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A b s t r a c t  
 

I n t h e  p a p e r m e t h od s  f or d e c ou p li ng  of  d y na m i c  m u lt i va ri a b le  s y s t e m s  a re  
p re s e nt e d . T h e re  i s  d i s c u s s e d  b ot h  s t a t i c  a nd  d y na m i c  d e c ou p li ng  of  
s y s t e m s  f or op e n-loop  c ont rol. T h e  d e s i g ne d  e le m e nt s  of  t h e  s y s t e m  
p rovi d e s  e li m i na t i on of  i nt e ra c t i ons  b e t w e e n s p e c i f i c  p la nt s  i np u t s  a nd  
ou t p u t s  i n a  s t e a d y  a nd  t ra ns i t i on s t a t e  re s p e c t i ve ly . R e s u lt s  of  
c ons i d e ra t i ons  a re  i llu s t ra t e d  b y  a  nu m e ri c a l e x a m p le .  
 
K e y w o r d s :  m u lt i va ri a b le  s y s t e m s , s t a t i c  d e c ou p li ng , d y na m i c  d e c ou p li ng , 
s t a b i li t y . 
 O o d sp r z ę g aniu  l inio wy c h  u k ład ó w d y nam ic z ny c h  M I M O z  z ap ewnieniem  stab il no ś c i 

 
S t r e s z c z e n i e  

 
W  a rt y k u le  om a w i a  s i ę  s p os ob y  od s p rz ę g a ni a  d y na m i c z ny c h  
w i e low y m i a row y c h  u k ł a d ó w  li ni ow y c h  d o c e ló w  s t e row a ni a  ni m i   
w  ot w a rt e j  p ę t li . R oz w a ż a  s i ę  z a ró w no od s p rz ę g a ni e  s t a t y c z ne  e li m i nu j ą c e  
i nt e ra k c j e  m i ę d z y  p os z c z e g ó lny m i  w y j ś c i a m i  ob i e k t u  w  s t a na c h  
u s t a lony c h  j a k  i  od s p rz ę g a ni e  d y na m i c z ne  p oz w a la j ą c e  na  e li m i na c j ę  t y c h  
od d z i a ł y w a ń  ró w ni e ż  w  s t a na c h  p rz e j ś c i ow y c h . R oz w a ż a ni a  z i lu s t row a no 
p rz y k ł a d e m  ob li c z e ni ow y m . 
 
S ł o w a  k l u c z o w e :  u k ł a d y  w i e low y m i a row e  M I M O , od s p rz ę g a ni e  s t a t y c z ne , 
od s p rz ę g a ni e  d y na m i c z ne , s t a b i lnoś ć . 
 1 .  I ntr o d u c tio n 

 
A  c h a r a c t e r i s t i c  f e a t u r e  o f  m u l t i -i n p u t  m u l t i -o u t p u t  (M I M O ) 

d y n a m i c a l  s y s t e m s , w h i c h  d i f f e r s  t h e m  f r o m  s i n g l e -i n p u t  s i n g l e -
o u t p u t  (S I S O ) s y s t e m s  i s  c o u p l i n g  o f  t h e i r  i n p u t s  a n d  o u t p u t s . I t  
m e a n s  t h a t  e a c h  i n p u t  (c o n t r o l  s i g n a l ) m a y  a f f e c t  m a n y  o f  t h e i r  
o u t p u t s  (c o n t r o l l e d  s i g n a l s ) a t  t h e  s a m e  t i m e . S u c h  i n t e r a c t i o n s  c a n  
b e  i n c o n v e n i e n t  i n  d e s i g n i n g  m u l t i v a r i a b l e  c o n t r o l  s y s t e m , a s  w e l l  
a s  m a y  c a u s e  s e r i o u s  d i f f i c u l t i e s  d u r i n g  t h e  c o n t r o l  o f  s u c h  
s y s t e m s , e s p e c i a l l y , i n  o p e n -l o o p  c o n t r o l  s y s t e m s  b e c a u s e  a p a r t  
f r o m  t h e  e x p e c t e d  (d e s i r a b l e ) i n f l u e n c e  o f  t h e  c h o s e n  i n p u t  s i g n a l s  
t o  t h e  s p e c i f i e d  o u t p u t  s y s t e m  s i g n a l s , a n  a d d i t i o n a l  u n d e s i r a b l e  
i n t e r a c t i o n s  m a y  o c c u r . T h u s  e l i m i n a t i o n  o r  a t  l e a s t  r e d u c t i o n  o f  
s u c h  u n d e s i r a b l e  i n t e r a c t i o n s  i n  M I M O  s y s t e m  i s  a  p r o b l e m  o f   
a  g r e a t  p r a c t i c a l  a n d  t h e o r e t i c a l  i m p o r t a n c e . 

F o r  d y n a m i c  s y s t e m s  t h e  a b o v e  m e n t i o n e d  r e q u i r e m e n t s  m a y  
c o n c e r n  t h e  i n t e r a c t i o n s  b e t w e e n  s i g n a l s  b o t h  i n  a  s t e a d y  s t a t e  a n d  
t r a n s i t i o n  s t a t e s . E l i m i n a t i o n  o f  s u c h  u n d e s i r a b l e  i n t e r a c t i o n s  o n l y  
f o r  s t e a d y  s t a t e s  o f  t h e  s y s t e m  i s  c a l l e d  static decoupling, w h e r e a s  
e l i m i n a t i o n  o f  t h e s e  i n t e r a c t i o n s  i n  t r a n s i t i o n  s t a t e s  i s  c a l l e d  
dy nam ic decoupling. 
 2 .  T h e p l ant d esc r ip tio ns 

