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Abstract

Hypergraphs are useful mathematical tools for a compact representation of
relations among local states in the state space of distributed, concurrent
control automata (concurrent state machines). Therefore, application of
hypergraphs is more efficient and intuitive than traditional solutions. For
this reason we propose their application during the design process of
reconfigurable logic controllers. It makes it possible to decompose an SFC
or a related control interpreted Petri net into parallel or sequentially related
modules.

Keywords: hypergraph, transversals, local states of automata, Petri nets.

Rownolegta dekompozycja automatow
wspotbieznych z wykorzystaniem hipergrafow

Streszczenie

Hipergrafy sa dogodnym narzg¢dziem matematycznym, umozliwiajacym
zwartg reprezentacj¢ relacji wspotbieznosci lub relacji nastgpstwa
w przestrzeni stanéw lokalnych cyfrowego automatu wspotbieznego.
Z tego wzgledu zaproponowano ich wykorzystanie w projektowaniu
rekonfigurowanego  sterownika  logicznego.  Hipergraf  pozwala
w przejrzysty sposob opisywaé nie tylko relacje wspotbieznosci miedzy
stanami lokalnymi, lecz takze pogladowo przedstawia ich przynaleznosé
do tego samego stanu globalnego. Ulatwia to dekompozycj¢ diagramu
SFC lub réwnowaznej mu interpretowanej sieci Petriego sterowania, na
moduly, na przyktad szeregowe lub rownoleglte. W artykule przedstawiono
sposOb dekompozycji réwnoleglej cyfrowych uktadow wspodtbieznych,
opisanych z wykorzystaniem sieci Petriego przeprowadzanej za
posrednictwem dekompozycji hipergrafow. Celem dekompozycji jest
podziat rekonfigurowanego sterownika logicznego na wspotbiezne
moduly, z ktorych kazdy moze by¢ optymalizowany i syntezowany
z wykorzystaniem klasycznej teorii automatow cyfrowych. Sposob
dekompozycji sieci Petriego z wykorzystaniem kolorowania grafu
wspotbieznosci lub wyszukiwania pokrycia klikami dopetnienia grafu
wspotbieznosci (a tym samym grafu niewspodtbieznosci, czyli grafu
nastgpstwa), jest juz znany. Opracowujac nowa metode, wzigto pod uwage
fakt, ze hipergraf wspotbieznosci miejsc sieci Petriego oprocz informacji
o relacji migdzy kazda para miejsc przekazuje dodatkowe dane
o istniejacych w nim klikach, odpowiadajacych wczesniej wyznaczonym
stanom globalnym. Metoda dekompozycji réwnoleglej automatow
wspotbieznych zostanie zilustrowana przykladem. Pokazane zostana

niezbedne kroki, jakie sa niezbgdne do wykonania podziatu sterownika
logicznego z wykorzystaniem hipergrafow.

Stowa Kkluczowe: hipergraf, transwersala, stany lokalne automatu, sie¢
Petriego.

1. Introduction

The size of the logic devices grows up very fast nowadays.
Therefore the prototyping process consumes more and more time.
One of the most important stages of the design process is the logic
synthesis. It takes not only a lot of time but — which is even more
important — huge CPU and memory resources. Current synthesis
methods are based on the usage of traditional graph theory [1].
Such a solution was perfect for small devices where the
complexity of the design is relatively low. However, when the size
of contemporary devices attains millions of gates, many
algorithms that are based on graphs have to be modified.

A solution to this problem can be a hypergraph which is much
more efficient than any classic undirected graph [1, 2, 3]. The
usage of hypergraph theory permits to store and reduce
information about the design needed for further synthesis.
Moreover, current analysis methods of the hypergraphs are much
faster compared with traditional solutions.

In the article a new decomposition method of concurrent
automata is presented. The system is designed as a Petri Net which
is decomposed using hypergraph theory. The aim of the method is
to divide the control automaton into concurrent state machines. It
is important that all of the decomposed modules can be afterwards
optimized and synthesized with traditional solutions.

2. Main definitions

In this section, for the reader’s convenience, we recall some
definitions related to Petri nets [4, 5] and hypergraphs [1, 2] we
need later to explain the decomposition of the automata into
concurrent state machines.

2.1. Hypergraphs

A hypergraph is a generalization of a graph. Its edges - known
as hyperedges - can connect any number of vertices [1, 2, 3],
while classic graph can connect only two vertices.

Formally, a hypergraph is a pair (V, E) where V is a set of
vertices, and an E is a set of edges. Hyperedges are arbitrary sets
of vertices, and can therefore contain an arbitrary number of
vertices. Figure Fig. 2 shows the graphical representation of
a hypergraph. One of the most popular representations of
hypergraph is incidence matrix where vertices are represented by
columns and hyperedges by rows of the matrix.
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The minimal number of hyperedges that are connected to all
vertices is called as a hyper-graph transversal (Fig. 1). There are
several methods to compute transversal of hypergraph. For
example, it can be achieved through the reduction of the incidence
matrix [1].

