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A b s t r a c t  
 

I n  t h e  a r t i c l e ,  s i m p l i f i e d  r e p r e s e n t a t i o n  o f  c o n v o l u t i v e  r e p r e s e n t a t i o n  i s  
p r e s e n t e d .  T h e  a r i t h m e t i c  o p e r a t o r s  f o r  a d d i t i o n  a n d  m u l t i p l i c a t i o n  w e r e  
d e f i n e d .  O n  t h e  g r o u n d  o f  a d d i t i o n  a n d  m u l t i p l i c a t i o n ,  t h e  o p e r a t o r s  f o r  
s u b t r a c t i o n  a n d  d i v i s i o n  w e r e  e d u c e d .  T h e  c o m p a r i s o n  b e t w e e n  a r i t h m e t i c  
o p e r a t o r s  i m p l e m e n t a t i o n  a n d  s i m p l i f i e d  r e p r e s e n t a t i o n  w a s  c a r r i e d .  
 
K e y w o r d s :  c o n v o l u t i v e  r e p r e s e n t a t i o n ,  c o n v o l u t i v e  n u m b e r ,  c o n v o l u t i o n .  
 
Sp rzę t o w a im p l e m e n t ac j a re p re ze n t ac j i 
up ro szc zo n e j  l ic zb  sp l o t o w y c h  

 
S t r e s z c z e n i e  

 
W  a r t y k u l e  p r z e s t a w i o n o  f o r m ę  u p r o s z c z o n ą  r e p r e z e n t a c j i  s p l o t o w e j  
s k ł a d a j ą c e j  s i ę  z  d w ó c h  e l e m e n t ó w  w a r t o ś c i  ś r e d n i e j  i  w a r i a n c j i .  
Z d e f i n i o w a n o  d l a  n i e j  o p e r a t o r y  a r y t m e t y c z n e  d o d a w a n i a  i  m n o ż e n i a .  N a  
b a z i e  o p e r a t o r ó w  d o d a w a n i a  i  m n o ż e n i a  w y p r o w a d z o n o  o p e r a t o r y  
o d e j m o w a n i a  i  d z i e l e n i a .  Pr z e p r o w a d z o n o  p o r ó w n a n i e  m o ż l i w o ś c i  
i m p l e m e n t a c j i  o p e r a t o r ó w  a r y t m e t y c z n y c h  l i c z b  r z e c z y w i s t y c h  o r a z  
r e p r e z e n t a c j i  u p r o s z c z o n e j  w  u k ł a d z i e  X i l i n x  S p a r t a n  3 .  W  p o r ó w n a n i u   
z  l i c z b a m i  r z e c z y w i s t y m i  i m p l e m e n t a c j a  s p r z ę t o w a  r e p r e z e n t a c j i  
s p l o t o w e j  w y m a g a  t r z y  r a z y  w i ę c e j  e l e m e n t ó w ,  p r z y  c z y m  j a k  w y k a z a ł a  
i m p l e m e n t a c j a  i l o c z y n u  s k a l a r n e g o  d l a  r ó ż n y c h  w y m i a r ó w  p r z e s t r z e n i ,  
s t o s u n e k  t e n  n i e  z a l e ż y  o d  l i c z b y  k o n i e c z n y c h  d o  p r z e p r o w a d z e n i a  
o b l i c z e ń .  
 
S ł o w a  k l u c z o w e :  r e p r e z e n t a c j a  s p l o t o w a ,  l i c z b y  s p l o t o w e ,  s p l o t .  
 
1 .  In t ro d uc t io n  
 

C o n v o l u t i o n  o p e r a t o r  i s  u s e d  i n  m a n y  f i l e d s  o f  k n o w l e g d e .  
A m o n g  o t h e r  t h i n g s  i n  o p e r a t o r  c a l c u l a t i o n  [ 1 ] ,  i n  d i f f e r e n t i a l  
e q u a t i o n s  t h e o r y ,  a p p r o x i m a t i o n  t h e o r y  [ 2 ] ,  a n d  t h e  l i k e .  I t  h a s  
g r e a t  i m p o r t a n c e  i n  s t a t i s t i c s  a s  w e l l ,  w h e r e  i t  i s  u s e d  t o  c o u n t  t h e  
s u m  o f  i n d e p e n d e n t  r a n d o m  v a r i a b l e s  [ 3 ] .  C o n n e c t i o n  o f  t h e  
c o n v o l u t i o n  a n d  r a n d o m  v a r i a b l e s  i s  t h e  r e a s o n  t o  u s e  t h e  
c o n v o l u t i o n  i n  f u z z y  a r i t h m e t i c .  M a r e ŝ  w a s  t h e  f i r s t ,  w h o  b r o u g h t  
t o  o u r  a t t e n t i o n  t h e  p o s s i b i l i t y  o f  u s i n g  c o n v o l u t i o n  a s  a n  a d d i t i o n  
o p e r a t o r  i n  f u z z y  a r i t h m e t i c ,  o r i g i n a l l y  i n  i n t e g r a l  f o r m  [ 5 ] ,  a n d  
l a t e r  i n  s u m  f o r m  [ 6 ] .  A  d e s c r i p t i o n  o f  c o n v o l u t i o n  a s  a n  a d d i t i o n  
o p e r a t o r  m a y  a l s o  b e  f o u n d  i n  [ 7 ,  8 ] .  

