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A b s t r a c t  
 

An ove rvi e w  of  t h e  d i f f e re nt i al and  alg e b rai c  L y ap u nov, S y lve s t e r and  
R i c c at i  e q u at i ons  i s  p re s e nt e d . A s p e c i al at t e nt i ons  i s  f oc u s e d  on 
re lat i ons h i p  b e t w e e n t h e  e q u at i ons  and  t h e i r ap p li c at i ons  i n c ont rol 
s y s t e m s  t h e ory . T h e  w e ll-k now n c las s i c al C ay le y -H am m i lt on t h e ore m  i s  
e x t e nd e d  f or t h e  L y ap u nov t i m e -vary i ng  s y s t e m s . 
 
K e y w o r d s :  alg e b rai c , d i f f e re nt i al, e q u at i on, L y ap u nov, S y lve s t e r, R i c c at i , 
s olu t i on, ap p li c at i on. 
 
R ó w n an i a  L ap un o w a,  S y l v est er a   
i   R i c c at i eg o  o r az i c h  n i ek t ó r e zast o so w an i a 

 
S t r e s z c z e n i e  

 
W   p rac y   p od ano  p rz e g lą d   ró ż ni c z k ow y c h   i   alg e b rai c z ny c h    ró w nań   
L ap u now a, S y lve s t e ra  i   R i c c at i e g o. S z c z e g olna  u w ag e   z w ró c ono  na 
z w i az k i   w y s t ę p u j ą c e   m i e d z y   t y m i   ró w nani am i   oraz   i c h   
z as t os ow ani am i   w   t e ori i   s t e row ani a  i   s y s t e m ow . U og ó lni ono  k las y c z ne   
t w i e rd z e ni e   C ay le y a -  H am i lt ona  na  u k ł ad y   L ap u now a  o z m i e nny c h    
w   c z as i e   p aram e t rac h . 
 
S ł o w a  k l u c z o w e :  alg e b rai c z ne ,  ró ż ni c z k ow e ,  ró w nani e  ,L ap u now a, 
S y lve s t e ra,  R i c c at i e g o, roz w i ą z ani e ,  z as t os ow ani e . 

 
1 .  I n t r o duc t i o n  
 

T h e  L y a p u n o v  s t a b i l i t y  t h e o r y  f o r  c o n t i n u o u s -t i m e  a n d  d i s c r e t e -
t i m e  s y s t e m s  i s  w e l l  k n o w n  f o r  m a n y  y e a r s  [ 2 ,  4 ,  8 ] . T h e  t h e o r y  i s  
b a s e d  o n  t h e  a l g e b r a i c  L y a p u n o v  e q u a t i o n  w h i c h  h a s  o r i g i n a t e d  
t h e  l i n e a r  m a t r i x  i n e q u a l i t i e s  ( L M I ) a p p r o a c h . T h e  e q u a t i o n  i s  a l s o  
u s e d  i n  c o m p u t a t i o n  o f  t h e  c o n t r o l l a b i l i t y  a n d  o b s e r v a b i l i t y  
G r e m m i a n s  a n d  t h e  H 2-n o r m  o f  t h e  t r a n s f e r  m a t r i x  o f  t h e  l i n e a r  
s y s t e m . 

T h e  d i f f e r e n t i a l  a n d  a l g e b r a i c  S y l v e s t e r  e q u a t i o n s  p l a y  a l s o  
i m p o r t a n t  r o l e s  i n  c o n t r o l  s y s t e m s  t h e o r y . I t  w i l l  b e  s h o w n  t h a t  t h e  
d i f f e r e n t i a l  S y l v e s t e r  e q u a t i o n  i s  t h e  s t a r t i n g  p o i n t  f o r  
d e v e l o p m e n t  o f  t h e  l i n e a r  c o n t i n u o u s -t i m e  L y a p u n o v  s y s t e m s . T h e  
a l g e b r a i c  S y l v e s t e r  e q u a t i o n  i s  u s e d  i n  d e s i g n i n g  o f  t h e  
L u e n b e r g e r  s t a t e  o b s e r v e r s  o f  l i n e a r  c o n t i n u o u s  s y s t e m s . I t  i s  w e l l -
k n o w n  t h a t  t h e  d i f f e r e n t i a l  a n d  a l g e b r a i c  R i c c a t i  e q u a t i o n s  p l a y  
c r u c i a l  r o l e s  i n  t h e  o p t i m a l  c o n t r o l  o f  l i n e a r  t i m e -v a r y i n g  a n d  
t i m e -i n v a r i a n t  s y s t e m s  w i t h  q u a d r a t i c  p e r f o r m a n c e  i n d i c e s  ( c o s t  
f u n c t i o n s ). 

I n  t h i s  p a p e r  a n  o v e r v i e w  o f  t h e  L y a p u n o v ,  S y l v e s t e r  a n d  
R i c c a t i  e q u a t i o n s  w i l l  b e  p r e s e n t e d . A  s p e c i a l  a t t e n t i o n  w i l l  b e  
f o c u s e d  o n  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  e q u a t i o n s  a n d  t h e i r  
a p p l i c a t i o n s  i n  c o n t r o l  s y s t e m s  t h e o r y . T h e  w e l l -k n o w n  c l a s s i c a l  
C a y l e y -H a m i l t o n  t h e o r e m  w i l l  b e  e x t e n d e d  f o r  t h e  L y a p u n o v  
t a m e -v a r y i n g  s y s t e m s . 