Rys. 1. Hipergraf H oraz jego transwersala
Fig. 1. Hypergraph H and its transversal

The complement of a hypergraph H=(V,E) is a hypergraph
H*=(V,E*), in which E* is a set of all subsets of V that are not in E.
It means that H* contains all hyperedges that are not present in H.
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Rys. 2. Sie¢ Petriego PN, oraz jej graf znakowan
Fig. 2.  Petri Net PN, and its reachability graph
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2.2. Petri nets

A Petri net is one of the representations of discrete distributed
systems. It is a labeled oriented graph which consists of places,
transitions and directed arcs. A place is marked with a circle while
a transition is represented by a line. Such a structure permits for
a simple description of describe concurrent processes. To analyze
and present a Petri net in a more complex and intuitive form,
a reachability graph is created. It represents the reachability of the
states in the Petri net. The reachability graph can be used to find
erroneous states or states that cannot be reached [6, 7]. An
exemplary Petri net, PN, and its reachability graph RG, are
shown in Fig. 2.

3. Main idea of proposed method

3.1. Traditional method of concurrent
automata decomposition

In order to present the new idea of Petri net decomposition, the
traditional method ought to be presented. The algorithm of control
automaton decomposition based on the graph theory can be
divided into following steps:

1. Creation of the macronet for the initial Petri Net. In
this stage the macronet is created. It is performed using
well-known solutions [5, 8] and it is not under the scope
of this article.

2. Formation of the reachability graph G. Based on the
macronet prepared in the previous step, the reachability
graph is created. It contains all states of the Petri Net.

3. Formation of the relations of the concurrency. To
perform this stage the cliques in the reachability graph G
ought to be found. Further analysis of the graph allows
us to find the relations between states in the macronet.

4. Computation of the subnets of automata that cover all
macroplaces in the macronet. This step is performed by
finding the minimum cover of the reachability graph G.

5. Replacement of the macroplaces by adequate
concurrent state machines. Finally initial Petri Net can
be decomposed into concurrent control automata based
on the results achieved in step 4.

The idea of macronet creation and its decomposition was
proposed by Andre [5]. It is based on the classical graph theory. In
this article the new method of decomposition of macronet is
proposed. Instead of creation of the graph, the reachability
hypergraph is created. Therefore the hypergraph theory is used to
compute the subnets of the initial Petri Net.

3.2. New method of concurrent automata
decomposition

The process of the Petri Net decomposition using hypergraphs
can be divided into the following steps:

1. Creation of the macronet for the initial Petri Net. This
step is similar to the one shown in the traditional method
of decomposition. An exemplary macronet MN; for the
Petri Net PN, is shown in Fig. 3.
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Rys. 3. Makrosie¢ MN;

Macronet MN,

2. Formation of the reachability hypergraph H. Instead of
the graph, reachability hypergraph for the macronet is
created. Figure 4 illustrates the reachability hypergraph
HR; for the macronet MNj.
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Rys. 4. Hipergraf znakowan HR, dla makrosieci MN;

Reachability hypergraph HR; of macronet MN;

3. Computation of the complement H* of the hypergraph
and formation of its transversal. The result of this
process is the same as hypergraph coloring. However
very often computation of the complement of hypergraph
and further finding its transversal is faster and less complex
than hypergraph coloring [2].

Rys. 5. Transwersale dopetnienia hipergrafu

Transversals of hypergraph complement
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In our example the complement of hypergraph HR; contains
four hyperedges: HR*={a, a,asas}, where a,={MP,MP,,MP,},
a={MP,MP,,MPs}, a;={MP;,MP3;,MP,} and a,={MP,MP;,MPs}.
For such a hypergraph two transversals can be found as it is shown
in Fig. 5. Both indicates that the minimal number of hyperedges
that are connected to all vertices of the hypergraph HR* is equal to
two. This means that Petri net PN; can be decomposed into the
two concurrent automata.

Let’s also point out here that there is no need to compute any
cliques, which is required in traditional solutions.

4. Replacement of the macroplaces by adequate
concurrent state machines. Finally the automata can be
decomposed according to the transversal of the
hypergraph H*.

4. Conclusion

In the article a new decomposition method of concurrent
automata is presented. The main advantage of the presented
method is the availability of hypergraph theory usage instead of
graph one. Hypergraph contains all information about the relations
between hyperedges while in graph all cliques have to be found.
Furthermore, the process of finding concurrent automata can be
more effective because of hypergraph complement usage. Very
often computation of the transversal of hypergraph complement is
less complex than its coloring. Let us point out that the results of
both solutions, either transversal of hypergraph, complement and
hypergraph coloring are here the same.
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