M a r e ŝ  h a s  d e m o n s t r a t e d  t h e  g r o u p  p r o p e r t i e s  o f  c o n v o l u t i o n  
u s i n g  a n  e q u i v a l e n c e  r e l a t i o n .  T h i s  i n d i c a t e s  t h e  e x i s t e n c e  o f  
o p p o s i t e  n u m b e r s  – “ r e d u c t o r s ” .  H e  a l s o  p r e s e n t e d  a  p r o b l e m  w i t h  
t h e  d e f i n i t i o n  o f  m u l t i p l i c a t i o n  i n  c o n v o l u t i v e  r e p r e s e n t a t i o n ,  i n  
c o n f o r m i t y  w i t h  t h e  p r i n c i p l e  o f  e x t e n s i o n ,  a n d  g a v e  a  f o r m u l a  f o r  
a l t e r n a t i v e  m u l t i p l i c a t i o n  b y  m u l t i p l e  a d d i t i o n s .  

A n y  n u m b e r  i n  c o n v o l u t i v e  r e p r e s e n t a t i o n  c a n  b e  d e s c r i b e d  
w i t h  t h e  a i d  o f  t w o  p a r a m e t e r s :  a v e r a g e  v a l u e  a n d  v a r i a n c e .  
U n f o r t u n a t e l y  n e i t h e r  o f  t h e s e  p a r a m e t e r s  i n d i c a t e s  s y m m e t r y  o f  
d i s t r i b u t i o n ,  w h i c h  i s  w h y  w e  a r e  a b l e  t o  s p l i t  t h e  v a r i a n c e  i n t o  t h e  

s u m  o f  t w o  p a r a m e t e r s  c h a r a c t e r i z i n g  s y m m e t r y .  T h e s e  
p a r a m e t e r s  t o g e t h e r  w i t h  a v e r a g e  v a l u e  w i l l  c o n s t i t u t e  t h e  
s i m p l i f i e d  r e p r e s e n t a t i o n  o f  c o n v o l u t i v e  r e p r e s e n t a t i o n .   

S i m p l i f i e d  r e p r e s e n a t i o n ,  t h a n k s  t o  t h e  l i m i t a t i o n  o f  a r r a y  l e n g t h  
t o  t h r e e  e l e m e n t s  n e e d e d  t o  r e m e m b e r  c o n v o l u t i v e  n u m b e r ,  
s i m p l i f i e s  t h e  c o m p u t a t i o n  a  l o t .  A d d i t i o n a l y ,  w h a t  w o u l d  b e  
s h o w n  b e l o w ,  i t  s i m p l i f i e s  t h e  w a y  o f  p e r f o r m i n g  o f  a d d i t i o n ,  
s u b t r a c t i o n ,  m u l t i p l i c a t i o n  a n d  d i v i s i o n .  T h a n k s  t o  t h i s  p r o p e r t y ,  
t h e  q u a n t i t y  o f  r e s o u r c e s  n e e d e d  t o  h a r d w a r e  r e a l i z a t i o n  r e d u c e s  i n  
s i g n i f i c a n t  w a y .  

 
2 .  N um b e r ad d it io n  
 

A  n o r m a l  d i s t r i b u t i o n  c u r v e  c a n  b e  d e s c r i b e d  w i t h  t w o  
p a r a m e t e r s :  a v e r a g e  v a l u e  x  a n d  v a r i a n c e  2σ .  O b s e r v i n g  t h e  
b e h a v i o u r  o f  t h e  a v e r a g e  v a l u e  w h e n  a d d i n g  t w o  n u m b e r s  i n  
c o n v o l u t i v e  r e p r e s e n t a t i o n ,  w e  c a n  n o t e  t h a t  t h e  a v e r a g e  v a l u e  o f  
r e s u l t i n g  n u m b e r  e q u a l s  t h e  s u m  o f  t h e  a v e r a g e  v a l u e s  o f  t h e s e  
n u m b e r s .  