 
 

2 .  L y ap un o v  eq uat i o n s 
 

C o n s i d e r  t h e  c o n t i n u o u s -t i m e  l i n e a r  s y s t e m s   
 

 x Ax Bu
y C x
= +

=

�                          ( 2 .1 ) 
 
w h e r e  nx R∈ ,  mu R∈  a n d  py R∈  a r e  t h e  s t a t e ,  i n p u t  a n d  o u t p u t  
v e c t o r s  a n d  n nA R ×∈ ,  n mB R ×∈ ,  p nC R ×∈ . 

T h e  s y s t e m  ( 1 ) ( o r  e q u i v a l e n t l y  t h e  p a i r  ( , )A B ) i s  c o n t r o l l a b l e  
i f  a n d  o n l y  i f   

 1
...

nrank B AB A B−    = n        ( 2 .2 ) 
 
T h e  s y s t e m  ( 1 ) ( o r  e q u i v a l e n t l y  t h e  p a i r  ( , )A C ) i s  o b s e r v a b l e  i f  

a n d  o n l y  i f  

 
1n

C
CA

r a n k

CA −

      
�

 = n                             ( 2 .3 ) 

 
Definition 2.1. T h e  m a t r i x  e q u a t i o n s  
 
 ,    ,   ,   

T n n n n n nXA A X Q A R X R Q R× × ×+ = ∈ ∈ ∈     ( 2 .4 a ) 
 

a n d  
 TAX XA Q+ = −                           ( 2 .4 b ) 

 
a r e  c a l l e d  t h e  L y a p u n o v  e q u a t i o n s . 

 
T h eor em  2.1. L e t  A  b e  a  a s y m p t o t i c a l l y  s t a b l e  m a t r i x  a n d  l e t  

Q  b e  s y m m e t r i c ,  p o s i t i v e  d e f i n i t e  o r  s e m i d e f i n i t e . T h e n  t h e  
u n i q u e  s o l u t i o n  X  o f  ( 4 a ) i s  g i v e n  b y  

 
 

0

       ( -denotes the transpose)TA t AtX e Qe dt T
∞

= ∫    ( 2 .5 a ) 
 
a n d  t h e  u n i q u e  s o l u t i o n  X  o f  ( 4 b ) i s  g i v e n  b y  
 

 
0

       ( -denotes the transpose)TAt A tX e Qe dt T
∞

= ∫    ( 2 .5 b ) 
 
T h eor em  2.2. L e t  X  b e  t h e  s o l u t i o n  o f  t h e  L y a p u n o v  e q u a t i o n  ( 6 ) 
 

 T TXA A X C C+ = −                               ( 2 .6 ) 
 

T h e n  t h e  f o l l o w i n g s  h o l d :  
 
1 . I f  X  i s  a  s y m m e t r i c  p o s i t i v e  d e f i n i t e  m a t r i x  a n d  t h e  p a i r  ( , )A C  

i s  o b s e r v a b l e  t h e n  A  i s  a n  a s y m p t o t i c a l l y  s t a b l e  m a t r i x  
2 . I f  A  i s  a n  a s y m p t o t i c a l l y  s t a b l e  m a t r i x  a n d  p a i r  ( , )A C  i s  

o b s e r v a b l e  t h e n  X  i s  a  s y m m e t r i c  p o s i t i v e  d e f i n i t e  m a t r i x  
3 . I f  A  i s  a n  a s y m p t o t i c a l l y  s t a b l e  m a t r i x  a n d  X  i s  a  s y m m e t r i c  

p o s i t i v e  d e f i n i t e  m a t r i x  t h e n  t h e  p a i r  ( , )A C  i s  o b s e r v a b l e . 
 
D u a l  r e s u l t s  w e  h a v e  f o r  a  c o n t r o l l a b l e  p a i r  ( , )A B  s a t i s f y i n g  t h e  

c o n d i t i o n  ( 2 ). 
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Theorem 2.3. Let X  b e a  so l u ti o n  o f  th e Ly a p u n o v  eq u a ti o n   
 

 T TAX XA BB+ = −                                (2 .7 )  
 
T h en  th e f o l l o w i n g s h o l d :  
 
1 . I f  X  i s a  sy m m etr i c  p o si ti v e d ef i n i te m a tr i x  a n d  th e p a i r  ( , )A B  

i s c o n tr o l l a b l e th en  A  i s a n  a sy m p to ti c a l l y  sta b l e m a tr i x  
2 . I f  A  i s a n  a sy m p to ti c a l l y  sta b l e m a tr i x  a n d  th e p a i r  ( , )A B  i s 

c o n tr o l l a b l e th en  X  i s a  sy m m etr i c  p o si ti v e d ef i n i te m a tr i x  
3 . I f  A  i s a n  a sy m p to ti c a l l y  sta b l e m a tr i x  a n d  X  i s a  sy m m etr i c  

p o si ti v e d ef i n i te m a tr i x  th en  th e p a i r  ( , )A B  i s c o n tr o l l a b l e. 
 
D ef i n i t i on  2.2. Let n nA R ×∈  b e a  sta te m a tr i x . T h en  th e m a tr i x   
 

 
0

TAt T A t
CG e BB e dt

∞

= ∫                 (2 .8 )  
 
i s c a l l ed  th e c o n tr o l l a b i l i ty  G r a m m i a n  a n d  th e m a tr i x  
 

 
0

TA t T At
OG e C Ce dt

∞

= ∫                 (2 .9 )  
 
I s c a l l ed  th e o b ser v a b i l i y  G r a m m i a n . 

 
Theorem 2.4 . Let A  b e a n  a sy m p to ti c a l l y  sta b l e m a tr i x . T h en  

th e c o n tr o l l a b i l i ty  G r a m m i a n  (8 )  sa ti sf i es th e Ly a p u n o v  eq u a ti o n  
 

 T T
C CAG G A BB+ = −                (2 .1 0 )  

 
a n d  i s a  sy m m etr i c  p o si ti v e d ef i n i te i f  a n d  o n l y  i f  th e p a i r  i s 
c o n tr o l l a b l e.  