 
W e  c o n s i d e r  a  c o n t r o l l a b l e  a n d  o b s e r v a b l e  l i n e a r  m u l t i v a r i a b l e  

d y n a m i c  L T I  s y s t e m s  (c o n t i n u o u s  o r  d i s c r e t e -t i m e ) d e s c r i b e d  b y  
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t h e  s t a t e  a n d  o u t p u t  e q u a t i o n s  
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w h e r e  ( ) nR⋅ ∈x , ( ) mR⋅ ∈u  a n d  ( ) lR⋅ ∈y  a r e  t h e  s t a t e , i n p u t  a n d  
o u t p u t  v e c t o r s  r e s p e c t i v e l y , w i t h  t h e  m a t r i c e s  n n×∈A � , 

n m×∈B � , l n×∈C �  a n d  l m×∈D �  w h e r e  m l≥ . I n  a  p o l y n o m i a l  
a p p r o a c h  t h e  s y s t e m s  a r e  d e s c r i b e d  b y  l m×  r a t i o n a l  (p r o p e r ) 
t r a n s f e r  m a t r i c e s  ( )⋅T  o f  f u l l  r a n k  l : 
 

1 1
1 1( ) ( ) ( ) ( )ns s s s− −= − + =T C I A B D B A  

 
o r   

1 1
1 1( ) ( ) ( ) ( ).nz z z z

− −= − + =T C I A B D B A         (2 ) 
 
W e  a s s u m e  t h a t  p o l y n o m i a l  m a t r i c e s  1( ) [ ]m m×⋅ ∈ ⋅A �  a n d  
1( ) [ ]l m×⋅ ∈ ⋅B �  a r e  r e l a t i v e l y  r i g h t  p r i m e  (r.r.p.) w i t h  1( )⋅A  c o l u m n -

r e d u c e d  a n d  t h e y  s a t i s f y  t h e  c o n d i t i o n s  1 1deg ( ) deg ( ) ,ci ci id⋅ ≤ ⋅ =B A  
1,2,...,i m= . 
F o l l o w i n g  t h e  t h e o r e m  g i v e n  b y  [ 1 ]  a n d  r e s u l t s  g i v e n  i n  

n u m e r o u s  a f t e r w a r d  p a p e r s , w e  h a v e  a s s u m e d  (f o r  d y n a m i c  
d e c o u p l i n g ) t h a t  t h e  s y s t e m  t o  b e  d e c o u p l e d  s h o u l d  b e  d e s c r i b e d  
b y  i n v e r t i b l e  o r  r i g h t -i n v e r t i b l e  t r a n s f e r  m a t r i c e s  ( )⋅T  w i t h  m l≥ , 
( i .e . o f  f u l l  n o r m a l  ( )rank l⋅ =T ). T h e n  i t  i s  p o s s i b l e  t o  f i n d  a  
p r o p e r  t r a n s f e r  m a t r i x  ( )c ⋅T  o f  d i m e n s i o n  m l× , s u c h  t h a t  
( ) ( ) ( )c d⋅ ⋅ = ⋅T T T  w h e r e  ( )d ⋅T  i s  n o n s i n g u l a r , d i a g o n a l  (o r  b l o c k  

d i a g o n a l ) r a t i o n a l  t r a n s f e r  m a t r i x . F o r  s t a t i c  d e c o u p l i n g , s y s t e m s  
t o  b e  d e c o u p l e d  m a y  h a v e  a n y  n u m b e r  o f  i n p u t s  m  a n d  o u t p u t s  l , 
b u t  s h o u l d  b e  d e s c r i b e d  b y  t h e  t r a n s f e r  m a t r i c e s  ( )⋅T  o f  f u l l  r a n k  
b e i n g  e q u a l  t o  m  o r  l  ( i .e . t h e y  c a n  b e  e i t h e r  i n v e r t i b l e  o r  r i g h t -
i n v e r t i b l e  a s  w e l l  a s  l e f t -i n v e r t i b l e ). 

 
3. M e t h o d s  o f  d e c o u p l i n g  o f  M I M O  s y s t e m s  
 

D e p e n d i n g  o n  r e q u i r e m e n t s  i m p o s e d  o n  a  s y s t e m , o n e  m a y  
d e s i g n  t h e  s y s t e m  (s t a t i c a l l y  o r  d y n a m i c a l l y  d e c o u p l e d ) f o r  
m a n u a l  c o n t r o l  o r  a s  a  d y n a m i c a l l y  d e c o u p l e d  p a r t  o f  t h e  
a u t o m a t i c  c o n t r o l  s y s t e m  (r e g u l a t i o n  s y s t e m ). 

I n  t h e  f i r s t  c a s e , t h e  s y s t e m  b e i n g  d y n a m i c a l l y  (b l o c k  o r  
d i a g o n a l ) d e c o u p l e d  s t a n d a l o n e  s h o u l d  a l s o  b e  i n t e r n a l l y  s t a b l e  
a n d  i n t e r n a l l y  p r o p e r  (p h y s i c a l l y  r e a l i z a b l e ). I n  t h e  s e c o n d  
s i t u a t i o n , w h e n  t h e  d y n a m i c a l l y  d e c o u p l e d  s y s t e m  w i l l  b e  a  p a r t  o f  
a  c o m p o s e d  (m u l t i l o o p ) c o n t r o l  s y s t e m  o n l y  – i t  m a y  b e , f o r  
e x a m p l e , a  p a r t  o f  a  m u l t i p u r p o s e  c o n t r o l  s y s t e m s  M C S  – i t  d o e s  
n o t  h a v e  t o  b e  s t a b l e . I t  w i l l  s u f f i c e , a f t e r  d e c o u p l i n g , t h e  s y s t e m  
w i l l  b e  c o n t r o l l a b l e  a n d  o b s e r v a b l e , i .e . d o  n o t  c o n s i s t  a n y  
u n s t a b l e  u n c o n t r o l l a b l e  a n d / o r  u n o b s e r v a b l e  “ h i d d e n ”  m o d e s . 
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Since static decoupling of MIMO dy nam ic sy stem s concer n 
th eir  steady -state pr oper ties, static decoupled sy stem s m ust b e 
stab le ( inter nally  stab le) in any  case. A dditional r eq uir em ents m ay  
concer n dy nam ical pr oper ties of such  decoupled sy stem  in  
a tr ansition ph ase of its b eh av ior . It can b e noted th at any  
m ultiv ar iab le contr ol sy stem  w h ich  guar antees z er o steady -state 
er r or s is a static decoupled one. 
 
