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A b s t r a c t  
 

T w o  c o m p u t a t i o n a l  f o r m u l a t i o n s  f o r  s p e c t r a l  a n a l y s i s  o f  l i n e a r  
s u p e r s t r u c t u r e s  s u b j e c t  t o  d e c k  m o t i o n  e x c i t a t i o n s  a r e  p r e s e n t e d  i n  t h e  
p a p e r .  F i n i t e  e l e m e n t  e q u a t i o n s  o f  m o t i o n  a r e  d e c o u p l e d  b y  u s i n g  t h e  
m o d a l  t r a n s f o r m  f r o m  t h e  g e n e r a l i z e d  n o d a l  d i s p l a c e m e n t s  t o  a  s e t  o f  t h e  
n o r m a l  c o o r d i n a t e s .  T i m e  a n d  m a x i m u m  r e s p o n s e s  o f  t h e  s y s t e m  a r e  
e s t i m a t e d  b y  u s i n g  a l t e r n a t i v e l y  t h e  r o o t -m e a n -s q u a r e  t e c h n i q u e  o r  s p e c t r a l  
d e n s i t y  m e t h o d .  C o m p u t e r  i m p l e m e n t a t i o n s  o f  t h e  t w o  a p p r o a c h e s  a r e  
d i s c u s s e d .  N u m e r i c a l  a l g o r i t h m s  w o r k e d  o u t  c a n  b e  i n c o r p o r a t e d  t o  f i t   
i n t o  e x i s t i n g  f i n i t e  e l e m e n t  c o d e s  w i t h  n o  d i f f i c u l t y .  I l l u s t r a t i v e  r e s u l t s  
s h o w  t h a t  t h e  a p p r o a c h e s  a p p e a r  t o  b e  e f f e c t i v e l y  e m p l o y e d  i n  s h i p  
e n g i n e e r i n g .  
 
K e y w o r d s :  s p e c t r a l  a n a l y s i s ,  d e c k  s t r u c t u r e s ,  s e a  w a v i n g  m o d e l i n g  
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S t r e s z c z e n i e  

 
W  p r a c y  p r z e d s t a w i o n o  d w a  k o m p u t e r o w e  s f o r m u ł o w a n i a  d l a  l i n i o w e j  
a n a l i z y  w i d m o w e j  k o n s t r u k c j i  p o k ł a d o w y c h ,  w y m u s z o n y c h  r u c h e m  
p o k ł a d u .  U k ł a d  r ó w n a ń  r u c h u ,  o p i s a n y  w  k o n t e k ś c i e  e l e m e n t ó w  
s k o ń c z o n y c h ,  r o z p r z ę ż o n o  p o p r z e z  t r a n s f o r m a c j ę  m o d a l n ą  z  u o g ó l n i o n y c h  
p r z e m i e s z c z e ń  w ę z ł o w y c h  d o  z b i o r u  w s p ó ł r z ę d n y c h  g ł ó w n y c h .  
O d p o w i e d z i :  c z a s o w a  o r a z  m a k s y m a l n a  z o s t a ł y  o s z a c o w a n e  a l t e r n a t y w n i e  
d r o g ą  ś r e d n i e j  k w a d r a t o w e j  l u b  m e t o d ą  g ę s t o ś c i  w i d m o w e j .  
Pr z e d y s k u t o w a n o  i m p l e m e n t a c j e  k o m p u t e r o w ą  o b y d w ó c h  s f o r m u ł o w a ń .  
O p r a c o w a n e  a l g o r y t m y  n u m e r y c z n e  m o g ą  b y ć  w y g o d n i e  
z a i m p l e m e n t o w a n e  w  i s t n i e j ą c y c h  p a k i e t a c h  p r o g r a m ó w  e l e m e n t ó w  
s k o ń c z o n y c h .  W y n i k i  i l u s t r u j ą c e  w y k a z u j ą ,  ż e  p o d e j ś c i a  t e  m o g ą  b y ć  
s k u t e c z n i e  z a s t o s o w a n e  w  i n ż y n i e r i i  o k r ę t o w e j .  
 
S ł o w a  k l u c z o w e :  a n a l i z a  w i d m o w a ,  k o n s t r u k c j e  p o k ł a d o w e ,  f a l e  m o r s k i e  
 