T h e o b ser v a b i l i ty  G r a m m i a n  
OG  sa ti sf i es th e Ly a p u n o v  

eq u a ti o n  
 T T

O OG A A G C C+ = −                (2 .1 1 )  
 
a n d  i s sy m m etr i c  p o si ti v e d ef i n i te i f  a n d  o n l y  i f  th e p a i r  ( , )A C  i s 
o b ser v a b l e. 

U si n g  th e c o n tr o l l a b i l i ty  G r a m m i a n  (8 )  o r  th e o b ser v a b i l i ty  
G r a m m i a n  (9 )  w e c a n  c o m p u te th e 2H -n o r m  o f  th e tr a n sf er  
m a tr i x  o f  a sy m p to ti c a l l y  sta te sy stem  (1 )  b y  so l v i n g  th e Ly a p u n o v  
eq u a ti o n  (1 0 )  o r  (1 1 )  a n d  c o m p u ti n g  ei th er  tr a c e ( T

CCG C )  o r  tr a c e 
( T

OB G B )  [ 2 ,  5 ] . 
S i m i l a r  r esu l ts c a n  b e o b ta i n ed  f o r  d i sc r ete-ti m e l i n ea r  sy stem s 

[ 2 ,  1 1 ] . 
 

3. S y l v e s t e r  e q u a t i o n s  
 
3.1 . D i f f e r e n t i a l  e q u a t i o n s  
 

C o n si d er  th e d i f f er en ti a l  ti m e-v a r y i n g  S y l v ester  eq u a ti o n  
 

 ( ) ( ) ( ) ( ) ( )X t AX t X t B t C t= + +�            (3 .1 )  
 
w i th  th e i n i ti a l  c o n d i ti o n  
 

 ( )0 0X t X=                          (3 .2 )  
 
w h er e ( )A t ,  ( )B t ,  ( )C t ,  ( )X t  a r e c o n ti n u o u s-ti m e n n×  
m a tr i c es a n d  0t  i s a  g i v en  i n i ti a l  i n sta n t. 

 
Theorem 3.1. T h e u n i q u e so l u ti o n  o f  (1 )  sa ti sf y i n g  th e i n i ti a l  

c o n d i ti o n  (2 )  h a s th e f o r m  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

1 1
1 0 2 1 1 2 2

t

t

X t X t X X t X t X C X d X tτ τ τ τ− −

 = +    ∫  (3 .3 )  
 
w h er e ( )1X t  a n d  ( )2X t  a r e so l u ti o n s o f  th e eq u a ti o n s 
 

 ( ) ( ) ( ) ( )1 1 1 0   with  nX t A t X t X t I= =�              (3 .4 a )  
 

 ( ) ( ) ( ) ( )2 2 2 0   with  nX t X t B t X t I= =�               (3 .4 b )  
 

P r o o f  i s g i v en  i n  [ 4 ] . 
T h e S y l v ester  eq u a ti o n  (1 )  i s c l o sel y  r el a ted  w i th  Ly a p u n o v  

sy stem s d esc r i b ed  b y  th e eq u a ti o n s 
 
 ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1X t A t X t X t A t B t U t= + +�    (3 .5 a )  

 
 ( ) ( ) ( ) ( ) ( )Y t C t X t D t U t= +       (3 .5 b )  

 
w h er e ( )X t  i s a n  n n×  sta te m a tr i x ,  ( )U t  i s a n  m n×  i n p u t m a tr i x ,  
( )Y t  i s a  p n×  o u tp u t m a tr i x  a n d  ( ) ( ) ( ) ( ) ( )0 1, , , ,A t A t B t C t D t  

a r e c o n ti n u o u s-ti m e r ea l  m a tr i c es w i th  a p p r o p r i a te d i m en si o n s. 
A p p l y i n g  T h eo r em  1  to  (5 a )  w e o b ta i n  th e f o l l o w i n g . 
 
Theorem 3.2. T h e so l u ti o n  o f  (5 a )  sa ti sf y i n g  th e i n i ti a l  

c o n d i ti o n  ( )0 0X t X=  h a s th e f o r m  
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

1 0 0 2 0 1 0 0 0 2 0 2 0, , , , , ,

t

t

X t t t X t t t t t B U t d t tτ τ τ τ τ
 = Φ Φ + Φ Φ Φ Φ   ∫

 (3 .6 )  
 
w h er e ( ) ( ) ( ) ( ) ( ) ( )1 1

1 0 1 1 0 1 0 2 0 2, ,  ,t t X t X t t t X t X t− −Φ = Φ =  a n d  
( ) ( )1 2,X t X t  a r e so l u ti o n  o f  th e eq u a ti o n s 

 
 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1 0 1 1 0

2 2 1 2 0

     with  
     with  

n

n

X t A t X t X t I
X t X t A t X t I

= =

= =

�

�
 (3 .7 )  

 
I n  [ 1 1 ]  n ec essa r y  a n d  su f f i c i en t c o n d i ti o n s f o r  c o n tr o l l a b i l i ty  

a n d  o b ser v a b i l i ty  o f  th e Ly a p u n o v  sy stem s a r e esta b l i sh ed . W e 
sh a l l  sh o w  th a t th e c l a ssi c a l  C a y l ey -H a m i l to n  th eo r em  c a n  b e 
ex ten d ed  f o r  th e Ly a p u n o v  sy stem s.  