3.1. S t a t i c  d e c o u p l i n g  
 

F or  static decoupling of stab le MIMO sy stem s it is enough  to 
use a static feedfor w ar d com pensator  ( static precompensator) 

m l×∈G �  included in th e input ( )⋅u  of a sy stem , such  th at  
 

 
P l=K G I                            ( 3 ) 

 
for  a case w h en m l≥ . If m l<  a static postcompensator 

m l×∈G �  adj oined to th e output ( )⋅y  of a sy stem  such  th at 
 

 
P m=GK I ,                           ( 4 ) 

 
m ay  b e used. In th ese eq uations l m

P
×∈K �  is th e “ gain”  m atr ix  of 

a sy stem  ( 1 ) defined b y  
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for  continuous sy stem s and 
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for  discr ete-tim e sy stem s, r espectiv ely . If th e MF D  for m s ( 2 ) ar e 
used as a plant descr iption th ese gain m atr ices can b e calculated 
fr om  r elationsh ips 
 

 
00

1 1
1 1 2 2 ||( ) ( )  or  [ ( ) ( )]

s
s

P Ps s s s
=

=

− − = = K B A K A B         ( 7 ) 
 
for  continuous and 
 

 
11

1 1
1 1 2 2 ||( ) ( )  or [ ( ) ( )]

z
z

P Pz z z z
=

=

− − = = K B A K A B         ( 8 ) 
 
for  discr ete-tim e sy stem s, r espectiv ely  [ 2 ] . 

T o ob tain th e m atr ix  m l×∈G �  for  static precompensator th e 
eq . ( 3 ) sh ould b e solv ed. F or  sy stem s w ith  th e sam e num b er  of 
outputs and inputs ( m l= ), it is defined sim ply  b y  inv er sion 

1
P
−K  ( if nonsingular ), i. e.  1

P
−

=G K . If m l>  pseudoinv er se 
oper ations of m atr ices in ter m s of ( 7 ) and ( 8 ) m ust b e used to 
ob tain 

 
 # #

1 1 2 2[ (0) (0)] or  [ (0) (0)]= =G A B G B A                  ( 9 ) 
 
and 

 # #
1 1 2 2[ (1) (1)] or  [ (1) (1)]= =G A B G B A               ( 1 0 ) 

 
r espectiv ely , w h er e #

1 ( )⋅B  and #
2 ( )⋅B  denote pseudoinv er sion of 

m atr ices 1( )⋅B  and 2 ( )⋅B . T h e sam e r elationsh ips ar e also tr ue for  
static postcompensators m l×∈G �  appended to th e sy stem  output 
( )⋅y  to pr oduce an “ ex ter nal”  signal v ector  ( ) ( )⋅ = ⋅z Gy , if th e 

sy stem  to b e decoupled h as less inputs m  th an outputs l  ( m l< ). 
T h ey  follow  dir ectly  fr om  solution of th e eq . ( 4 ). 
W h en a decoupled MIMO sy stem  is unstab le it sh ould b e 

stab iliz ed b efor e its decoupling. If th e state v ector  ( )⋅x  of  
a decoupled sy stem  is accessib le for  m easur em ent, one can apply  
 

linear  state v ar iab le feedb ack  defined ( l . s. v . f . ) b y  ( static) m atr ix  
m n×∈F �  to ob tain ( stab le) tr ansfer  m atr ices  

 
( )( ) 1 1

1 1( ) ( ) ( ),F ns s s s=
− −= − − + +T C DF I A BF B D B C  ( 1 1 ) 

 
for  continuous-tim e and 

 
( )( ) 1 1

1 1( ) ( ) ( )F nz z z z=
− −= − − + +T C DF I A BF B D B C  ( 1 2 ) 

 
for  discr ete-tim e sy stem s, r espectiv ely , w h er e 1( ) [ ]m m×⋅ ∈ ⋅C �  is 
stab le ( H ur w itz  or  Sch ur ) poly nom ial m atr ix . T h en using static 
precompensators m l×∈G �  giv en b y  
 

 1
1 1[ (0) (0)]−
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for  continuous-tim e and 
 

 1
1 1[ (1) (1)]−

=G C B                               ( 1 4 ) 
 
for  discr ete-tim e sy stem s w ith  th e sam e num b er  of inputs and 
outputs m l= , as w ell as b y  
 

 #
1 1[ (0) (0)]=G C B                               ( 1 5 ) 

 
and 

 #
1 1[ (1) (1)]=G C B                              ( 1 6 ) 

 
for  sy stem s w ith  m l> , w e get static decoupled sy stem s w h ich  
satisfy  th e conditions 
 

 
0|[ ( ) ]

sF ls
=

=T G I  (
1|[ ( ) ]

zF lz
=

=T G I , r espectiv ely )      ( 1 7 ) 
 
T h is is th e m ost efficient m eth od for  static decoupling b y  using 

l.s.v.f. togeth er  w ith  st a t i c  p r e c o m p e n sa t o r s w h en plant state 
v ector  is accessib le for  m easur em ent. T h e sam e r elationsh ips ar e 
also tr ue for  st a t i c  p o st c o m p e n sa t o r s m l×∈G �  appended to th e 
sy stem  output ( )⋅y  after  its stab iliz ing. 

W h en a state v ector  of th e sy stem  to b e decoupled is not 
accessib le ( or  contam inated b y  stoch astic distur b ances lik e w h ite 
G aussian noise), th en eith er  a L uenb er ger  ob ser v er  ( full or  
r educed or der ) or  K alm an filter  is to b e applied in ( L Q / L Q G  or  
m odal) com pensator s ( contr oller s) designed. T h e feedb ack  m atr ix  

m n×∈F �  is included th en into th e str uctur e of th at ob ser v er  or  
K alm an filter  as an output m atr ix  of th eir  “ standar d”  state space 
r ealiz ation ( using a copy  of th e state space plant descr iption) [ 3 ] . 