1 .  Int rod uc t i on 
 

T i m e  a n d  s p e c t r a l  m e t h o d o l o g i e s  f o r  s h i p  a n d  o f f s h o r e  
s t r u c t u r e s  s u c h  a s  s u p e r s t r u c t u r e s , d e c k  c r a n e s , e t c . , h a v e  b e e n  
e x t e n s i v e l y  d i s c u s s e d  i n  t h e  l i t e r a t u r e .  I n  a l m o s t  a l l  t h e  
f o r m u l a t i o n s , h o w e v e r , s t r e s s -d i s p l a c e m e n t  b e h a v i o u r  o r  r e s p o n s e  
m a x i m a  a r e  t r e a t e d  i n  t h e  f r a m e w o r k  o f  s t a t i c  s y s t e m s  o r  d y n a m i c  
s y s t e m s  u n d e r  s t r u c t u r a l  l o a d i n g s , d e s c r i b e d  d e -t e r m i n i s t i c a l l y  a s  
w e l l  a s  s t o c h a s t i c a l l y , c f .  [ 1 -4 ] .  I n  c o n t r a s t  t o  t h e  m a s s i v e  
l i t e r a t u r e  o n  e a r t h q u a k e  p r o b l e m s  (o n s h o r e  s y s t e m s ), c f .  [ 5 ] , 
t h e o r e t i c a l  a n d  p r a c t i c a l  a p p l i c a t i o n s  t o  s u p e r -s t r u c t u r a l  s t r u c t u r e s  
s u b j e c t  t o  d e c k  m o t i o n  h a v e  h a d  l i t t l e  a t t e n t i o n .  M u c h  e s s e n t i a l  
w o r k  r e m a i n s  t o  b e  d o n e , a n d  s t a t e -o f -t h e -a r t  s o f t w a r e  f o r  s u c h   
a  c o m p u t a t i o n a l  o p t i o n  i s  r a t h e r  s c a r c e .  

I n  t h e  c o n t e x t  o f  t h e  f i n i t e  e l e m e n t  s e t t i n g  t h i s  s t u d y  i s   
a  n u m e r i c a l  a t t e m p t  t o  s p e c t r a l  a n a l y s i s  o f  s u p e r s t r u c t u r e s  e x c i t e d  
b y  t h e i r  r i g i d -b a s e  m o t i o n .  A f t e r  a  b r i e f  d e s c r i p t i o n  o f  t h e  
d e c o u p l i n g  t e c h n i q u e , S e c t i o n s  2  a n d  3  d e a l  w i t h  t h e  s p e c t r a l  
r e s p o n s e  a n d  t h e  f i r s t  t w o  p r o b a b i l i s t i c  m o m e n t s .  A n a l y s i s  o f  

m a x i m a  i s  d i s c u s s e d  i n  S e c t i o n  4 .  T h i s  i s  f o l l o w e d  b y  t w o  
i l l u s t r a t i v e  e x a m p l e s  a n d  c o n c l u d i n g  r e m a r k s , S e c t i o n  5 .  

 
2 .  S p e c t rum  re s p ons e  
 
I n  a c c o r d a n c e  w i t h  t h e  f i n i t e  e l e m e n t  f o r m a l i s m  r e s p o n s e  o f   

a  N-D O F  l i n e a r  s t r u c t u r a l  s y s t e m  s u b j e c t  t o  b a s e  a c c e l e r a t i o n s  c a n  
b e  d e s c r i b e d  b y  a  c o u p l e d  s y s t e m  o f  l i n e a r  O D E s  
 

( ) ( ) ( ) ( )bM q C q K q M qαβ β αβ β αβ β αβ βτ τ τ τ+ + = −�� � ��    (1 ) 
 

w i t h  t h e  t w o  i n i t i a l  c o n d i t i o n s  p r e s c r i b e d .  I n  t h i s  s y s t e m  qα, α = 1 , 
2 ,. . . , N, i s  t h e  v e c t o r  o f  n o d a l  d i s p l a c e m e n t s  f r o m  t h e  u n d e f o r m e d  
c o n f i g u r a t i o n , bqα t h e  v e c t o r  o f  n o d a l  r e f e r e n c e  (t o  t h e  r i g i d -b a s e ) 
d i s p l a c e m e n t s , w h i l e  t h e  d o t  a n d  d o u b l e -d o t  d e n o t e  f i r s t  a n d  
s e c o n d  t i m e  d e r i v a t i v e s .  T h e  s y m b o l s  Mαβ, Cαβ a n d  Kαβ ;  α, β = 1 , 
2 ,. . . , N, i n d i c a t e  t h e  s y s t e m  m a s s , d a m p i n g  a n d  s t i f f n e s s  m a t r i x , 
r e s p e c t i v e l y .  T h e  s u m m a t i o n  c o n v e n t i o n  i s  a p p l i e d  t h r o u g h o u t  i n  
t h e  t e x t .  
E q u a t i o n  (1 ) c a n  b e  n u m e r i c a l l y  i n t e g r a t e d  o v e r  t h e  t i m e  a n d  