T h e K r o n ec k er  p r o d u c t A B⊗  o f  m a tr i c es m n
i jA a R × = ∈   a n d  

p qB R ×∈  i s b y  d ef i n i ti o n  th e b l o c k  m a tr i x  [ 4 ]  
 

 1,...,
1,...,

mp nq
i mi j
j n

A B a B R ×
=
=

 ⊗ = ∈                        (3 .8 )  
 
U si n g  (8 )  f o r  (5 a )  w e m a y  d ef i n e th e m a tr i x  

 
( ) ( ) ( ) ( ) ( )2

0 1      denotes the transposeT n n
n nA t A t I I A t R n n T×= ⊗ + ⊗ ∈ =

 (3 .9 )  
 
a n d  i ts c h a r a c ter i sti c  p o l y n o m i a l  

 
( ) ( ) ( ) ( )1

1 1 0det ...n n
n nAp I A t s a s a t a tλ λ λ−

−
 = − = + + + +   (3 .1 0 )  

 
Theorem 3.3. Let ( ) ( ) ( )0 1A t A t A t= +  a n d  ( ) [ ]detA np I Aλ λ= − . 
I f  

 ( ) ( )1 1
T

n nI A t A t I⊗ = ⊗                  (3 .1 1 )  
 
th en  

 ( ) ( )( )nAAp pλ λ=                             (3 .1 2 )  
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and 
 ( ) ( )( ) 0   for  0,1,..., 1k

Ap A t k n= = −            ( 3 .1 3 )  
 
w h e r e  

( ) ( ) ( )    for   1, 2,..., 1
k

k A
A k

d pp k nd
λλ
λ

= = −  
 
P r o o f . I f  ( 1 1 )  h o l ds  t h e n 

 
( ) ( ) ( ) ( ) ( )( ) ( )0 1 0 1

T
n n n nA t A t I I A t A t A t I A t I= ⊗ + ⊗ = + ⊗ = ⊗  ( 3 .1 4 )  

 
and 

( ) ( ) ( )( )
( )( ) ( )( )

det det

          det

n n nA

n n
n A

p I A t I A t I
I A t p

λ λ λ

λ λ

  = − = − ⊗ =   
= − =    

( 3 .1 5 )  

 
s i nc e  [ ] ( ) ( )det det detn nA B A B⊗ =  f o r  ,

n nA B R ×∈  [ 4 ] . 
F r o m  C ay l e y -H am i l t o n t h e o r e m  ap p l i e d t o  t h e  m at r i x  ( )A t  [ 4 ]  

w e  h av e  ( )( ) 0Ap A t =  and f r o m  ( 1 2 )  w e  o b t ai n 
 

 ( )( ) ( )( )( )nAAp A t p A t=                  ( 3 .1 6 )  
 

T h e  e q u al i t y  ( 1 6 )  i m p l i e s  ( 1 3 ) . 
 
Remark 3.1 I t  i s  e as y  t o  s h o w  t h at  t h e  c o ndi t i o n ( 1 1 )  i s  m e t  i f  

and o nl y  i f  t h e  m at r i x  ( )1A t  i s  a s c al ar  m at r i x ,  i .e .,  ( ) ( )1 nA t a t I= ,  
( ) 0a t ≠ . 
 
E x amp l e 3.1. F o r  t h e  m at r i c e s  
 

 ( ) ( )0 1
0 1 0,   0

t

t t

eA t A t
t e e

−

− −

  = =   −   
            ( 3 .1 7 )  

 
t h e  c o ndi t i o n ( 1 1 )  i s  s at i s f i e d s i nc e  
 

( ) ( )1 1

0 1 0
0 0 1

0 0 0
0 0 0

t

t
T

n n

e
eI A t A t I

t
t

−

−

   ⊗ = ⊗ =    

 

 
I n t h i s  c as e  t h e  c h ar ac t e r i s t i c  p o l y no m i al  ( )Ap λ  and ( )Ap λ  h av e  

 
( ) ( )

( ) ( ) ( )

( )

2

22

4 3 2 2 2

1d e t

0 1 0
0 0 1d e t

0 0
0 0

2 2 2

t
t

A n

t

t
t

nA

t t t

ep I A t e tt
e

ep I A t e tt
t

e e t te t

λλ λ λ λ
λ

λ
λλ λ λ λ

λ
λ

λ λ λ λ

−

−

−

−

−

− − −

− −= − = = −   −
 − − − −  = − = = − =   − − 

= − + − + +

 ( 3 .1 8 )  

 
U s i ng  ( 1 3 )  and ( 1 8 )  and t ak i ng  i nt o  ac c o u nt  t h at  

 
( ) ( ) ( )

( )

2 3 2
2 3

2 2

4 2 2 3
4

3 2 2 2

1 2,   ,   0
3 2
2

t t t t t t

t t t

t t t t

t t t

e e t e e te e tA t A t A t
t te t te t te

e te t e teA t
te t e te t

− − − − − −

− − −

− − − −

− − −

     + + += = =     +     
 + + +=  + + 

  
w e  o b t ai n 

( )( ) ( )( ) ( )
( )( ) ( )( ) ( )( ) ( ) ( )( ) ( )

2
2

2

4 3 22 2
2

4 2 2 3 3 2

3 2 2 2 2 2

1 0 0 01
0 1 0 00

2 2 2

3 2 22
2

t t t
t t

A t

t t t
A

t t t t t t t
t

t t t t

e t e ep A t A t e A t tI e tte t t
p A t A t e A t e t A t te A t t I

e te t e te e te e tete t e te t te t t

− − −

− −

−

− − −

− − − − − − −

−

− − − −

   +    = − − = − − =             
= − + − + + =

 + + + + += − + + +  ( )

( )( ) ( )( ) ( )( ) ( ) ( )
( )

