =  i n  ( 1 5 )  t h e n    
.0

N
Nf uRx =               ( 2 1 )  

 
F r o m  ( 2 1 )  i t  fo l l o w s  t h a t  fo r  e v e r y  n

fx +ℜ∈  t h e r e  e x i s t s  
NmNu +ℜ∈0  i f a n d  o n l y  i f t h e  c o n d i t i o n  1 )  i s  s a t i s fi e d .  If 1 )  i s  

s a t i s fi e d  t h e n  n l i n e a r l y  i n d e p e n d e n t  c o l u m n s  ( b e i n g  a  b a s e  o f 
n

+ℜ )  c a n  b e  c h o s e n  fr o m  NR  i f a n d  o n l y  i f i n  e v e r y  r o w  a n d  e v e r y  
c o l u m n  o n l y  o n e  e n t r y  i s  p o s i t i v e  a n d  a l l  t h e  r e m a i n i n g  e n t r i e s  a r e  
z e r o .  T h e  m a t r i x  c o n s t r u c t e d  fr o m  t h e s e  c o l u m n s  i s  a  m o n o m i a l  
m a t r i x .  T h e  i n v e r s e  m a t r i x  o f a  p o s i t i v e  m a t r i x  i s  p o s i t i v e  i f a n d  
o n l y  i f i t  i s  a  m o n o m i a l  m a t r i x  [ 5 ] .  T h e r e fo r e ,  c o n d i t i o n s  2 )  a n d  3 )  
a r e  e q u i v a l e n t .  � 

 
F r o m  t h e  a b o v e  i t  fo l l o w s  t h a t  i f t h e  c o n d i t i o n s  o f T h e o r e m  3  

h o l d  t h e n  t h e  c o n e  o f r e a c h a b l e  s t a t e s  o f p o s i t i v e  s y s t e m  ( 1 )  i s  
i n v a r i a n t  fo r  .)1(~ nhnN +=≥  T h i s  m e a n s  t h a t  i f t h i s  s y s t e m  i s  n o t  
r e a c h a b l e  i n  nN ~=  s t e p s ,  t h e n  i t  i s  n o t  r e a c h a b l e  i n  nN ~>  s t e p s  
( i t  i s  n o t  r e a c h a b l e ) .  

In  c e r t a i n  c a s e s  t h e  c o n e  o f r e a c h a b l e  s t a t e s  m a y  b e  i n v a r i a n t  
fo r  .~nN <  T h i s  fo l l o w s  fr o m  t h e  fa c t  t h a t  i f 1>m  t h e n  c o n d i t i o n  

nRN =rank  c a n  b e  s a t i s fi e d  fo r  .~nN <  In  s u c h  a  c a s e ,  i f t h e  
c o n d i t i o n s  o f T h e o r e m  4  h o l d ,  t h e n  p o s i t i v e  s y s t e m  ( 1 )  i s  
r e a c h a b l e  i n  nN ~<  s t e p s  ( s e e  e x a m p l e  b e l o w ) .  

 
Theorem 5. P o s i t i v e  s y s t e m  ( 1 )  i s  r e a c h a b l e  i f t h e r e  e x i s t s  a n  

+∈ZN  s u c h  t h a t  t h e  r a n k  o f t h e  r e a c h a b i l i t y  m a t r i x  NR  o f fo r m  
( 1 3 )  i s  e q u a l  t o  n a n d  
 

.][ 1TT nNm
NNN RRR ×

+
− ℜ∈        ( 2 2 )  

 
M o r e o v e r ,  i f ( 2 2 )  h o l d s  t h e n  t h e  s e q u e n c e  o f c o n t r o l s  ,

m
iu +ℜ∈  

,1,...,1,0 −= Ni  t h a t  t r a n s fe r  t h e  s y s t e m  ( 1 )  fr o m  z e r o  i n i t i a l  
c o n d i t i o n s  ( 2 )  t o  t h e  d e s i r e d  fi n a l  s t a t e  ,

n
fx +ℜ∈  c a n  b e  c o m p u t e d  

fr o m  

.][

1

1

0

1TT
0
















==

−

−

N

fNNN
N

u

u
u

xRRRu
M

             ( 2 3 )  

 
Proof. If nRN =rank  t h e n  0)(det T ≠NNRR  a n d  t h e  m a t r i x  R RN N

T  
i s  n o n s i n g u l a r .  If ( 2 2 )  h o l d s  a n d  n

fx +ℜ∈  t h e n  NmNu +ℜ∈0  a n d   
 

.][ 1TT
0 ffNNNN
N

NN xxRRRRuRx ===
−    ( 2 4 )  
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4. M i n i m u m  e n e r g y  c o n t r o l  
 