T h ese ( optim al or  m odal) com pensator s can also b e designed in 
s∈� ( or  z∈� ) dom ain in th e for m  of r elativ ely  left pr im e ( l.r .p .) 
MF D  of ( pr oper ) tr ansfer  m atr ices 1

2 2( ) ( )−

⋅ ⋅M N  ob tained fr om  th e 
m inim al degr ee solution of th e unilater al ( left-side) poly nom ial 
m atr ix  eq uation  

 
 

2 1 2 1 1( ) ( ) ( ) ( ) ( ) ( )⋅ ⋅ + ⋅ ⋅ = ⋅ ⋅N B M A Q C              ( 1 8 ) 
 
w h er e ( ) [ ]m m×⋅ ∈ ⋅Q �  is a stab le ( H ur w itz  or  Sch ur ) denom inator  
m atr ix  of th e ob ser v er  or  K alm an filter . A fter  apply ing so ob tained 
com pensator s as a contr oller s in a classic feedb ack  str uctur e 
pr esented in F ig. 1 , w e get th e tr ansfer  m atr ix  for  ( stab le) closed-
loop sy stem  b etw een th e signals ( )o ⋅u  and ( )⋅y  in th e for m  
 

[ ] 1
1 2 1 2 1 2

1 1
1 1 2

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

o

−

− −

⋅ = ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ =

= ⋅ ⋅ ⋅ ⋅

yuT B M A N B M
B C Q M        

( 1 9 ) 
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F i g .  1 .   F e e d b a c k  c o n t r o l  s y s t e m  s t r u c t u r e  w i t h  d y n a m i c  c o m p e n s a t o r  i n  s∈�  o r  

z∈�  d o m a i n s  
R y s .  1 .   K l a s y c z n a  s t r u k t u r a  w i e l o w y m i a r o w e g o  u k ł a d u  s t e r o w a n i a  z  d y n a m i c z n y m  

s p r z ę ż e n i e m  z w r o t n y m  w  d z i e d z i n a c h  o p e r a t o r o w y c h  
 
F o r  p l a n t s  w i t h  t h e  s a m e  n u m b e r  o f  i n p u t s  a n d  o u t p u t s  m l= , 

t h e  static p r e co m p e n sato r  m l×∈G �  i s  g i v e n  b y   
 

| |0 0

| |0 0

1 1 1 1
1 2 2 1

1 1 1
1 1 2 2

[ ( ) ( ) ( )] [ ( ) ( ) ( )]
[ ( ) ( )] [ ( ) ( )]

s s

s s
P R

s s s s s s

s s s s

∆ ∆
= =

= =

− − − −

− − −

= = =

= + = +

G B M M B

A B M N K K
 (2 0 ) 

 
f o r  c o n t i n u o u s  s y s t e m s  a n d   
 

| |1 1

| |1 1

1 1 1 1
1 2 2 1

1 1 1
1 1 2 2

[ ( ) ( ) ( )] [ ( ) ( ) ( )]
[ ( ) ( )] [ ( ) ( )]

z z

z z
P R

z z z z z z

z z z z

∆ ∆
= =

= =

− − − −

− − −

= = =

= + = +

G B M M B

A B M N K K
  (2 1) 

 
f o r  d i s c r e t e -t i m e  s y s t e m s  r e s p e c t i v e l y , c a n  b e  u s e d  f o r  s t a t i c  
d e c o u p l i n g  o f  t h e m .  
I f  t h e  n u m b e r  o f  p l a n t  i n p u t s  m  i s  g r e a t e r  t h a n  t h e  n u m b e r  o f  

i t s  o u t p u t s  l  (m l> ), t h e n  t h e  r i g h t  p s e u d o i n v e r s i o n  #
1 ( )⋅B  o f  t h e  

n u m e r a t o r  m a t r i x  1( )⋅B  s h o u l d  b e  a p p l i e d . 
T h e  m l

R
×∈K �  a n d  l m

P
×∈K �  i n  a b o v e  p r e s e n t e d  r e l a t i o n s h i p s  

a r e  t h e  „ g a i n ”  m a t r i c e s  o f  t h e  c o n t r o l l e r  1
2 2( ) ( )−

⋅ ⋅M N  a n d  t h e  p l a n t  
1

1 1( ) ( )−

⋅ ⋅B A , r e s p e c t i v e l y .  
T h e  s t a t i c  precompensators m l×∈G �  d e f i n e d  b y  t h e  e q s . (2 0 ) 

a n d  (2 1) d e c o u p l e  t h o s e  (s t a b i l i z e d ) s y s t e m s , w h i c h  i n  s t e a d y -s t a t e  
s a t i s f y  t h e  c o n d i t i o n s  
 

0|[ ( ) ]
o s ls

=

=yuT G I  (
1|[ ( ) ]

o z lz
=

=yuT G I , r e s p e c t i v e l y )       (2 2 ) 
 
f o r  a  c a s e  w h e n  m l≥ . I f  t h e  s y s t e m  t o  b e  d e c o u p l e d  h a s  t h e  
n u m b e r  o f  i n p u t s  m  l e s s  t h a n  o u t p u t s  l  (m l< ) t h e n  s t a t i c  
postcompensators m l×∈G �  a p p e n d e d  t o  t h e  s y s t e m  o u t p u t  ( )⋅y  
a n d  d e f i n e d  b y  t h e  s a m e  r e l a t i o n s h i p s  (2 0 ) – (2 1) c a n  b e  u s e d  t o  
s a t i s f y  t h e  c o n d i t i o n  
 

0|[ ( )]
o s ms

=

=yuGT I  (
1|[ ( )]

o z mz
=

=yuGT I , r e s p e c t i v e l y )      (2 3 ) 
 
T h e s e  postcompensators d e c o u p l e  l e f t -i n v e r t i b l e  s y s t e m s  i n  

s t e a d y -s t a t e  b e t w e e n  t h e  i n p u t  v e c t o r  s i g n a l  ( ) mR⋅ ∈u  a n d  
“ e x t e r n a l ”  s i g n a l  v e c t o r  ( ) mR⋅ ∈z . 
 
3.2. D y n a m i c  d e c o u p l i n g  
 

A  g e n e r a l  r e q u i r e m e n t  f o r  t h e  d y n a m i c  d e c o u p l i n g  o f   
a  m u l t i v a r i a b l e  s y s t e m  w i t h  m  i n p u t s  a n d  l  o u t p u t s  i s  t o  l e a d  t h e  
s y s t e m  t o  t h e  s i t u a t i o n  w h e n  s o m e  s p e c i f i c  g r o u p  o f  i n p u t s  a f f e c t s  
o n l y  a  s p e c i f i c  g r o u p  o f  o u t p u t s  a n d  a l l  o t h e r  i n t e r a c t i o n s  b e t w e e n  
t h e s e  i n p u t  a n d  o u t p u t  g r o u p s  a r e  e l i m i n a t e d . I t  i s  c a l l e d  d y nami c 
b l ock  d ecou pl i ng . 