T h i s  m e a n s  t h a t  w e  c a n  r e p l a c e  a  n o r m a l l y  d i s t r i b u t e d  n u m b e r  
b y  i t s  a v e r a g e  v a l u e  a n d  v a r i a n c e ,  c r e a t i n g  t h e  o r d e r e d  p a i r  ( )2;σx .  T h e  v a r i a n c e  c a n  b e  r e p l a c e d  b y  t w o  p a r a m e t e r s  α a n d  β,  
w i t h  t h e i r  s u m  o f  e q u a l  v a r i a n c e :  2σ=β+α .  T h i s  g i v e s  u s  t h e  
o r d e r e d  t r i p l e :  ( )βαx ;; .  P a r a m e t e r  α d e t e r m i n e s  t h e  v a l u e  o f  
v a r i a n c e  f r o m  t h e  l e f t  s i d e ,  a n d  v a l u e  β f r o m  t h e  r i g h t  s i d e  o f  
a v e r a g e  v a l u e .  

A d d i t i o n  f o r  t h i s  n u m b e r  c a n  b e  d e f i n e d  a s  f o l l o w s :  
 

( ) ( )[ ] ( )babababbbaaa β+β;α+α;x+xβ;α;x+β;α;x ≡      ( 2 )  
 
H e r e  x ,  α a n d  β c o u l d  b e  a n y  r e a l  n u m b e r s .  D u e  t o  t h i s ,  

c o m m u t a t i v i t y  a l o n g  w i t h  a s s o c i a t i v i t y  o f  t h i s  o p e r a t i o n  r e s u l t  
f r o m  t h e  c o m m u t a t i v i t y  a n d  a s s o c i a t i v i t y  o f  r e a l  n u m b e r  a d d i t i o n .  
T h e  n e u t r a l  e l e m e n t  i s  ( 0 ; 0 ; 0 ) ,  a n d  t h e  i n v e r s e  e l e m e n t  i s  ( )βα;;x −−− .  H e n c e  t h e  a l g e b r a i c  s t r u c t u r e  ( )( )βα;;x+; −−−  i s  
c l o s e  t o  t h e  c o m m u t a t i v e  g r o u p .  

A n  o r d e r e d  t r i p l e  ( )βα;;x  i s  a  s i m p l i f i e d  f o r m  o f  c o n v o l u t i v e  
r e p r e s e n t a t i o n .  W e  c a n  n o t e  t h a t  i n  s i m p l i f i e d  f o r m  w e  m a y  h a v e  
o r d e r e d  t r i p l e s  w i t h  t h e  s u m  o f  p a r a m e t e r s  α i  β r e s u l t i n g  i n   
a  n e g a t i v e  v a l u e  o f  v a r i a n c e .  I n  c o n v o l u t i v e  r e p r e s e n t a t i o n  g i v e n  
b y  M a r e ŝ  t h i s  k i n d  o f  n u m b e r  i s  a b s e n t ;  h o w e v e r ,  h e  d e m o n s t r a t e d  
t h e i r  e x i s t e n c e .  S u c h  n u m b e r s  c o u l d  b e  d e t e r m i n e d  w h e n  l o o k i n g  
f o r  o p p o s i t e  e l e m e n t s  i n  a c c o r d a n c e  w i t h  t h e  p r i n c i p l e s  o f  a l g e b r a .  
 
3 .  N um b e r m ul t ip l ic at io n  
 

T h e r e  a r e  t w o  m u l t i p l i c a t i o n s  i n  c o n v o l u t i v e  r e p r e s e n t a t i o n  a s  
p r o p o s e d  b y  M a r e ŝ .  O n e  i s  c o n s i s t e n t  w i t h  t h e  e x t e n s i o n  p r i n c i p l e  
a n d  t h e  o t h e r  c o u l d  b e  r e f e r r e d  t o  a s  m u l t i p l i c a t i o n  b y  m u l t i p l e  
a d d i t i o n  [ 6 ] .  T h e  f i r s t  m u l t i p l i c a t i o n  i s  n o t  d i s t r i b u t i v e  o v e r  
a d d i t i o n .  U s i n g  t h i s  m u l t i p l i c a t i o n  w o u l d  s i g n i f i c a n t l y  l i m i t  t h e  
p o s s i b i l i t y  t o  u s e  c o n v o l u t i v e  r e p r e s e n t a t i o n .   