C o n s i d e r  p o s i t i v e  s y s t e m  ( 1 )  w i t h qh =  i n  ( 1 a )  a n d   
a  p e r f o r m a n c e  i n d e x  

 
,)( 1

0

T
i

N

i
i uQuuI ∑= −

=

    ( 2 5 )  
 

w he r e  mmQ ×ℜ∈  i s  a  s y m m e t r i c  p o s i t i v e  d e f i n i t e  w e i g ht i n g  m a t r i x  
s u c h t ha t   

mmQ ×
+

− ℜ∈1                ( 2 6 )  
 

a n d  N i s  t he  n u m b e r  o f  s t e p s ,  i n  w hi c h s y s t e m  ( 1 )  i s  t r a n s f e r r e d  t o  
t he  s t a t e  .fx   

C o n t r o l  s e q u e n c e  ,
m

iu +ℜ∈  ,1,...,1,0 −= Ni  t ha t  m i n i m i z e s  t he  
p e r f o r m a n c e  i n d e x  ( 2 5 )  i s  c a l l e d  m i n i m a l  o n e .  T he  p r o b l e m  o f  
m i n i m u m  e n e r g y  c o n t r o l  w a s  f i r s t  s o l v e d  i n  [ 7 ] .  

T he  m i n i m u m  e n e r g y  c o n t r o l  p r o b l e m  f o r  p o s i t i v e  s y s t e m  ( 1 )  
w i t h qh =  c a n  b e  s t a t e d  a s  f o l l o w s .  G i v e n  t he  m a t r i c e s  nn

kA
×
+ℜ∈  

a n d  mn
jB

×
+ℜ∈  ),,...,1,0,( hjk =  t he  n u m b e r  N o f  s t e p s ,  t he  f i n a l  

s t a t e  n
fx +ℜ∈  a n d  a  w e i g ht i n g  m a t r i x  Q s u c h t ha t  ( 2 6 )  ho l d s .  F i n d  

a  c o n t r o l  s e q u e n c e  ,
m

iu +ℜ∈  ,1,...,1,0 −= Ni  t ha t  t r a n s f e r s  s y s t e m  
( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  t o  t he  d e s i r e d  f i n a l  s t a t e  n

fx +ℜ∈  
a n d  m i n i m i z e s  p e r f o r m a n c e  i n d e x  ( 2 5 ) .  

D e f i n e  t he  m a t r i x  
 

,
T nn
NNN RQRW ×

+ℜ∈=        ( 2 7 )  
 

w he r e  NR  i s  t he  r e a c ha b i l i t y  m a t r i x  o f  f o r m  ( 1 3 )  a n d   
 

.],...,[diag 11 NmNm
N QQQ ×

+
−− ℜ∈=               ( 2 8 )  

 
F r o m  ( 2 7 )  i t  f o l l o w s  t ha t  t he  m a t r i x  W i s  n o n -s i n g u l a r  i f  a n d  

o n l y  i f  t he  m a t r i x  NR  ha s  f u l l  r o w  r a n k ,  i . e .  t he  n e c e s s a r y  
c o n d i t i o n  o f  r e a c ha b i l i t y  o f  p o s i t i v e  s y s t e m  ( 1 )  ho l d s .  

D e f i n e  t he  s e q u e n c e  o f  i n p u t s  ,ˆ0u  ,ˆ1u  . . . ,  1ˆ
−Nu  b y   

 

.

ˆ

ˆ
ˆ

ˆ 1T

1

1

0

0 fNN

N

N xWRQ
u

u
u

u −

−

=













=

M
           ( 2 9 )  

 
F r o m  ( 2 9 )  i t  f o l l o w s  t ha t  NmNu +ℜ∈0ˆ  f o r  a n y  n

fx +ℜ∈  i f  a n d  o n l y  
i f   

.

1T nNm
NN WRQ ×

+
− ℜ∈                     ( 3 0 )  

 
Theorem 7. L e t  t he  f o l l o w i n g  a s s u m p t i o n s  ho l d :  
 
• p o s i t i v e  s y s t e m  ( 1 )  i s  r e a c ha b l e  i n  N s t e p s ,  
• c o n d i t i o n  ( 3 0 )  i s  s a t i s f i e d ,  
• ,

m
iu +ℜ∈  ,1,...,1,0 −= Ni  i s  a n y  s e q u e n c e  o f  i n p u t s  w hi c h 

t r a n s f e r  s y s t e m  ( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  ( 2 )  t o  t he  d e s i r e d  
f i n a l  s t a t e  .

n
fx +ℜ∈  

 
T he n  t he  s e q u e n c e  o f  i n p u t s  ,ˆ0u  ,1̂u  . . . ,  1ˆ

−Nu  d e f i n e d  b y  ( 2 9 )  
a l s o  t r a n s f e r r i n g  s y s t e m  ( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  t o  t he  s t a t e  

n
fx +ℜ∈ ,  m i n i m i z e s  p e r f o r m a n c e  i n d e x  ( 2 5 )  a n d  
 

).()ˆ( uIuI ≤                ( 3 1 )  
 