f r e q u e n c y  d o m a i n s  b y  u s i n g  v a r i o u s  a l g o r i t h m s , c f .  [ 1 -6 ] , o u t  o f  
w h i c h  t h e  m o d e  s u p e r p o s i t i o n  t e c h n i q u e  i s  e s s e n t i a l  i n  s p e c t r a l  
a n a l y s i s .  L e t  qα b e  a p p r o x i m a t e d  v i a  t h e  v e c t o r  o f  n o r m a l  (m o d a l ) 
c o o r d i n a t e s  xρ, ρ = 1 ,2 ,. . . ,V, V �  N, a s  qα = ϕαρxρ(τ), w h e r e  t h e  
t i m e -i n d e p e n d e n t  m a t r i x  ϕαρ c o n t a i n s  V m o d e  s h a p e s , e a c h  w i t h  ρ 
f i x e d , a r e  s o l v e d  f o r  f r o m  a  g e n e r a l i z e d  e i g e n p r o b l e m .  F u r t h e r , b y  
a s s u m i n g  i n  t h e  o b t a i n e d  s y s t e m  t h a t  t h e  m a s s -o r t h o n o r m a l i t y  a n d  
s t i f f n e s s -o r t h o g o n a l i t y  c o n d i t i o n s  a r e  s a t i s f i e d  a n d  t h e  d a m p i n g  
e f f e c t  a r e  o f  t h e  R a y l e i g h  t y p e , i . e .  i t  c a n  b e  e x p r e s s e d  a s  a  l i n e a r  
c o m b i n a t i o n  o f  t h e  s y s t e m  m a s s  s t i f f n e s s , Cαβ ≅ a Mαβ +  b Kαβ, a  
a n d  b  b e i n g  c o n s t a n t s , w e  a r r i v e  a t  t h e  d e c o u p l e d  s y s t e m  
 
 2 b2x x x xρ ρ ρ ρ ρ ρ ρξ ω ω+ + =�� � �� ,   ρ = 1 ,2 ,… ,V        (2 ) 
 

w h e r e  2
ρω , ρ = 1 , 2 ,… ,V, i s  t h e  ρ- t h  s y s t e m  e i g e n v a l u e , b e i n g  

s q u a r e s  o f  t h e  n a t u r a l  f r e q u e n c y  ωρ, w h i l e  t h e  ρ- t h  m o d a l  d a m p i n g  
c o e f f i c i e n t  r e a d s  
 

 1
2

a bρ ρ
ρ

ξ ωω
 = +   

                      (3 ) 

 
a n d  t h e  ρ- t h  m o d a l  a c c e l e r a t i o n  o f  t h e  r i g i d  b a s e  i s  e x p r e s s e d  a s  
 

b bx M qρ ρα ρα βϕ=�� �� ,   α, β = l ,2 ,. . . ,N;  ρ = l ,2 ,. . . ,V          (4 ) 
 
T h e  m o d a l  r e s p o n s e  xρ (τ) t o  t h e  p r o b l e m  (2 ) c a n  b e  w r i t t e n  a t  

a n y  t i m e  τ = t ∈ [ 0 , ∞) a s  
 

( ) ( ) ( ) b
 0

dx t h t xρ ρ ρτ τ τ
∞

= −∫ ��    (n o  s u m  o n  ρ)           (5 ) 
 
w h e r e  t h e  u n i t -i m p u l s e -r e s p o n s e  f u n c t i o n  h(τ) i s  d e f i n e d  a s  
 

 ( ) ( ) ( ) ( )22h h hρ ρ ρ ρ ρ ρτ ξ ω τ ω τ δ τ+ + =�� �           (6 ) 
 
w i t h  δ(τ) b e i n g  t h e  D i r a c -d e l t a  d i s t r i b u t i o n .  T h e  F o u r i e r  t r a n s f o r m  
o f  E q .  (5 ) r e a d s  
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( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

  i b i
0  0  0

d
  ib
 0  0
  b i
 0  0

e d d  e d

              d  d

               e d  e d

t t

t
t

i v

x t t h t x t

h t x e t

h v v x

ω ω
ρ ρ ρ

ω τ τ
ρ ρ

ω ωτ
ρ ρ

τ τ τ

τ τ τ τ

τ τ

∞ ∞ ∞
− −

=
∞ ∞ − − +

∞ ∞
− −

 = − =  
= − − =

=

∫ ∫ ∫
∫ ∫
∫ ∫

��

� � � � �

��

��

 (7 ) 

 
(n o  s u m  o n  ρ) w it h  ‘ i’  b e in g  t h e  im a g in a r y  u n it .  W e  r e w r it e  E q .  (7 ) 
a s  

( ) ( ) ( )bX H Xρ ρ ρω ω ω= ��    (n o  s u m  o n  ρ)            (8 ) 
 
w h e r e  

( ) ( ) i
 0

e dX x ωτ
ρ ρω τ τ

∞
−

= ∫ , 

( ) ( ) b b i
 0

e dX x ωτ
ρ ρω τ τ

∞
−

= ∫�� ��              (9 ) 
 
s t a n d  f o r  t h e  s p e c t r a l  n o d a l  d is p l a c e m e n t s  a n d  r e f e r e n c e  
a c c e l e r a t io n s , r e s p e c t iv e l y , a n d  
 

 ( ) ( )
0

e diH h ωτ
ρ ρω τ τ

∞
−

= ∫           (1 0 ) 
 
is  t h e  c o m p l e x -f r e q u e n c y -r e s p o n s e  f u n c t io n , w h ic h  is  t im e -
in d e p e n d e n t .  (F o r  n o n l in e a r  o r  n o n -s t a t io n a r y  s y s t e m s  H is   
a  f u n c t io n  o f  b o t h  f r e q u e n c y  a n d  t im e  a n d  E q s .  (2 ), (5 ) a n d  (8 ) d o  
n o t  h o l d  t r u e .  T h is  a s p e c t , h o w e v e r , g o e s  b e y o n d  t h e  s c o p e  o f  t h e  
t e x t . ) T h e  in v e r s e  t r a n s f o r m s  o f  E q s .  (9 ) a n d  (1 0 ) g iv e  
 