I f  t h e  g o a l  o f  t h e  d e c o u p l i n g  i s  t o  c r e a t e  s e p a r a b l e  p a i r s  o f  
s i g n a l s  w i t h  o n e  i n p u t  t o  o n e  o u t p u t  t h e n  t h e  d e c o u p l i n g  i s  c a l l e d  
d i ag onal  d y nami c d ecou pl i ng  o r  row -b y -row  d ecou pl i ng . I t  i s  t h e  
m o s t  r i g o r o u s  b u t  t h e  m o s t  t y p i c a l  g o a l  f o r  d y n a m i c  M I M O  
s y s t e m s , w h e r e  o n e  i n p u t  o f  t h e  c o n t r o l  s y s t e m  a f f e c t s  o n l y  o n e  o f  
i t s  o u t p u t s , b o t h  i n  a  t r a n s i t i o n  a n d  s t e a d y  s t a t e  o f  t h e  s y s t e m . 

L e t  
1 2, , . . . , kl l l  a n d  1 2, ,..., kp p p  b e  t h e  s e t s  o f  p o s i t i v e  i n t e g e r s  

w h i c h  s a t i s f y  t h e  c o n d i t i o n  
 

 
1

k

i
i
l l

=

=∑    a n d    
1

k

i
i
p p

=

=∑ ,                     (2 4 ) 
 
f o r  w h i c h  t h e  o u t p u t  v e c t o r  ( )⋅ ∈y lR  o f  t h e  d e c o u p l e d  s y s t e m  a n d  
t h e  v e c t o r  o f  e x o g e n o u s  s i g n a l s  ( )⋅ ∈q pR  h a v e  t h e  f o r m  
 

TT T T
1 i k( ) ( ) ... ( ) ... ( ) ,  ( ) il

i R ⋅ = ⋅ ⋅ ⋅ ⋅ ∈ y y y y y  
 
a n d   

TT T T
1 i k( ) ( ) ... ( ) ... ( ) ,  ( ) .ipi R ⋅ = ⋅ ⋅ ⋅ ⋅ ∈ q q q q q             (2 5 ) 

 
T h e  g o a l  o f  a  (b l o c k ) d y n a m i c  d e c o u p l i n g  o f  a  l i n e a r  d y n a m i c  

M I M O  s y s t e m  w i t h  i n p u t s  ∈u
mR  a n d  o u t p u t s  ∈y lR  i n  s∈�  

(o r  z∈� , r e s p e c t i v e l y ) b y  a  r a t i o n a l  t r a n s f e r  m a t r i x  ( )⋅T  l m× , i s  
t o  c r e a t e  a  s y s t e m  w i t h  i n p u t s  ∈q pR  a n d  o u t p u t s  ∈y lR , 
d e s c r i b e d  b y  d i a g o n a l  t r a n s f e r  m a t r i x  ( ) [ ( )]d iidiag⋅ = ⋅T T , w h e r e  
( )ii ⋅T , 1,2,...,i k=  a r e  n o n s i n g u l a r  t r a n s f e r  m a t r i c e s  o f  d i m e n s i o n s  

i il p× ;  k  i s  a  n u m b e r  o f  g r o u p s  (b l o c k s ) i n t o  w h i c h  s i g n a l s  q  a n d  
y  a r e  p a r t i t i o n e d . I n  a  b l o c k  d e c o u p l i n g  i t  i s  p o s s i b l e  t o  t a k e  a n  
e x o g e n o u s  v e c t o r  ∈q pR  e i t h e r  a s  p m=  o r  p l= . I n  t h e  c a s e  o f  
d i a g o n a l  d e c o u p l i n g  1i il p= = , a n d  p l= . 

A  s p e c i a l  t y p e  o f  d y n a m i c  d e c o u p l i n g  i s  a  t r i a n g u l a r  d e c o u p l i n g  
w h e r e  i t  i s  r e q u i r e d  t h a t  e a c h  i -t h  i n p u t  c o n t r o l s  i -t h  o u t p u t  n o t  
a f f e c t i n g  a n y  j -t h  o u t p u t  f o r  j i> . T r i a n g u l a r  d e c o u p l i n g  i s  o f  
m i n o r  p r a c t i c a l  s i g n i f i c a n c e  a n d  i t  i s  e a s i e r  i n  r e a l i z a t i o n , s o  i t  w i l l  
n o t  b e  c o n s i d e r e d  i n  t h e  p a p e r . 

D y n a m i c  d e c o u p l i n g  m a y  b e  r e a l i z e d  i n  m a n y  d i f f e r e n t  w a y s , 
d e p e n d i n g  o n  t h e  s t r u c t u r e  o f  t h e  s y s t e m  t o  b e  d e c o u p l e d , 
r e q u i r e m e n t s  i m p o s e d  o n  a  s y s t e m  a f t e r  d e c o u p l i n g , t h e  m e t h o d  o f  
d e c o u p l i n g  a n d  t h e  f o r m s  o f  d e s c r i b i n g  s y s t e m s  i n  t i m e  o r  
f r e q u e n c y  d o m a i n  [ 4 -8 ] . 
 
3.2.1. D y n a m i c  d e c o u p l i n g  b y  o u t p u t  

f e e d b a c k  
 

D u e  t o  p o s s i b i l i t y  o f  m e a s u r i n g  o u t p u t s  o f  t h e  s y s t e m , o n e  o f  
t h e  m o s t  p o p u l a r  m e t h o d  o f  d y n a m i c  d e c o u p l i n g  i s  t h e  u s e  o f  t h e  
o u t p u t  f e e d b a c k . I t  m a y  b e  r e a l i z e d  b y  t h e  o u t p u t  f e e d b a c k  ( )⋅H  
t o g e t h e r  w i t h  an inp u t  d y nam ic  c o m p e ns at o r s  ( )⋅G  

 
 ( ) ( ) ( ) ( ) ( )⋅ = ⋅ ⋅ + ⋅ ⋅u H y G q ,                           (1) 

 
w h e r e  ( )⋅H  a n d  ( )⋅G  a r e  p r o p e r  t r a n s f e r  m a t r i c e s  i n  s∈� o r  
z∈� , r e s p e c t i v e l y . S p e c i a l  c a s e s  o f  s u c h  m e t h o d  o f  d e c o u p l i n g  
a r e  s i t u a t i o n s  w h e n  o n e  o r  b o t h  o f  t h e  m a t r i c e s  ( )⋅H  o r  ( )⋅G  a r e  
s t a t i c  (o f  z e r o  d e g r e e ). 