2
2

2

3 21 2
2

3 2 2
2

2 2

2

1 0 0 012
0 1 0 00

4 6 2 2 2

2 14 6 2 2
0

t t
t

t t

t
t

t t t
A

t t t t t t
t t

t t t

e t ee te te t
ete tt

p A t A t e A t e t A t te I
e te e t e t e ee e tte t te te t t

− −

−

− −

−

−

− − −

− − − − − −

− −

− − −

   ++ − +      
     + + =         

= − + − + =
     + + += − + −     +     

1 0 0 0
2

0 1 0 0
tte−    =      

  
Remark 3.2. L e t   ( )A Aσ σ  b e  t h e  s p e c t r u m  o f  t h e  m at r i x  
 ( )A A . I f  A Aσ σ⊂  t h e n ( ) ( ) ( )AAp p pλ λ λ=  and ( ) 0Ap A = . 
I n [ 6 ,  7 ]  t h e  c o ns i de r at i o ns  h av e  b e e n e x t e nde d f o r  p o s i t i v e  

di s c r e t e -t i m e  and c o nt i nu o u s -t i m e  L y ap u no v  s y s t e m s . 
 
3.2. A l g e b r a i c  e q u a t i o n s  
 

C o ns i de r  t h e  al g e b r ai c  S y l v e s t e r  e q u at i o n 
 

 XA BX C+ =                          ( 3 .1 9 )  
 
w h e r e  ,  ,  

n n m m m nA R B R C R× × ×∈ ∈ ∈  ar e  g i v e n and m nX R ×∈  i s  
u nk no w n. T h e  L y ap u no v  e q u at i o n ( 4 a)  i s  a p ar t i c u l ar  c as e  o f  t h e  
S y l v e s t e r  e q u at i o n ( 1 9 )  f o r  TB A=  and C Q= − . 

 
Theorem 3.4. L e t  1,..., nλ λ  b e  t h e  e i g e nv al u e s  o f  t h e  m at r i x  A ,  

and 1,..., mµ µ  b e  t h e  e i g e nv al u e s  o f  t h e  m at r i x  B . T h e n t h e  
S y l v e s t e r  e q u at i o n ( 1 9 )  h as  a u ni q u e  s o l u t i o n X  i f  and o nl y  i f  

0i jλ µ+ ≠  f o r  1,...,i n=  and 1,...,j m= . 
U s i ng  t h e  K r o ne c k e r  p r o du c t  w e  m ay  r e du c e  t h e  S y l v e s t e r  

e q u at i o n ( 1 9 )  t o  t h e  e q u i v al e nt  o ne  
 

 Px c=                                    ( 3 .2 0 )  
 
w h e r e  
 

[ ] [ ]
( )

1 2 1 2... ,   ...
a n d    i s  t h e  t h  ( 1 , ..., )  r o w  o f  t h e  m a t r i x  ( )

T nm nm
n m

nm nm
m m

i i

P I B A I R
x X X X R c C C C R

X C i i m X C

×= ⊗ + ⊗ ∈
= ∈ = ∈

=

 

 
F r o m  ( 2 0 )  i t  f o l l o w s  t h at  t h e  e q u at i o n ( 1 9 )  h as  a u ni q u e  s o l u t i o n 

i f  and o nl y  i f  A  and B−  do  no t  h av e  a c o m m o n e i g e nv al u e . 
I n p ar t i c u l ar  c as e  t h e  L y ap u no v  e q u at i o n ( 4 a)  h as  a u ni q u e  

s o l u t i o n i f  and o nl y  i f  A  and A−  do  no t  h av e  a c o m m o n 
e i g e nv al u e . 

F o l l o w i ng  [ 2 ]  w e  s h al l  ap p l y  t h e  S y l v e s t e r  e q u at i o n  ( 1 9 )  t o  
de s i g n h e  L y ap u no v  s t at e  o b s e r v e r  

 
 ( ) ( ) ( ) ( )z t Fz t Gu t Hy t= + +�      ( 3 .2 1 )  

 
o f  t h e  c o nt i nu o u s -t i m e  s y s t e m s  
 

 ( ) ( ) ( )
( ) ( )

x t Ax t Bu t
y t C x t

= +

=

�

               ( 3 .2 2 )  
 
w h e r e  ,  ,  

n n n m p nA R B R C R× × ×∈ ∈ ∈  ar e  g i v e n ( ) ( ),  
m pu t R y t R∈ ∈  

ar e  t h e  k no w n i np u t  and o u t p u t  v e c t o r s ,  
,  ,  

n n n m n pF R G R H R× × ×∈ ∈ ∈  ar e  u nk no w n and ,  zn nx R R∈ ∈  
ar e  t h e  s t at e  v e c t o r s  o f  t h e  s y s t e m  and o f  t h e  o b s e r v e r . 

K no w i ng  , ,A B C  ( )u t  and ( )y t  f i nd , ,F G H  and no ns i ng u l ar  
m at r i x  n nX R ×∈  i n s u c h  a w ay  t h at  t h e  e r r o r  v e c t o r   
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( ) ( ) ( ) 0e t z t Xx t= − →  
 
f o r  a l l  (0), (0)x z  a n d  f o r  e v e r y  ( )u t . 

T h e  v e c t o r  ( )z t  i s  a n  e s t i m a t e  o f  ( )Xx t . 
I t  i s  e a s y  t o  s h o w  t h a t  t h e  s y s t e m  ( 2 1 )  i s  a  s t a t e  o bs e r v e r  o f  t h e  

s y s t e m  ( 2 2 )  i f  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  m e t . 
 

 XA FX HC− =                           ( 3 .2 3 )  
 

 G XB=                                     ( 3 .2 4 )  
 

a n d  F i s  a s y m pt o t i c a l l y  s t a bl e . 
 