( ) ( ) i
 0

1 e d
2π

x X ωτ
ρ ρτ ω ω

∞
−

= ∫ , 

( ) ( ) b b i
 0

1 e d
2π

x X ωτ
ρ ρτ ω ω

∞
−

= ∫ ����                  (1 1 ) 
 
a n d  

 ( ) ( ) i
 0

1 e d
2π

h H ωτ
ρ ρτ ω ω

∞
−

= ∫              (1 2 ) 
 
T o  o b t a in  t h e  e x p l ic it  e x p r e s s io n  f o r  t h e  c o m p l e x -f r e q u e n c y -

r e s p o n s e  f u n c t io n  Hρ w e  t r a n s f o r m  b o t h  s id e s  o f  E q .  (6 ) a s  
 

( ) ( ) ( ) ( )  2 i i
 0  0

2  e d e d 1h h h ωτ ωτ
ρ ρ ρ ρ ρ ρτ ξ ω τ ω τ τ δ τ τ∞ ∞

− − + + = = ∫ ∫�� �

 (1 3 ) 
 
B y  u s in g  E q .  (1 2 ) y ie l d s  
 

( ) ( ) ( )
( ) ( ) ( )

 i
 0

 2 i 2
 0

1i e d i
2π

1 e d
2π

h H h

h H h

ωτ
ρ ρ ρ

ωτ
ρ ρ ρ

τ ω ω ω ω τ

τ ω ω ω ω τ

∞

∞

= =

= − = −

∫
∫

�

��

     (1 4 ) 

 
T h is  im p l ie s , c f .  E q . (l 0 ) 

 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

  i i
 0  0
  i 2 i 2
 0  0

e d i e d i

e d e d

H h h H

H h h H

ωτ ωτ
ρ ρ ρ ρ

ωτ ωτ
ρ ρ ρ ρ

ω τ τ ω τ τ ω ω

ω τ τ ω τ τ ω ω

∞ ∞
− −

∞ ∞
− −

= = =

= = − = −

∫ ∫
∫ ∫

��

����

 (1 5 ) 
 
S u b s t it u t in g  E q s  (1 0 ) a n d  (1 5 ) in t o  E q .  (1 3 ) w e  o b t a in  

 ( )
12

2 1 i2Hρ ρ ρ
ρ ρ

ω ωω ω ξω ω

−     = − +         
      (1 6 ) 

 
w h ic h  is  t h e  c o m p l e x -f r e q u e n c y -r e s p o n s e  f u n c t io n  f o r  t h e  ρ- t h  
m o d e , a n d  

 

( ) ( ) ( )
11

2 22 2
2i i 1 2H H Hρ ρ ρ ρ ρ

ρ ρ

ω ωω ω ω ω ξω ω

−

∗

          = = − +                   
 (1 7 ) 

 
F o l l o w in g  t h e  s a m e  l in e  a s  f o r  E q .  (1 5 ) t h e  r e l a t io n s h ip s  

b e t w e e n  s p e c t r a l  d is p l a c e m e n t s  a n d  s p e c t r a l  v e l o c it ie s  a n d  
a c c e l e r a t io n s  f o r  t h e  ρ- t h  m o d e  t a k e  t h e  f o r m  
 

( ) ( )iX Xρ ρω ω ω=� ,   ( ) ( )2X Xρ ρω ω ω= −��  (1 8 ) 
 
H a v in g  s o l v e d  E q .  (8 ) f o r  t h e  a l l  t h e  m o d e  s h a p e s  t h e  t o t a l  

s p e c t r a l  d is p l a c e m e n t s  o f  t h e  s y s t e m  c a n  b e  c o m p u t e d  
s t r a ig h t f o r w a r d .  A c c o r d in g  t o  t h e  d e f in it io n  
 

( ) ( ) i
 0

e dQ q ωτ
α αω τ τ

∞
−

= ∫    α = 1 ,2 ,… ,N            (1 9 ) 
 
w e  h a v e , f r o m  E q s .  (8 ) a n d  (9 )1 

 
( ) ( ) ( )

( ) ( ) ( )

  i i
 0  0

b

1

e d e d

           
V

Q x x

X H X

ωτ ωτ
α ρ α ρ ρ

α ρ ρ α ρ ρ ρ
ρ

ω τ τ ϕ τ τ

ϕ ω ϕ ω ω

∞ ∞
− −

=

= = =

= =

∫ ∫
∑ ��

 (2 0 ) 

 
a n d , c o n s e q u e n t l y  
 

( ) ( ) i
 0

1 e d
2π

q Q ωτ
α ατ ω ω

∞

= ∫ ,   α = 1 ,2 ,… ,N          (2 1 ) 
 