S i m i l a r l y ,  w e  c a n  d e f i n e  t h e  o p e r a t o r  o f  i n t e g e r  n u m b e r s  
m u l t i p l i c a t i o n  b y  f u z z y  n u m b e r s ,  a s  t h e  m u l t i p l e  a d d i t i o n  o f  f u z z y  
n u m b e r s  o n l y .  T h e  p r o p e r t i e s  o f  c o m m u t a t i v i t y  a n d  a s s o c i a t i v i t y  
o f  s u c h  a  d e f i n e d  m u l t i p l i c a t i o n  o p e r a t o r  s t e m  f r o m  c o m m u t a t i v i t y  
a n d  a s s o c i a t i v i t y  o f  a d d i t i o n .  T h e  n e u t r a l  e l e m e n t  i s  t h e  v a l u e  o n e .  
M o r e o v e r ,  m u l t i p l i c a t i o n  i s  d i s t r i b u t i v e  o v e r  a d d i t i o n .  T h e  
m u l t i p l i c a t i o n  o p e r a t o r  h a s ,  h o w e v e r ,  o n e  s e r i o u s  l i m i t a t i o n .  I n   
a  s e t  o f  i n t e g e r s  i t  i s  i m p o s s i b l e  t o  c a l c u l a t e  t h e  i n v e r s e  e l e m e n t ,  
a l t h o u g h  t h i s  d o e s  n o t  m e a n  t h a t  d i v i s i o n  i s  i m p o s s i b l e .   
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Multiplication of numbers th roug h  ad d ition can be ex pressed  
also in representation ( )βαx ;; : 

 ( ) ( ) ( ) ( ) ( )βαxaβαxβαxβαxβαxa
a

a;a;;;;;;;;; =+++=⋅
������ ������� ��

…   ( 4 )  

 
w h ere Za∈ . T ak ing  into account th e form of notation,  w e can easily  
ex tend  th e  multiplication operation from th e set of integ er numbers 
onto th e set of real numbers. T h is operation can be ex tend ed  for 
multiplication by  any  number in th e representation ( )βαx ;; : 

 
( ) ( ) ( )21122121122121222111 ;;;;;; ββ+βx+βxαααx+αxxx=βαxβαx −⋅  ( 6 )  
 
Multiplication satisfy  th e follow ing  cond itions: commutativ ity ,  

associav ity ,  neutral element and  inv erse element.  
A lg ebraic structure containing  of set of a ord ered  triples ( )βαx ;;  and  multiplication operations is a monoid . I t can be 

observ ed ,  th at all elements of numbers'  set in simplified  
representation,  ex cept: ( )0;0;0 ,  ( )caa ;; ,  ( )aba −;;  and  ( )aaa −;; ,  
h av e inv erse element. F or th ese numbers assig ned  inv erse element 
w ill contain at least one infinity . F or ex ample,  th e inv erse element 
for ( )aaa −;;  w ill be  


 ∞−∞;;1
a

. 
F rom d eliberation abov e follow s th at th e alg ebraic structure 

consisting  of a set of ord ered  triples ( )βαx ;;  and  th e 
multiplication operation is close to an abelian g roup. Moreov er,  
th e multiplication operator is d istributiv e ov er ad d ition ( ) ( ) ( )ca+ba=c+ba ⋅⋅⋅ . A s a conseq uence th e set of all ord ered  
triples ( )βαx ;;  w ith  th e  operations of ad d ition and  multiplication 
is close to th e field . 
 
4. C o m p a r i s o n  o f  h a r d w a r e  i m p l e m e n t a t i o n  

o f  c o m m o n  a r i t h m e t i c  o p e r a t o r s  w i t h  t h e  
o p e r a t o r s  i n  s i m p l i f i e d  r e p r e s e n t a t i o n  

 
T h ank s to th e simplification of arith metic operations it is 

possible to realiz e th e ad d ition in th e simplified  representation by  
performing  only  th ree ad d itions on fix ed  point numbers,  and  th e 
multiplication by  performing  sev en multiplications,  th ree 
ad d itions and  one subtraction. T h ese are numbers of operation 
w h ich  are sig nificantly  low er th an number of operations necessary  
to perform in th e conv olutiv e representation,  w h ere to ad d ition n2  
multiplications and  n2− n ad d itions are need ed ,  n is th e leng th  of 
th e array  of v alues th at d escribes conv olutiv e number. A n 
assumption h as to be mad e th at th e ad d ition can be realiz ed  by  
using  cy cle conv olution. F or ex ample,  for n =  5  w e h av e 2 5  
multiplications and  2 0  ad d itions. B ut it h as to be remark ed  th at n 
h ard ly  ev er reach es so small v alues. 