A  s p e c i a l  c a s e  o f  t h e  d e c o u p l i n g  b y  o u t p u t  f e e d b a c k  i s   
a  d y n a m i c  d e c o u p l i n g  i n  a n  u n i t y  o u t p u t  f e e d b a c k  s t r u c t u r e  [ 9 ] . 
S u c h  a  s y s t e m  h a s  t h e  s t r u c t u r e  o f  a  t y p i c a l  c o n t r o l  s y s t e m  (w i t h  
u nit y  o u t p u t  f e e d b ac k ), w h e r e  o n t o  i n p u t s  t o  t h e  p l a n t  d y n a m i c  
c o m p e n s a t o r s  a r e  p l a c e d . T h i s  a l l o w s  o n e  t o  a c h i e v e  
s i m u l t a n e o u s l y  d e c o u p l i n g  a n d  s t a b i l i z a t i o n  o f  t h e  c l o s e d -l o o p  
c o n t r o l  s y s t e m . 

F r o m  t h e  a n a l y s i s  o f  m a n y  p a p e r s  c o n c e r n i n g  d y n a m i c  
d e c o u p l i n g  i t  f o l l o w s  t h a t  t h e  i n n e r  s t a b i l i t y  a n d  p r o p e r t y  o f  t h e  
(p a r t s  o f ) d e c o u p l e d  s y s t e m s  b y  u s i n g  t h e  s t r u c t u r e  w i t h  o u t p u t  
f e e d b a c k , i s  n o t  s i m p l e  t o  e n s u r e  a n d  i n  m a n y  c a s e s  i s  s i m p l y  
i m p o s s i b l e . 

T h e  m o s t  o f  t h e  p r o p o s e d  m e t h o d s  a l l o w s  s o m e  f i x e d  p o l e s  t o  
e x i s t  i n  t h e  d e c o u p l e d  s y s t e m  w h i c h  c a n  r e s u l t  i n  t h e  s y s t e m  
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instability. Moreover, they are often confined to square plants with 
m inim um -phase transm ission z eros only. 
 
3.2.2. D y n a m i c  d e c o u p l i n g  b y  l .s .v .f . 
 

L inear state variable feedback  (l.s.v.f. )  usually tog ether with an 
input dynam ics ( d y n a m i c  fe e d fo r w a r d  c o m p e n sa t o r )  seem s to be 
the m ost effective way of decoupling . T he decoupling  law tak es 
here the following  form :  

 
 ( ) ( ) ( ) ( ) ( )⋅ = − ⋅ ⋅ + ⋅ ⋅u F x G q .                     (2 7 )  

 
O ne of the im posed requirem ents for the desig ned system  is its 

possibly the lowest rank . F rom  that point of view the best solution 
of the problem  is the use of static feedback  m atrices m nR ×∈F  and 

m pR ×∈G  (z ero deg ree) . 
H owever, decoupling  by static m atrices F  and G  apart of 

block  or diag onal decoupling  of the system  do not g uarantee 
achievem ent of m any other features im portant from  the practical 
point of view. N am ely, system s with only static feedback s can be 
unstable, which m ak es them  im practical for open-loop (m anual)  
control. T hey can also be unobservable and/ or uncontrollable 
(with unstable hidden parts)  which m eans that such decoupled 
system  cannot even be autom atically controlled, i .e . it cannot be  
a part of a m ultipurpose control system  [ 1 0 , 1 1 ] . 

I n the papers [ 1 2 , 1 3 ]  we have presented the alg orithm  (using   
a l.s.v.f. with d y n a m i c  p r e c o m p e n sa t o r )  for dynam ic decoupling  
MI MO  system s, which provides a decoupled (block  or diag onal)  
system  without any unstable uncontrollable and unobservable 
parts. T he decoupled rig ht-invertible or invertible plant (m l≥ )  
can be unstable, non-m inim um  phase or both. T he alg orithm  
ensures that the decoupled system  is always internally stable and 
internally proper (physically realiz able) . 

T he idea of the m ethod is as follows. B y using  the linear state 
variable feedback  along  with the dynam ic feedforward 

1( ) ( )s s−G L  presented in F ig . 2 , we decouple the system  between 
the sig nals q  and y  to obtain a block  diag onal transfer m atrix  

 
[ ] 1 1

1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )s s s s s s s s
− −

= − =yqT B G A F L N D  (2 8 )  
 
with 

( ) block diag[ ( ), 1, 2,..., ] [ ]l l
i is s i k R s ×= = ∈N N           (2 9 )  

 
and 

 ( ) block diag[ ( ), 1, 2,..., ] [ ]l l
i is s i k R s ×= = ∈D D .      (3 0 )  

 
 
 

  
F i g .  2 .   S t r u c t u r e  o f  t h e  d y n a m i c a l l y  d e c o u p l e d  s y s t e m  w i t h  a c c e s s i b l e  s t a t e  v e c t o r  

o f  t h e  p l a n t  
R y s .  2 .   S t r u k t u r a  d y n a m i c z n i e  o d s p r z ę ż o n e g o  u k ł a d u  z  d o s t ę p n y m  w e k t o r e m  s t a n u  

o b i e k t u  
 
T he alg orithm  starts with determ ination of the num erator m atrix  
( )sN  of the decoupled system  which is tak en as a block  diag onal 

m atrix  ( ) block diag[ ( ), 1, 2,..., ]iis s i k= =N N , where particular 
block s ( )ii sN  are g reat com m on left divisors of colum ns of i-th 
row-block  of 1( )sB  caused by the partition (2 5 )  