C o m p u t a t io n a l l y , t o  e s t im a t e  r e s p o n s e  m a x im a  E q .  (5 ) h a s  t o  b e  

in t e g r a t e d  s t e p -b y -s t e p  o v e r  t im e  a n d  t h e  e x t r e m u m  v a l u e s  a r e  
t h e n  s e l e c t e d  f r o m  e a c h  t im e  s ig n a l  s e q u e n c e  o f  a l l  t h e  d o m in a t in g  
m o d e s .  T h e  c o m p u t a t io n s  m a y  t u r n  o u t  h ig h -c o s t l y .  T h e  
a p p r o x im a t e  m e t h o d  b a s e d  o n  [ 5 ]  a n d  d is c u s s e d  b e l o w  a p p e a r s  t o  
b e  m o r e  e f f ic ie n t .  W e  b e g in  w it h  E q . (l l )1,c f . E q . (8 ) 

 
( ) ( ) ( ) ( )  i b i

 0  0

1 1e d e d
2π 2π

x X H Xωτ ωτ
ρ ρ ρ ρτ ω ω ω ω ω

∞ ∞

= =∫ ∫ ��

 (2 2 ) 
 
(n o  s u m  o n  ρ) t h a t  d e s c r ib e s  t h e  m o d a l  t im e  r e s p o n s e  o b t a in e d  b y  
in t e g r a t io n  o v e r  t h e  f r e q u e n c y  d o m a in .  I t  is  o b s e r v e d  t h a t  t h e  o n l y  
d if f e r e n c e  b e t w e e n  E q .  (2 2 ) a n d  E q .  (1 1 )2 is  t h e  f u n c t io n  Hρ (ω) 
in v o l v e d  in  E q .  (2 2 ).  T h u s , t h is  f u n c t io n  c a n  b e  in t e r p r e t e d  a s  t h e  
in f l u e n c e  c o e f f ic ie n t  o f  t h e  r e a c t io n  xρ (τ) t o  h a r m o n ic  e x c it a t io n  
 

 ( ) ( )b b iex X ωτ
ρ ρτ ω= ����                     (2 3 ) 

 
i. e .  
 

( ) ( ) ( ) ( )i b ie ex X H Xωτ ωτ
ρ ρ ρ ρτ ω ω ω= = ��   (n o  s u m  o n  ρ)  (2 4 ) 
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In other words, the coefficient Xρ (ω) b eing  the a m p l itu de of the 
ρ-th ha rm onic com p onent is a  m ea su re of the m a x im u m  
disp l a cem ent for the ρ-th m ode.  T herefore, for a  sp ecific m ode the 
m a x im u m  resp onse ca n b e ob ta ined directl y  a s 
 
 ( ) ( ) ( )max bx X H Xρ ρ ρ ρ ρ ρ ρω ω ω≅ = ��    (2 5 ) 

 
T he m a x im u m  tota l  resp onse qα(τ) ca nnot b e ev a l u a ted, 

howev er, b y  m erel y  a dding  the m oda l  m a x im a  a ccording  to the 
ty p ica l  su p erp osition schem e, since these m a x im a  in g enera l  do 
not occu r a t the sa m e tim e.  T hu s, a l thou g h the sp ectra l  m ode 
su p erp osition p rov ides inform a tion of a n u p p er l im it to the tota l  
resp onse, it freq u entl y  ov er-estim a tes this m a x im u m  b y   
a  sig nifica nt a m ou nt.  
A  nu m b er of a p p roa ches ha v e b een su g g ested to ob ta in a  m ore 

rea sona b l e estim a te of the m a x im u m  resp onse from  the sp ectra l  
resp onses.  T he sim p l est a nd m ost p op u l a r is tha t the α-th 
disp l a cem ent a nd β-th stress m a x im a  a re trea ted a s the root-m ea n-
sq u a res of a l l  the m odes of the α-th disp l a cem ents a nd β-th 
stresses considered in the sy stem .  T ha t is, resp ectiv el y  
 

( )
1
22m a x m a x

1

V
q xα ρ

ρ=

  ≅   
∑ ,   ( )

1
22m a x 2 m a x

1

V
f xβ ρ ρ

ρ
ω

=

  ≅   
∑    (2 6 ) 

 
 
3. R e s p o n s e  o f  t h e  f i r s t  t w o  p r o b a b i l i s t i c  

m o m e n t s  
 
B y  the a ssu m p tion tha t the b a se m oda l  ex cita tions ( )bxρ τ��  a re 

sta tiona ry  ra ndom  v a ria b l es, the m oda l  rea ctions xρ(τ) of the l inea r 
sy stem  considered wil l  a l so b e sta tiona ry .  T he ex p ecta tions for 
xρ(τ) a t tim e τ = t ca n b e ex p ressed a s, cf.  E q .  (5 ) 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

  b b
 0  0

  b b
 0  0

 b
 0

d  d

               d d

               d               ( n o  s u m  o n  )