Definition 3.1. T h e  m a t r i x  e q u a t i o n  ( 2 3 )  i s  c a l l e d  t h e  S y l v e s t e r  

o bs e r v e r  e q u a t i o n . 
T h e  L u e n be r g e r  s t a t e  o bs e r v a t o r y  ( 3 1 )  e x i s t s  f o r  t h e  s y s t e m  ( 2 2 )  

i f  t h e  pa r e  ( ),A C  i s  o bs e r v a bl e . T h e  o bs e r v e r  c a n  be  c o m pu t e  v i a  
S y l v e s t e r -o bs e r v e r  e q u a t i o n  ( 2 3 )  by  t h e  u s  o f  t h e  f o l l o w i n g  t w o  
s t e p pr o c e d u r e . 

 
P r oc ed u r e 3.1. 

S t e p 1 :  C h o o s e  a n  a s y m pt o t i c a l l y  s t a bl e  m a t r i x  F  a n d  a  m a t r i x  H  
i n  s u c h  a  w a y  t h a t  t h e  s o l u t i o n  X  o f  ( 2 3 )  i s  n o n s i n g u l a r  

S t e p 2 :  C o m pu t e  G XB= . 
 
4. R i c c a t i  e q u a t i o n s  
 
4.1 . D i f f e r e n t i a l  e q u a t i o n s  
 

C o n s i d e r  d i f f e r e n t i a l  t i m e -v a r y i n g  R i c c a t i  e q u a t i o n  
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )11 22 12 21X t X t A t A t X t X t A t A t= + + +�   ( 4 .1 )  
 
w i t h  t h e  i n i t i a l  c o n d i t i o n  
 

 ( )0 0X t X=                           ( 4 .2 )  
 
w h e r e  ( ) ( ) ( ) ( ) ( )11 12 21 22, , , ,X t A t A t A t A t  a r e  c o n t i n u o u s -t i m e  
n n×  m a t r i c e s  a n d  0t  i s  a  g i v e n  i n i t i a l  c o n d i t i o n . N o t e  t h a t  f r o m  
( 1 )  f o r  ( ) ( ) ( ) ( ) ( ) ( )22 11 21,  ,  A t A t A t B t A t C t= = =  a n d  ( )22 0A t =  
w e  o bt a i n  t h e  d i f f e r e n t i a l  S y l v e s t e r  e q u a t i o n  ( 3 .1 ) . 

 
Theorem 4.1 . T h e  s o l u t i o n  o f  ( 1 )  s a t i s f y i n g  t h e  i n i t i a l  c o n d i t i o n  

( 2 )  h a s  t h e  f o r m  
 

 ( ) ( ) ( )1
2 1X t Y t Y t−

=                 ( 4 .3 )  
 
w h e r e  ( )1Y t  a n d  ( )2Y t  a r e  s o l u t i o n s  o f  t h e  e q u a t i o n  
 

 ( )
( )

( ) ( )
( ) ( )

( )
( )

11 12 11

21 22 22

A t A t Y tY t
A t A t Y tY t

  − −   =         
�

�
              ( 4 .4 )  

 
w i t h  t h e  i n i t i a l  c o n d i t i o n  
 

 ( )
( )

1 0

2 0 0

nY t I
Y t X
   =                                  ( 4 .5 )  

 
P r o o f  i s  g i v e n  i n  [ 4 ] . 

L e t  
 ( ) ( ) ( )

( ) ( )
11 0 12 0

0
21 0 22 0

, ,

,

, ,

t t t t
t t

t t t t

Φ Φ Φ =  Φ Φ            ( 4 .6 )  

 

B e  t h e  f u n d a m e n t a l  m a t r i x  o f  ( 4 ) . T h e n  t h e  s o l u t i o n  o f  ( 1 )  
s a t i s f y i n g  t h e  i n i t i a l  c o n d i t i o n  ( 3 )  i s  g i v e n  by  

 
( ) ( ) ( ) ( ) ( ) 1

2 1 0 2 2 0 11 0 12 0 0, , , ,X t t t t t t t t t X −= Φ +Φ Φ +Φ        ( 4 .7 )  
 
I n  pa r t i c u l a r  c a s e  t h e  d i f f e r e n t i a l  t i m e -v a r y i n g  R i c c a t i  e q u a t i o n  

h a s  t h e  f o r m  
 

( ) ( ) ( ) ( ) ( )11 22 12 21X t X t A A X t X t A X t A= + + + +        ( 4 .8 )  
 
a n d  i t s  s o l u t i o n  i s  g i v e n  by  ( 7 )  a n d  t h e  f u n d a m e n t a l  m a t r i x  ( 6 )  c a n  
be  f o u n d  u s i n g  t h e  f o r m u l a  
 

 ( ) ( )
( ) ( )

( )011 0 12 0

21 0 22 0

, ,

, ,

A t tt t t t
e

t t t t
−

Φ Φ  = Φ Φ            ( 4 .9 )  
w h e r e  

 11 12

21 22

A A
A
A A
− − =                                ( 4 .1 0 )  

 
F o r  c o m pu t a t i o n  o f  ( 9 )  t h e  w e l l -k n o w n  [ 4 ]  S y l v e s t e r  f o r m u l a  

c a n  be  u s e d . 
I t  i s  w e l l -k n o w n  [ 2 ,  8 ,  1 1 ]  t h a t  h e  d i f f e r e n t i a l  R i c c a t i  e q u a t i o n s  

u s e d  i n  t h e  o pt i m a l  c o n t r o l  o f  l i n e a r  t i m e -v a r y i n g  s y s t e m s  w i t h  
q u a d r a t i c  pe r f o r m a n c e  i n d i c e s . I n  pa r t i c u l a r  c a s e  f o r  t i m e -
i n v a r i a n t  l i n e a r  s y s t e m s  w e  o bt a i n  t h e  R i c c a t i  e q u a t i o n  ( 8 ) . 