 

M o r e o v e r ,  t he  m i n i m a l  v a l u e  o f  ( 2 5 )  i s  g i v e n  b y  
 

.)ˆ( 1T
ff xWxuI −

=      ( 3 2 )  
 

Proof. I f  p o s i t i v e  s y s t e m  ( 1 )  i s  r e a c ha b l e  i n  N s t e p s  a n d  ( 3 0 )  
ho l d s ,  t he n  ,ˆ m

iu +ℜ∈  .1,...,1,0 −= Ni   
 
F r o m  ( 1 5 )  f o r  NN uu 00 ˆ=  a n d  ( 2 9 )  i t  f o l l o w s  t ha t  
 

,ˆ 1T
0 ffNNN
N

NN xxWRQRuRx ===
−                  ( 3 3 )  

 
b e c a u s e  .

1T
nNNN IWRQR =

−  H e n c e ,  s e q u e n c e  o f  i n p u t s  ( 2 9 )  
p r o v i d e s  .fN xx =  

S i n c e  b o t h ,0u  ,1u  . . . ,  1−Nu  a n d  ,ˆ0u  ,1̂u  . . . ,  1ˆ
−Nu  t r a n s f e r  

s y s t e m  ( 1 )  f r o m  z e r o  i n i t i a l  c o n d i t i o n s  t o  n
fx +ℜ∈  t he n  

N
N

N
Nf uRuRx 00 ˆ==  a n d  

 
.0)ˆ( 00 =−

NN
N uuR     ( 3 4 )  

 
F r o m  ( 2 9 )  i t  f o l l o w s  t ha t  .ˆ011T N

NfN uQxWR −−

=  H e n c e ,  
 

,0ˆˆ)ˆ()ˆ( 0
T

00
1TT

00 =−=−
− N

N
NN

fN
NN uQuuxWRuu         ( 3 5 )  

 
w he r e   

.],...,[diagˆ 1 NmNm
NN QQQQ ×− ℜ∈==                 ( 3 6 )  

 
U s i n g  ( 3 5 )  i t  i s  e a s y  t o  s ho w  t ha t   
 

).ˆ(ˆ)ˆ(ˆˆ)ˆ(ˆ)( 00
T

000
T

00
T

0
NN

N
NNN

N
NN

N
N uuQuuuQuuQu −−+=     ( 3 7 )  

 
T he  l a s t  t e r m  i n  ( 3 7 )  i s  a l w a y s  n o n -n e g a t i v e .  H e n c e ,  i n e q u a l i t y  

( 3 1 )  i s  t r u e .  
S u b s t i t u t i o n  ( 2 9 )  i n t o  ( 2 5 )  y i e l d s  
 

,
)(ˆ)(

ˆˆ)ˆ(ˆˆ)ˆ(

1T1T1T

1TT1T

0
T

0

1

0

T

fffNNNf

fNNNfNN

N
N

N
i

N

i i

xWxxWRQRWx
xWRQQxWRQ

uQuuQuuI

−−−

−−

−

=

==
=

=∑=
 

 
s i n c e  NmNN IQQ =ˆ  a n d  .

T1
nNNN IRQRW =

−

 �  
O p t i m a l  c o n t r o l  w hi c h m i n i m i z e s  p e r f o r m a n c e  i n d e x  ( 2 5 )  

d e p e n d s  o n  t he  w e i g ht i n g  m a t r i x  Q .  F r o m  c o m p a r i s o n  ( 2 3 )  a n d  
( 2 9 )  i t  f o l l o w s  t ha t  c o n t r o l  s e q u e n c e  ( 2 3 )  m i n i m i z e s  p e r f o r m a n c e  
i n d e x  ( 2 5 )  w i t h .mIQ =  T hi s  m e a n s  t ha t  Nu0  c o m p u t e d  f r o m  ( 2 3 )  
i s  m i n i m u m  e n e r g y  c o n t r o l  w i t h a  p e r f o r m a n c e  i n d e x  

.)( 1

0

T
i

N

i
i uuuI ∑= −

=

 
 

Theor em  8 .  L e t  t he  w e i g ht i n g  m a t r i x  ha s  t he  f o r m  ,mIaQ =  
.0>a  T he n  ,ˆ 00

NN uu =  w he r e  Nu0ˆ  a n d  Nu0  a r e  d e f i n e d  b y  ( 2 9 )  a n d  
( 2 3 ) ,  r e s p e c t i v e l y .  I n  s u c h a  c a s e  t he  o p t i m a l  v a l u e  o f  t he  
p e r f o r m a n c e  i n d e x  c a n  b e  c o m p u t e d  f r o m  t he  f o r m u l a  

 
.][)ˆ( 1TT

fNNf xRRxauI −

=          ( 3 8 )  
 

P r oof .  I f  ,mIaQ =  t he n  f r o m  ( 2 8 )  a n d  ( 2 7 )  i t  f o l l o w s  t ha t  
 

,
1

NmN IaQ −

=    
.