 

 
11

11

1

( )
( )( )
( )

i

k

s

ss

s

   =    

B

BB

B

�

�

.                              (3 1 )  

 
T hen 1( )sB  tak es the form  
 

 
1( ) ( ) ( )s s s=B N B .                (3 2 )  

 
N ex t steps of the alg orithm  allows us to calculate a feedforward 
1( ) ( )s s−G L  and the state vector feedback  m atrix  F . T he 

denom inator m atrix  ( )sD  is arbitrary set which g uarantees free 
location of all controllable and observable poles of the system , 
independently for each loop (block )  of the system . S om e 
unobservable and uncontrollable poles, if ex ist, are freely chosen 
in desig ning  of the system . T he alg orithm  provides also handling   
a situation when the plant has non-m inim um phase interconnection 
transitions z eros. T hen an additional dynam ic elem ent is added 
into inputs of the plant and finally m oved to a d y n a m ic  
f e e d f o rw a rd  c o m p e n s a t o r [ 1 2 , 1 3 ] . 

T he state vector ( )⋅x  of the decoupled system  is usually not 
accessible and/ or contam inated by stochastic disturbances. T hen 
either a L uenberg er observer (full or reduced order)  or K alm an filter 
has to be applied. T he feedback  m atrix  F (desig ned as if the state 
vector was accessible)  is then included in the structure of an observer 
or filter as an output m atrix  of its state space description [ 1 2 ] . 
 

4. A  n u m e r i c a l  e x a m p l e  
 
I n order to illustrate the above considerations the desig n 

procedure of system s to be m anually controlled for a m ultivariable 
dynam ical system  of rank  5n =  with 3m =  inputs and 2l =  
outputs described by the state and output equations (1 )  where 
appropriate m atrices tak e the form  

 
0 1 0 1 0
2 1 1 5 1
4 0 2 1 1
1 1 1 0 2
0 1 0 1 0

 − − =  − − − − − 
A ,   

0 0 0
1 0 3
0 1 0
1 0 1
0 2 0

  =   −  
B , 

 
1 0 2 0 1
0 1 0 0 0

− =   C ,   0 0 0
0 0 0
 =   D  

 
will be presented below. 

I n a polynom ial approach its transfer m atrix  ( )⋅T  is described 
by r. r. p .  polynom ial fraction 
 

12
1

1 1
2

1.25 5.5 3 10.75 44 0 4( ) ( ) ( ) 2 82 0 3 8 1.75 2.5 0 0.25 13
s s s

s s s s
s s

s s s

−

−

 − − − − −−   = = − −    − + − 
T B A

 

 
T he system  is unstable and has a non-m inim um phase 

transm ission z ero 
1 2.5os = , and its g ain m atrix  (7 )  has the form  

 
0 10.33(3) 6.66(6)
0 1 0P

− − = −  K  
 
S ince the system  is unstable, it has to be stabiliz ed by the 

feedback  to obtain (1 1 )  and statically decoupled afterwards. 
T ak ing  values for poles of the closed-loop system  as 
 

1,2 2.12180 0.53925s j= − ± ,   
3 3.11453s = −  

 
and  

4,5 2.58765 3.20271s j= − ±  
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we have set the matrix  
 

2

1
2

4.24361 4.79285 0 0
( ) 0 3.11453 0

0 0 5.17530 16.95326
s s

s s
s s

 + + = + + + 
C

 

 
whic h y iel d s the f eed b ac k  matrix  
 

11.237216 4.060902 9.140032 1.432706 6.070016
2.778 632 0 2.5 5 7265 0 0.278 632
3.98 8 315 0.7938 25 0.5 00000 2.5 438 25 0.25 0000

− − = −  − 
F

. 

 
T hen  the static precompensator G , whic h d ec o u p l es the 

sy stem, c al c u l ated  f ro m the eq . ( 1 5 )  is as f o l l o ws 
 

#
1 1

0.958569 0.479285
[ ( 0) ( 0) ] 0 0

0.847663 1 .6953 26
− − = =   − 

G C B . 

 
R esu l ts o f  simu l atio n  o f  su c h static al l y  d ec o u p l ed  sy stem are 

sho wn  in  F ig . 3 . T he simu l atio n  was d o n e with the assu mp tio n  o f  
n o n  z ero  in itial  c o n d itio n s o f  the state vec to r 

[ ](0) 1, 2,3, 4,5 T
= − −x . T he ref eren c e sig n al  was tak en  as 

0( ) ( )t t=q q 1  f o r 1o ( ) 10q t =  an d  2o ( ) 10q t = −  c han g ed  at the time 
1 10t s=  an d  1 20t s= , resp ec tivel y . 

 
 

  
F i g .  3 .   S t e p  r e s p o n s e s  o f  t h e  s t a t i c a l l y  d e c o u p l e d  s y s t e m  w i t h  a c c e s s i b l e  p l a n t  s t a t e  

v e c t o r  
R y s .  3 .   O d p o w i e d z i  s k o k o w e  s t a t y c z n i e  o d s p r z ę ż o n e g o  u k ł a d u  z  d o s t ę p n y m  

w e k t o r e m  s t a n u  
 
A ssu min g  the p l an t state vec to r is in ac c essib l e, the mo d al  

c o mp en sato r 1
2 2( ) ( )s s−M N  b ased  o n  a L u en b erg er o b server has 

b een  c al c u l ated . T ak in g  p o l es f o r the o b server as  
 

1 90.4579s = − , 
2 5.3220s = − , 

3 2.50874s = −  
 
an d   

4,5 5.08145 5.82653s j= − ±  
 
( in c l u d in g  the ab o ve p resen ted  matrix F )  we have o b tain ed  an  
u n stab l e c o mp en sato r with the “ g ain ”  matrix 
 

1
2 2

4.70133 2.38186
[ ( 0) ( 0) ] 1.9 3082 2.175 5 8

0.05 748 1.39 45 9R
−

− = = −  − − 
K M N  

 

S o  the static  p rec o mp en sato r f o r this sy stem has b een  g iven  as 
f o l l o ws 

#
1 1

3.801325 3.331855
[ ( 0) ( 0) ] 1.9 30824 1.17 557 7

0.207 4 83 0.1554 13R

− = + = −  − 
G A B K . 