E x t E h t x E h x t

h E x t h E x t

E x t h

ρ ρ ρ ρ ρ

ρ ρ ρ ρ

ρ ρ

τ τ τ τ τ τ

τ τ τ τ τ

τ τ ρ

∞ ∞

∞ ∞

∞

    = − = − =      
   = − = =   

 =  

∫ ∫
∫ ∫

∫

�� ��

�� ��

��

 (2 7 ) 
 
since the conv ol u tion integ ra l  is sy m m etric in hρ a nd bxρ�� a nd the 
ex p ecta tions of sta tiona ry  ra ndom  v a ria b l es a re consta nt.  F u rther, 
b y  setting  ω = 0  E q .  (1 0 ) b ecom es, cf.  E q .  (1 6 ) 
 

 ( ) ( ) 

2 0

10 dH hρ ρ
ρ

τ τ
ω

∞

= =∫            (2 8 ) 

 
which, su b stitu ted into E q .  (2 7 ), g iv es 
 

 b
2
1E x E xρ ρ
ρω

   =   ��                     (2 9 ) 

 
T his eq u a tion describ es the rel a tion of the ρ-th sp ectra l  

a ccel era tion of the stru ctu re b a se a nd the ρ-th sp ectra l  
disp l a cem ent (ρ-th norm a l  coordina te) of the sy stem .  W e a l so note 
tha t the ex p ecta tions E[xρ] a te indep endent of the da m p ing  effects 
a nd m a y  b e interp reted a s the sol u tion to the corresp onding  sta tic 
p rob l em ;  ex cita tions ty p ica l  of inertia  forces du e to the b a se 
a ccel era tions a re trea ted a s sta tic l oa ds a ccording  to the wel l -
k nown d’ A l em b ert p rincip l e.  

T o com p u te the second p rob a b il istic m om ents we write the 
F ou rier tra nsform  p a ir 
 

( ) ( )
( ) ( )

 i
 0

 i
 0

e d

1 e d
2

x x x x

x x x x

S R

R S

ρ σ ρ σ

ρ σ ρ σ

ωτ

ωτ

ω τ τ

τ ω ω
π

∞
−

∞

=

=

∫
∫    ρ, σ = 1 ,2 ,… ,V  (3 0 ) 

 
where ( )x xS

ρ σ
ω a nd ( )x xR

ρ σ
τ  a re resp ectiv el y  the sp ectra l  

density  fu nctions a nd correl a tion fu nctions for two sta tiona ry  
ra ndom  v a ria b l es xρ(t) a nd xσ(t), which a re in this ca se two 
sp ectra l  rea ctions.  T he correl a tion fu nctions, b y  definition, rea d 
 

 ( ) ( ) ( ) 

 0

1l i m dx x T
R x t x t t

Tρ σ ρ στ τ
∞

→ ∞
= +∫      (3 1 ) 

 
the sy m b ol  τ denotes from  now on the tim e shift.  B eca u se the 
D ira c distrib u tion is ev en we rewrite E q .  (5 ) for xρ(t) a nd xσ(t) a s 
 

( ) ( ) ( )
( ) ( ) ( )

 b
 0
 b
 0

d

d

x t h v x t v v

x t h x t

ρ ρ ρ

σ σ ση η η

∞

∞

= −

= −

∫
∫

��

��

   (no su m  on ρ, σ )     (3 2 ) 

 
which, introdu ced in E q .  (3 1 ), resu l t in 

 
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

   b b
 0  0  0

   b b
 0  0  0

lim d d d

             lim d d  d

T
x x T

T

T

R h v x t v v h x t t

h v h x t v x t t v

ρ σ ρ ρ σ σ

ρ σ ρ σ

τ η τ η η

η τ η η

∞ ∞

→ ∞

∞ ∞

→ ∞

   = − + − =      
 = − + −  

∫ ∫ ∫
∫ ∫ ∫

�� ��

�� ��

 (3 3 ) 
 
(no su m  on ρ, σ )  or 

 
( ) ( ) ( ) ( )b b

  

 0  0
d  dx x x x

R h v h R v v
ρ σ ρ σρ στ η τ η η

∞ ∞

= + −∫ ∫ �� ��
 (3 4 ) 

 
F rom  E q .  (3 0 )1 it fol l ows tha t 

 
( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

b b

b b

   i
 0  0  0

  i i
 0  0

d
 i
 0

d  d  e d

             e d e d

               e d

x x x x

v

v

x x

S h v h R t v v

h v v h

R v v

ρ σ ρ σ

ρ σ

ωτ
ρ σ

ω ωη
ρ σ

τ
ω τ η

ω η η η τ

η η

τ η τ η

∞ ∞ ∞
−

∞ ∞
− −

=
∞ − + −

 = + − =  
   = ×      
  × + − + −  

∫ ∫ ∫
∫ ∫
∫

�� ��

�� ��

�����

 (3 5 ) 
 
which, on a ccou nt of E q s.  (1 0 ) a nd (3 0 )1, b ecom es 
 

( ) ( ) ( ) ( )b bx x x x
S H H S

ρ σ ρ σρ σω ω ω ω∗
=

�� ��
  (no su m  on ρ, σ)  (3 6 ) 

 
S p ecifica l l y , when ρ ≡σ we g et 
 

 ( ) ( ) ( )b b
2

x x x x
S H S

ρ ρ ρ ρρω ω ω=
�� ��

             (3 7 ) 
 