T o compare th e common arith metic operators w ith  simplified  
representation operators th e number of N A N D  g ates and  flip-
flops,  w h ich  are necessary  to h ard w are realiz ation of th ese 
operators,  w as ex amined .  
T o ach iev e th is g oal A g ility  C ompiler by  C elox ica w as used . 

C ompilation w as d one for X ilinx  S partan 3 . T h e result is sh ow n in 
table 1 . 

 
Tab. 1.  C o m p ar i s o n  o f  n u m be r  o f  t h e  e l e m e n t s  n e e d e d  t o  p e r f o r m  ar i t h m e t i c  o p e r at i o n s  
Tab. 1. P o r ó w n an i e  l i c z by  e l e m e n t ó w  n i e z bę d n y c h  d l a w y k o n an i a d z i ał ań  

ar y t m e t y c z n y c h  
 

F i x e d  p o i n t  n u m be r s  S i m p l i f i e d  r e p r e s e n t at i o n  
n u m be r s  N o . O p e r at o r  

N A N D  g at e s  f l i p  f l o p s  A L U s  N A N D  g at e s  f l i p  f l o p s  A L U s  
1 + 404 36  0 1148 100 0 
2 - 404 36  0 1148 100 0 
3 * 272 36  1 1280 100 7 
4 / 4438 36  0 126 70 100 8 

 

T o ex amine th e d epend encies of th e proper number of elements 
need ed  to realiz e th e arith metic operation in h e common operators 
and  simplified  representation operators scalar prod uct of tw o 
v ectors w as used . 

T h e formula for scalar prod uct is one of th e most common in 
th e meth od s based  on v ector calculus. T h e ratio of N A N D  g ates 
number essential to scalar prod uct realiz ation in th e conv olutiv e 
representation to th e N A N D  g ates number necessary  to realiz e th e 
scalar prod uct for fix ed  point numbers. T h e similar ratio w as 
introd uced  for th e flip-flops and  th e max imal number of log ic 
lev els betw een th e flip-flops. T h e result is sh ow n on th e fig ure 2 . 
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S p a c e  d i m e n s i o n  

N A N D  
F l i p  f l o p  
n r  o f  l o g .  l e v e l s  

  
F i g . 2.  D e p e n d e n c y  o f  r at i o  o f  N A N D  g at e s ,  f l i p -f l o p s  an d  l o g i c  l e v e l s  n u m be r   

t o  t h e  s p ac e  d i m e n s i o n  
R y s . 2.  Z al e ż n o ś ć  s t o s u n k u  l i c z by  br am e k  N A N D ,  p r z e r z u t n i k ó w  F l i p  f l o p ,   

o r az  l i c z by  p o z i o m ó w  l o g i c z n y c h  o d  w y m i ar u  p r z e s t r z e n i  
 
T h e number of N A N D  g ates essential to realiz e th e arith metic 

operations in simplfied  representation is only  3 , 5  times h ig h er. 
S imilar situation is for flip-flops – th is number is 3  times h ig h er. 
F or th e number of log ic lev els it is less,  but big g er oscillation can 
be observ ed . 

S uch  oscillation is caused  by  th e use of optimaliz ation alg orith ms. 
F or th e space d imensions,  w h ich  are pow ers of 2 ,  th ese alg orith ms 
act 4  times more efficient for fix ed  point numbers and  only  2  times 
more efficient for numbers in th e conv olutiv e representation.  
 
5 . S u m m a r y  
 

I n th e article,  th e simplified  w ay  of notation and  performing  
arith metic operations on conv olutiv e numbers w as presented . 
T h ank s to th is approach ,  th e number of elements essential to th e 
realiz ation of computations is multiple low er. I n comparison to 
real numbers implementation th is number d oes not d iffer 
sig nificantly . T h e number of elements in th is operation is only  4  
times h ig h er th an number of operations on fix ed  point numbers. 
T h e compilation of a prog ram w h ich  computes th e scalar prod uct 
of tw o v ectors for X ilinx  S partan 3  w as performed .  
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