C o n s i d e r  t h e  l i n e a r  t i m e -v a r y i n g  s y s t e m  
 

 ( ) ( ) ( ) ( ) ( )x t A t x t B t u t= +�                     ( 4 .1 1 )  
 
w i t h  t h e  i n i t i a l  c o n d i t i o n  

 ( )0 0x t x=                      ( 4 .1 2 )  
 
w h e r e  ( ) nx t R∈  i s  t h e  s t a t e  v e c t o r  a n d  ( ) mu t R∈  i s  t h e  i n pu t  
v e c t o r . 

L e t  t h e  q u a d r a t i c  pe r f o r m a n c e  i n d e x  ( c o s t  f u n c t i o n )  h a v e  t h e  
f o r m  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0

1
1 1
2 2

t
T T T

f f
t

I x t Qx t x t R t x t u t R t u t dt = + + ∫  ( 4 .1 3 )  
 
w h e r e  n nQ R ×∈  i s  a  po s i t i v e  s e m i d e f i n i t e  c o n s t a n t  m a t r i x ,  
( )1

n nR t R ×∈  i s  a  po s i t i v e  s e m i d e f i n i t e  t i m e -v a r y i n g  m a t r i x ,  
( ) n nR t R ×∈  i s  a  po s i t i v e  d e f i n i t e  t i m e -v a r y i n g  m a t r i x  a n d  0t  a n d  

1t  a r e  t h e  g i v e n  i n i t i a l  a n d  f i n a l  t i m e  i n s t a n t s . 
I t  i s  w e l l -k n o w n  [ 8 ]  t h a t  t h e  o pt i m a l  i n pu t  ( )u t�  m i n i m i z i n g  t h e  

pe r f o r m a n c e  i n d e x  ( 1 3 )  i s  g i v e n  by   
 

 ( ) ( ) ( ) ( ) ( )1 Tu t R t B t P t x t−

=
�      ( 4 .1 4 )  

 
a n d  t h e  m a t r i x  ( )P t  s a t i s f i e s  t h e  R i c c a t i  e q u a t i o n  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1

1
T TP t P t A t A t P t P t B t R t B t P t R t−= − − − +�

 ( 4 .1 5 )  
w i t h  t h e  f i n a l  c o n d i t i o n  ( )fP t Q= −  
 
4.2. A l g e b r a i c  e q u a t i o n s  
 

I f  ( ) ( ) ( )11 22 12 12,  ,  
TA t A A t A A t A= = =  a n d  ( ) 0X t =�  t h e n  f r o m  

t h e  d i f f e r e n t i a l  e q u a t i o n  ( 1 )  w e  o bt a i n  t h e  f o l l o w i n g  a l g e br a i c  
R i c c a t i  e q u a t i o n  
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12 21 0TXA A X XA X A+ + + =                      ( 4 .1 6 )  

 
w h e r e  12 21,  ,  

n n n n n nA R A R A R× × ×∈ ∈ ∈  a n d  n nX R ×∈  a r e  t i m e -
i n v a r i a n t  ( c o n s t a n t )  m a t r i c e s . 

F r o m  ( 1 6 )  f o r  11 0A =  a n d  21A Q=  w e  o b t a i n  t h e  L y a p u n o v  
e q u a t i o n  ( 2 .4 a ) . w i t h  t h e  R i c c a t i  e q u a t i o n  ( 1 6 )  w e  m a y  a s s o c i a t e d  
t h e  f o l l o w i n g  H a m i l t o n i a n  m a t r i x  

 
 12

21
T

A A
H

A A
− =  − −                                ( 4 .1 7 )  

 
I t  i s  w e l l -k n o w n  [ 2 ,  8 ]  t h a t  f o r  e a c h  e i g e n v a l u e s  λ  o f  ( 1 7 ) ,  λ−  

i s  a l s o  a n  e i g e n v a l u e  o f  t h e  m a t r i x  w i t h  t h e  s a m e  g e o m e t r i c  a n d  
a l g e b r a i c  m u l t i p l i c i t y ,  w h e r e  λ  d e n o t e s  t h e  c o n j u g a t e  e i g e n v a l u e . 

 
Theorem 4.4 [ 2 ]  A  m a t r i x  X  i s  a  s o l u t i o n  o f  t h e  e q u a t i o n  ( 1 6 )  

i f  a n d  o n l y  i f  t h e  c o l u m n s  o f  I
X
   

 s p a n  a n  n-d i m e n s i o n a l  i n v a r i a n t  
s u b s p a c e  o f  t h e  m a t r i x  ( 1 7 ) . 

T h e  a l g e b r a i c  R i c c a t i  e q u a t i o n  i s  c l o s e l y  r e l a t e d  t o  t h e  
f o l l o w i n g  c o n t i n u o u s -t i m e  l i n e a r  q u a d r a t i c  r e g u l a t o r  ( L Q R )  
p r o b l e m . 

C o n s i d e r  t h e  l i n e a r  s y s t e m  
 

 ( ) 0,   ,  ,   0n mx Ax Bu x R u R x x= + ∈ ∈ =�            ( 4 .1 8 )  
 
a n d  t h e  q u a d r a t i c  p e r f o r m a n c e  i n d e x  ( c o s t  f u n c t i o n )  
 

 ( ) ( ) ( ) ( ) ( )
0

T
tI x x t Qx t u t Ru t dt

∞

 = + ∫              ( 4 .1 9 )  
 
w h e r e  n nQ R ×∈  i s  s y m m e t r i c  p o s i t i v e  s e m i d e f i n i t e  a n d  m mR R ×∈  
i s  s y m m e t r i c  p o s i t i v e  d e f i n i t e . 