T he tota l  second p rob a b il istic m om ents ca n b e ev a l u a ted b y  

su p erp osition of the ob ta ined a b ov e m oda l  q u a ntities.  T he 
correl a tion fu nction for two disp l a cem ent com p onents ca n b e 
written a s, cf.  E q .  (3 1 ) 
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( ) ( ) ( )
( ) ( )

( )

 

 0
 

 0

1l i m d

1              l i m d

              

T
q q T

T

T

x x

R q t q t tT
x t x t tT

R

α β

ρ σ

α β

αρ βσ ρ σ

αρ βσ

τ τ

ϕ ϕ τ

ϕ ϕ τ

→∞

→∞

= + =

= + =

=

∫
∫   (3 8 ) 

 
an d ,  c o n s e q u e n t l y ,  c f  E q . (3 0 )1 

 
( ) ( ) ( ) i

 0
e dq q x x x xS R Sα β ρ σ ρ σ

ωτ
α ρ β σ α ρ β σω ϕ ϕ τ τ ϕ ϕ ω

∞
−

= =∫
 (3 9 ) 

 
4. A n a l y s i s  o f  m a x i m a  
 

T o  t h i s  t o p i c  w e  d e f i n e  a n o n -d i m e n s i o n al  r an d o m  v ar i ab l e  
 

 ( ) ( )
0 0

q t E q tqr α αα
α µ µ

 −  = =�              (4 0 ) 

 
w i t h  (c f . E q . (3 0 )2 w r i t t e n  f o r  qα� at  τ = 0 ) 
 

 ( ) ( ) 
0  0

10 d
2q q q qR Sα β α βµ ω ω
π

∞

= = ∫� � � �
              (4 1 ) 

 
O b s e r v i n g  t h at  ( ) ( )0 0q q q qR R E q E qα β α β α β = −     � �  t h e  

r e l at i o n s h i p  b e t w e e n  ( )q qS α β ω an d  ( )q qS α β ω� � t ak e s  t h e  f o r m  
 

( ) ( ) ( )q q q qS S E q E qα β α β α βω ω δ ω = −     � �        (4 2 ) 
 
s i n c e  E[qα] an d  E[qβ] ar e  c o n s t an t  an d  ( ) i

 0
e dω τ ω δ ω

∞
− =∫  

w i t h  δ(ω) d e f i n e d  h e r e  f o r  t h e  f i n i t e  t i m e  i n t e r v al  [0 ,  T] as ,  [5 ] 
 

 ( ) ( )/ 2      for   /T
   0              for   /T 
T π ω π

δ ω
ω π

 ≤=  >
 (4 3 ) 

 
F r o m  M i n d e p e n d e n t  m axi m a w i t h  t h e  p r o b ab i l i t y  d e n s i t y  

f u n c t i o n  p(rα) t h e  c u m u l at i v e  d i s t r i b u t i o n  f u n c t i o n  i s  d e f i n e d  f o r  
t h e  m axi m a as  

 
( )extr Prob (all  maxima < ) eP r M r ϑ
α α= =          (4 4 ) 

 
w h e r e  
 

2
1// 2

// 22

02
rT e α

µϑ π µ
−

 = −   
  w i t h   ( ) 2

2  0

1 d
2 q qS α βµ ω ω ω
π

∞

= ∫ � �
 (4 5 ) 

 
T h e  p r o b ab i l i t y  d e n s i t y  f u n c t i o n s  pextr(rα) f o r  m axi m a t ak e s  t h e  

f o r m  

( ) ( ) 2
1// 2

e x t r // 22
e x t r

0

d
e

d 2
rP r T rp r r
αα ϑα

α
α

µ
π µ

−
 = =   

       (4 6 ) 

 
T h e  e xp e c t at i o n s  an d  s t an d ar d  d e v i at i o n s  f o r  t h e  m axi m a extrrα  

c an  b e  ap p r o xi m at e l y  c al c u l at e d  f r o m  E q . (4 4 ) as  

extr

extr

      
6r

E r

α

α

γκ
κ

πσ
κ

  ≅ + 
≅

   w i t h    
2

2
2

0
ln

4
T µκ
π µ

=          (4 7 ) 

 
w h e r e  γ =  0 .5 7 7 2  i s  t h e  E u l e r  c o n s t an t . 