 
R esu l ts o f  simu l atio n  o f  su c h d ec o u p l ed  sy stem are sho wn  in  

F ig . 4 . T he simu l atio n  was d o n e with the same ( n o n -z ero )  in itial  
c o n d itio n s [ ](0) 1, 2,3, 4,5 T

= − −x  f o r p l an t state vec to r an d  ( z ero )  
in itial  c o n d itio n s f o r state vec to r o f  the o b server. 

 
 

  
F i g .  4 .   S t e p  r e s p o n s e s  o f  t h e  s t a t i c a l l y  d e c o u p l e d  s y s t e m  w i t h  a n  i n a c c e s s i b l e  p l a n t  

s t a t e  v e c t o r  
R y s .  4 .   O d p o w i e d z i  s k o k o w e  s t a t y c z n i e  o d s p r z ę ż o n e g o  u k ł a d u  z  n i e d o s t ę p n y m  

w e k t o r e m  s t a n u  
 
T o  c o mp are the f eatu res o f  a static al l y  an d  d y n amic al l y  

d ec o u p l ed  sy stems the same p l an t has b een  assu med  to  b e 
d y n amic al l y  d ec o u p l ed  b y  u sin g  l.s.v.f. to g ether with a d y n amic  
f eed f o rward  c o mp en sato r. A l l  c al c u l atio n s have b een  p erf o rmed  
u sin g  the al g o rithm g iven  in  d etail s in  [ 1 2 ] . 

T ak in g  the c o n tro l l ab l e an d  o b servab l e p o l es 
 

1 , 2 2.12180 0.539 25s j= − ± , 3 3.11453s = −  
 
an d   

4,5 2.58765 3.20271s j= − ±  
 
an d  o n e u n c o n tro l l ab l e p o l e  

6 5s = −  
 
f o r the d y n amic  d ec o u p l ed  sy stem we o b tain  a f eed f o rward  
c o mp en sato r [ ]1

0( ) ( ) ( )s s s−G L L  with matric es 
 

25.8218 0.06096 1.5741 0.27039 6.9818
( ) 5.8629 1 21.4581

0.76448 16.9761 1
s s s

s
− − + − + =   − − 

G , 

  
0.20440 0.23235 0.18240 15.7306

( ) 0.24184 6.8303
0.20584 0.05888

s s
s

− − − =    
L  

 
an d  
 

0

0.20440 0.23235 0.18240 15.7306 0.09483 23.0204
( ) 0.24184 6.8303 1.555( 5)

0.20584 0.05888 26.4072
s s s

s
− − − − + =  −  

L
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and the state vector feedback matrix F  
 

181.9180 38.0063 37.4788 141.4452 18.4644
16.5539 4.7426 10.5962 1.1346 7.9577
0.1896 0.4011 1.1564 0.8021 0.7883

− − − = − − − −  − − − − 
F . 

 
T ransfer matrix of the sy stem 1( ) ( ) ( ) ( )yq d s s s−

⋅ = =T T N D  is 
final l y  described by  the matrices 

 
2.5 0( ) 0 2.5

s
s

s
− = −  N  

 
and 
 

3 2

2
7.3581 18.010 14.927 0( ) 0 5.1753 16 .953

s s s
s

s s

 + + +=  + + D . 

 
I ts g ain matrix has the form 

 
1

0
0.1675 0( ) ( ) 0 0.14 75d s

s s−

=

−  = =  −  K N D . 
 
I n order to obtain 2d =K I  the above mentioned ( )sL  has been 

p ostmu l tip l ied by  
 

1
0

5.9710 0( ) ( ) 0 6 .78 13s
s s−

=

−   =  −  D N  
 
w hich final l y  g ives 
 

1.2205 1.3874 1.2369 106.674
( ) 1.4440 46.3182

1.2291 0.39929
s s

s
+ − + = − −  − − 

L  

 
and  

5.9710( 2.5) 0( ) 0 6 .78 13 ( 2.5)
s

s
s

− − = − −  N . 
 
R esu l ts of simu l ation of su ch desig ned sy stem are show n in F ig . 5 .  
 
 

  
F i g .  5 .   S t e p  r e s p o n s e s  o f  t h e  d y n a m i c a l l y  d e c o u p l e d  s y s t e m  w i t h  a c c e s s i b l e  p l a n t  

s t a t e  v e c t o r  
R y s .  5 .   O d p o w i e d z i  s k o k o w e  d y n a m i c z n i e  o d s p r z ę ż o n e g o  u k ł a d u  z  d o s t ę p n y m  

w e k t o r e m  s t a n u  
 
S imu l ations w ere done w ith the same ( non-z ero)  initial  

conditions [ ](0) 1, 2,3, 4,5 T
= − −x  for p l ant state vector and ( z ero)  

initial  conditions for state vector of the dy namic feedforw ard 
comp ensator. S imil ar resu l ts may  have been obtained by  u sing  an 
observer or a K al man fil ter in the case w hen the state vector ( )tx  
is inaccessibl e and/ or noised. 
 
5. C o n c l u s i o n  
 

I n the p ap er p robl ems of static and dy namic decou p l ing  of 
l inear M I M O  dy namic sy stems have been p resented. T he 
al g orithms that may  be u sed to desig n a sy stem for op en-l oop  
control  ensu re stabil ity  and free assig nment of al l  p ol es of 
decou p l ed sy stems. I n su ch a sy stem w e achieve desired val u es 
for ou tp u ts 0( )⋅ →y y  w hen 0( )⋅ =q y  is g iven on external  inp u ts 
of this sy stem. T he p rop osed method for static decou p l ing  may  
be ap p l ied to sy stems w ith any  nu mber of inp u ts m  and ou tp u ts 
l  by  u sing  a static  p r e c o m p e n sato r  for m l≥  or static  
p o stc o m p e n sato r  for m l< ,  after the sy stems have been 
stabil iz ed. A l l  p resented methods p rovide internal  stabil ity  and 
internal  p rop erty  for both u nstabl e and non-minimu m p hase 
p rop er p l ants. R esu l ts of considerations are il l u strated by   
a nu merical  examp l e. 
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