G i v e n  m a t r i x  , , ,A B Q R  f i n d  a n  i n p u t  ( )u t  s u c h  t h a t  t h e  
p e r f o r m a n c e  i n d e x  ( 1 9 )  i s  m i n i m i z e d ,  s u b j e c t  t o  ( 1 8 ) . 

T h e  p a i r  ( , )A B  i s  s t a b i l i z a b l e  i f  a n d  o n l y  i f   
 

[ ]   for all ,   Re 0nrank I s A B n s C s− = ∈ ≥  
 
a n d  t h e  p a i r  ( , )A Q  i s  d e t e c t a b l e  i f  a n d  o n l y  i f   
 

  for all ,   Re 0nI s Ar a n k n s C sQ
−  = ∈ ≥  

 

 
w h e r e  C  i s  t h e  f i e l d  o f  c o m p l e x  n u m b e r s . 

 
Theorem 4.5 [ 2 ]  T h e  p a i r  ( , )A B  b e  s t a b i l i z a b l e  a n d  t h e  p a i r  

( , )A Q  b e  d e t e c t a b l e . T h e n  t h e  e x i s t s  a  u n i q u e  o p t i m a l  i n p u t  ( )u t�  
w h i c h  m i n i m i z e s  ( 1 9 ) . T h e  o p t i m a l  i n p u t  i s  g i v e n  b y  

 
 ( ) ( )1 Tu t R B Xx t−

=
�                             ( 4 .2 0 )  

 
a n d  X  i s  t h e  u n i q u e  p o s i t i v e  s e m i d e f i n i t e  s o l u t i o n  o f  t h e  e q u a t i o n  
  

 1 0T TXA A X XBR B X Q−+ − + =         ( 4 .2 1 )  
 
F u r t h e r m o r e ,  t h e  c l o s e -l o o p  m a t r i x  A BK−  i s  a s y m p t o t i c a l l y  

s t a b l e  a n d  t h e  m i n i m u m  v a l u e  o f  ( 1 9 )  i s  e q u a l  t o  0 0
Tx Xx . 

 

Theorem 4.6  [ 2 ,  1 0 ]  T h e  e q u a t i o n  ( 2 1 )  h a s  a  u n i q u e  s y m m e t r i c  
p o s i t i v e  s e m i d e f i n i t e  s o l u t i o n  X  i f  a n d  o n l y  i f  t h e  p a i r  ( , )A B  i s  
s t a b i l i z a b l e  a n d  t h e  a s s o c i a t e d  H a m i l t o n i a n  m a t r i x  

  
1 T

T

A BR BH Q A
− −=  − − 

 

 
h a s  n o  p u r e  i m a g i n a r y  e i g e n v a l u e s . 

T h e  a l g e b r a i c  R i c c a t i  e q u a t i o n s  p l a y  a l s o  i m p o r t a n t  r o l e  i n  
s t a t e -s p a c e  s o l u t i o n  o f  H∞

 a n d  i n  r o b u s t  c o n t r o l  p r o b l e m . 
I n  t h e  l i t e r a t u r e  [ 2 ]  t h e r e  e x i s t  m a n y  c o m p u t a t i o n a l  m e t h o d s  f o r  

s o l v i n g  t h e  a l g e b r a i c  R i c c a t i  e q u a t i o n s ,  f o r  e x a m p l e ,  t h e  
e i g e n v e c t o r  m e t h o d s ,  t h e  S c h u r  m e t h o d s ,  t h e  i n v e r s e -f r e e  
g e n e r a l i z e d  m e t h o d s ,  t h e  N e w t o n ’ s  m e t h o d s ,  t h e  m a t r i x  s i g n  
f u n c t i o n  m e t h o d s ,  e t c . 

A n  i n t e r e s t i n g  c o m p a r i s o n  o f  t h e  c o m p u t a t i o n a l  m e t h o d  i s  
g i v e n  i n  [ 2 ] . 
 
5. C o n c l u d i n g  r e m a r k s  
 

A n  o v e r v i e w  o f  t h e  L y a p u n o v ,  S y l v e s t e r  a n d  R i c c a t i  e q u a t i o n s  
h a s  b e e n  p r e s e n t e d . A  s p e c i a l  a t t e n t i o n  h a s  b e e n  f o c u s e d  o n  t h e  
r e l a t i o n s h i p  b e t w e e n  t h e  e q u a t i o n s  a n d  t h e i r  a p p l i c a t i o n s  i n  
c o n t r o l  s y s t e m s  t h e o r y . I t  h a s  b e e n  s h o w n  t h a t  t h e  d i f f e r e n t i a l  
S y l v e s t e r  e q u a t i o n  p l i e s  t h e  c r u c i a l  r o l e  i n  t h e  d e v e l o p m e n t  o f  t h e  
t h e o r y  o f  t h e  L y a p u n o v  s y s t e m s . T h e  w e l l -k n o w n  c l a s s i c a l  
C a y l e y -H a m i l t o n  t h e o r e m  h a s  b e e n  e x t e n d e d  f o r  t h e  l i n e a r  t i m e -
v a r y i n g  L y a p u n o v  s y s t e m s . I n  t h i s  p a p e r  t h e  l i n e a r  c o n t i n u o u s -
t i m e  s y s t e m s  h a s  b e e n  o n l y  c o n s i d e r e d . W i t h  s l i g h t  m o d i f i c a t i o n  
t h e  c o n s i d e r a t i o n s  c a n  b e  a l s o  e x t e n d e d  f o r  d i s c r e t e -t i m e  l i n e a r  
s y s t e m s . 
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