T1
NNRRaW −

=              ( 3 9 )  
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Hence, 
 

.)(
)(ˆ

0
1TT

1TT11T
0

N
fNNN

fNNNfNN
N

uxRRR
xRRaRaxWRQu

==

==

−

−−−

     ( 4 0 )  

 
S u b s t i t u t i o n o f  t h e s eco nd  f o r m u l a  o f  ( 3 9 )  i nt o  ( 3 2 )  g i v es  ( 3 8 ) .  

 
5. E x a m p l e  
 
C o ns i d er  p o s i t i v e s y s t em  ( 1 )  w i t h  2== qh  a nd  t h e m a t r i ces  
 

,
4.000
000
000

0












=A  

 

,
000
000
001.0

1












=A

               
( 4 1 a )   

,
005.0
01.00
000

2












=A  

 

,
00
01
00

0












=B  

,
00
00
01

1












=B            ( 4 1 b )  

.
10
00
00

2












=B  

 
F i nd  t h e o p t i m a l  co nt r o l  t h a t  t r a ns f er s  t h i s  s y s t em  f r o m  z er o  

i ni t i a l  co nd i t i o ns  t o  t h e f i na l  s t a t e [ ]T421=fx  i n t h r ee s t ep s  
a nd  m i ni m i z es  p er f o r m a nce i nd ex  ( 2 5 )  w i t h   
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T h e neces s a r y  co nd i t i o n f o r  r ea ch a b i l i t y  i n t h r ee s t ep s  i s  

s a t i s f i ed  b eca u s e t h e r ea ch a b i l i t y  m a t r i x   
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h a s  a  f u l l  r o w  r a nk  eq u a l  t o  3 .  
I t  i s  ea s y  t o  ch eck  t h a t  t h e co nd i t i o ns  o f  T h eo r em  5  a r e s a t i s f i ed  

a nd  t h e s y s t em  i s  r ea ch a b l e i n t h r ee s t ep s .   
T h e o p t i m a l  co nt r o l  s eq u ence co m p u t ed  f r o m  ( 2 9 )  h a s  t h e f o r m  
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A cco r d i ng  t o  ( 3 2 ) , t h e m i ni m a l  v a l u e o f  p er f o r m a nce i nd ex  ( 2 5 )  
i s  18.5.)ˆ( =uI  
T h e co nt r o l  s eq u ence, w h i ch  a l s o  t r a ns f er s  s y s t em  ( 1 )  w i t h  t h e 

m a t r i ces  ( 4 1 )  f r o m  z er o  i ni t i a l  co nd i t i o ns  t o  t h e f i na l  s t a t e 
[ ]T421=fx , ca n b e co m p u t ed  f r o m  ( 2 3 ) .  T h i s  co nt r o l  i s  o f  t h e 

f o r m  
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T h e o p t i m a l  v a l u e o f  ( 2 5 )  f o r  co nt r o l  s eq u ence ( 4 4 )  i s  eq u a l  t o  

18.5.)ˆ(>37)( == uIuI  
 
6. C o n c l u d i n g  r e m a r k s  
 

N o t i o n o f  t h e i nt er na l l y  p o s i t i v e l i nea r  d i s cr et e-t i m e s y s t em s  
w i t h  m u l t i p l e d el a y s  i n s t a t e a nd  co nt r o l  i s  i nt r o d u ced .  T h e 
neces s a r y  a nd  s u f f i ci ent  co nd i t i o ns  f o r  t h e i nt er na l  p o s i t i v i t y , 
r ea ch a b i l i t y  a nd  m i ni m u m  ener g y  co nt r o l  a r e g i v en.  

T h e r es u l t s  o f  t h i s  s t u d y  p r es ent ed  h er e ca n ea s i l y  b e ex t end ed  
f o r  p o s i t i v e d i s cr et e-t i m e s y s t em s  w i t h  d i f f er ent  nu m b er s  o f  
d el a y s  i n s t a t e a nd  co nt r o l  a nd  f o r  m u l t i d i m ens i o na l  s y s t em s  
w i t h  d el a y s .  

 
T h e w o r k  w a s  s u p p o r t ed  b y  t h e S t a t e C o m m i t t ee f o r  S ci ent i f i c 

R es ea r ch  i n P o l a nd  u nd er  g r a nt  N o  3  T 1 1 A  0 0 6  2 7 .  
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