 
 
5. I l l u s t r a t i v e  e x a m p l e s  a n d  c o n c l u d i n g  

r e m a r k s  
 

T w o  d e c k  c r an e s ,  p r o d u c e d  b y  T O W I M O R  f o r  t h e  s h i p s  B -5 7 0  
an d  B -5 7 7 ,  m o d e l l e d  as  s u p e r s t r u c t u r e s  s u b j e c t  t o  d e c k  m o t i o n  ar e  
c o n s i d e r e d . I n p u t  d at a ar e  d e f i n e d  b y  t h e  s p e c t r a o f  ac c e l e r at i o n  
am p l i t u d e s  an d  t h e  s p e c t r al  d e n s i t y  f u n c t i o n s  o f  s h i p  d e c k s . T h e  
d at a o n  i n p u t  ar e  p r o c e s s e d  b y  u s i n g  t h e  d e s i g n  s e a' s  s t at e  m e t h o d  
s u p p l i e d  f r o m  C T O . T h e  f i n i t e  e l e m e n t  m o d e l  f o r  t h e  f i r s t  c r an e  
c o n s i s t s  o f  4 9 4 2  t h i n -s h e l l  e l e m e n t s  an d  3 3 2  3 -D  b e am  e l e m e n t s  
(2 2 3 2 5  D O F s ). F o r  t h e  s e c o n d  c r an e ,  t h e  f i n i t e  e l e m e n t  s e t t i n g  
i n c l u d e s  2 1 2 2  t h i n  s h e l l  e l e m e n t s  an d  2 0  c ab l e  e l e m e n t s  (1 6 0 8 8  
D O F s ). F o r  b o t h  t h e  t w o  s y s t e m s  3 0  d o m i n at e d  m o d al  s h ap e s  ar e  
u s e d  i n  t h e  s p e c t r al  an al y s i s  an d  n u m e r i c al  i n t e g r at i o n s . T o  
e v al u at e  t h e  r e l at i v e  n o d al  d i s p l ac e m e n t s  an d  ac c e l e r at i o n s ,  
e l e m e n t  s t r e s s  r e s p o n s e  an d  e s t i m at e  r e s p o n s e  m axi m a b o t h  t h e  
ap p r o ac h e s  b as e d  o n  t h e  r o o t -m e an -s q u ar e s  an d  t h e  s p e c t r al  
d e n s i t y  f u n c t i o n s  ar e  e m p l o y e d . 

I t  i s  o b s e r v e d  f r o m  t h e  o b t ai n e d  n u m e r i c al  r e s u l t s  t h at  i n  
ac c o r d an c e  w i t h  t h e  d e s i g n  s e a' s  s t at e  m e t h o d  t h e  d i s p l ac e m e n t -
ac c e l e r at i o n  s p e c t r a an d  s p e c t r al  d e n s i t i e s  o f  t h e  c r an e  s t r u c t u r e s  
an d  t h o s e  o f  t h e  ‘ d e s i g n  s e as ’  ar e  r e s p e c t i v e l y  d i f f e r e n t  i n  
a c o n s i d e r ab l e  e xt e n t . G e o m e t r i c al l y  i n t e r p r e t i n g ,  t h e  c o m m o n  
d o m ai n  o f  t h e i r  s p e c t r al  d e n s i t y  f u n c t i o n s  i s  r e l at i v e l y  s m al l ,  b e i n g  
ab o u t  2 -4  p e r c e n t . I n  v i e w  o f  t h i s ,  t h e  c u r r e n t l y  e xi s t i n g  s u p p o r t s  
o f  t h e  c r an e s  c an  s af e l y  b e  r e m o v e d  d u r i n g  t h e  s h i p ' s  c r u i s e ,  s i n c e  
t h e  v i b r at i o n  am p l i t u d e s  o f  t h e  d e c k  c r an e s  ar e  s m al l  an d  c an  b e  
n e g l e c t e d . F o r  t h e  c as e s  o f  s h i p ’ s  s w i n g i n g  an d / o r  s w ay i n g  w i t h  
s m al l e r  p e r i o d s ,  1 -2  s e c o n d s  f o r  i n s t an c e ,  w h e n  c o m p ar e d w i t h  t h e  
s o -c al l e d  d e s i g n  s e a’ s  s t at e  s w i n g i n g  an d  s w ay i n g ,  i .e . ’ s h o r t e r ’  
s e a’ s  w av e s  an d  c o n s e q u e n t l y  ‘ f as t e r ’  v i b r at i o n s  o f  t h e  s h i p ' s  
d e s k s ,  t h e  t i m e  an d  s p e c t r al  r e s p o n s e s  o f  t h e  d e c k  c r an e s  s e e m  t o  
b e  m o r e  d an g e r o u s  an d  t h e  d e c k  s u p p o r t s  m ay  t u r n  o u t  n e c e s s ar i l y  
n e e d e d . 

I t  s h o u l d  b e  p o i n t e d  o u t  i n  e n d i n g  t h at  t h e  s p e c t r al  ap p r o ac h ,  
e xt e n s i v e l y  ap p l i e d  i n  o n s h o r e  c i v i l  e n g i n e e r i n g  f o r  e ar t h q u ak e  
p r o b l e m s ,  m ay  s t an d  f o r  an  al t e r n at i v e  m e t h o d o l o g y  i n  an al y s i s  o f  
o f f s h o r e  t r av e l l i n g  u n i t s . B y  t h e  s i g n i f i c an t  d i f f e r e n c e  i n  t h e  n at u r e  
o f  s e a’ s  w av e s  an d  e ar t h q u ak e ,  t h e  p r o b l e m  s h o u l d  b e  p u t  t o w ar d s  
m o r e  t h o r o u g h l y ,  t h o u g h . 
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