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A b s t r a c t  
 

N ec es s a r y  a n d  s u f f i c i en t  c o n d i t i o n s  a r e es t a bl i s h ed  f o r  t h e p o s i t i v i t y  o f  
bi l i n ea r  d i s c r et e-t i m e s y s t em s  w i t h  d el a y s . S o l u t i o n s  t o  p o s i t i v e bi l i n ea r  
d i s c r et e-t i m e s y s t em s  a r e d er i v ed . T h e c o n t r o l l a bi l i t y  t o  z er o  o f  t h e 
bi l i n ea r  p o s i t i v e s y s t em s  w i t h  d el a y s  i s  a d d r es s ed . N ec es s a r y  a n d  
s u f f i c i en t  c o n d i t i o n s  f o r  t h e c o n t r o l l a bi l i t y  t o  z er o  o f  p o s i t i v e bi l i n ea r  
s y s t em s  w i t h  d el a y s  a r e f o r m u l a t ed  a n d  p r o v ed . T h e c o n s i d er a t i o n s  a r e 
i l l u s t r a t ed  by  ex a m p l es . 
 
K e y w o r d s :  bi l i n ea r  s y s t em ,  c o n t r o l l a bi l i t y ,  d el a y ,  d i s c r et e-t i m e,  p o s i t i v e 
s y s t em . 
 
Do dat ni e b i l i ni o w e uk ł ady  dy sk r et ne  
z o p ó ź ni eni am i  

 
S t r e s z c z e n i e  

 
Po d a n o  w a r u n k i  k o n i ec z n e i  w y s t a r c z a j ą c e d o d a t n o ś c i  bi l i n i o w y c h  
u k ł a d ó w  d y s k r et n y c h  z  o p ó ź n i en i a m i  w  w ek t o r z e s t a n u  i  w  w y m u s z en i u . 
Po d a n o  r ó w n i eż  m et o d ę  w y z n a c z a n i a  r o z w i ą z a n i a  t y c h  bi l i n i o w y c h  
u k ł a d ó w  d y s k r et n y c h  z  o p ó ź n i en i a m i . W y p r o w a d z o n o  w a r u n k i  k o n i ec z n e 
i  w y s t a r c z a j ą c e s t er o w a l n o ś c i  d o  z er a  t ej  k l a s y  u k ł a d ó w  d o d a t n i c h . 
R o z w i ą z a n i e o g ó l n e z o s t a ł o  z i l u s t r o w a n e p r z y k ł a d em  l i c z bo w y m . 
 
S ł o w a  k l u c z o w e :  bi l i n i o w o ś ć ,  s t er o w a l n o ś ć ,  o p ó ź n i en i e,  d o d a t n i  u k ł a d  
d y s k r et n y . 
 
1 .  I nt r o duc t i o n 
 
I n  p o s it iv e s y s t em s  in p u t s ,  s t at e v ar iab l es  an d  o u t p u t s  t ak e o n l y  

n o n -n eg at iv e v al u es . E x am p l es  o f  p o s it iv e s y s t em s  ar e in d u s t r ial  
p r o c es s es  in v o l v in g  c h em ic al  r eac t o r s ,  h eat  ex c h an g er s  an d  
d is t il l at io n  c o l u m n s ,  s t o r ag e s y s t em s ,  c o m p ar t m en t al  s y s t em s ,  
w at er  an d  at m o s p h er ic  p o l l u t io n  m o d el s . A  v ar iet y  o f  m o d el s  
h av in g  p o s it iv e l in ear  s y s t em s  b eh av io u r  c an  b e f o u n d  in  
en g in eer in g ,  m an ag em en t  s c ien c e,  ec o n o m ic s ,  s o c ial  s c ien c es ,  
b io l o g y  an d  m ed ic in e,  et c . 
P o s it iv e l in ear  s y s t em s  ar e d ef in ed  o n  c o n es  an d  n o t  o n  l in ear  

s p ac es . T h er ef o r e,  t h e t h eo r y  o f  p o s it iv e s y s t em s  is  m o r e 
c o m p l ic at ed  an d  l es s  ad v an c ed . A n  o v er v iew  o f  s t at e o f  t h e ar t  in  
p o s it iv e s y s t em s  t h eo r y  is  g iv en  in  t h e m o n o g r ap h s  [ 3 ,  4 ] . R ec en t  
d ev el o p m en t s  in  p o s it iv e s y s t em s  t h eo r y  an d  s o m e n ew  r es u l t s  ar e 
g iv en  in  [ 5 ] .  
T h e c o n t r o l l ab il it y  o f  b il in ear  d is c r et e-t im e s t an d ar d  

( n o n p o s it iv e)  s y s t em s  h as  b een  c o n s id er ed  in  t h e m o n o g r ap h  [ 7 ] . 
T h e c o n t r o l l ab il it y  o f  p o s it iv e c o n t in u o u s -t im e b il in ear  s y s t em s  

h as  b een  in v es t ig at ed  in  [ 1 ,  2 ,  8 ,  9 ] . N ec es s ar y  an d  s u f f ic ien t  
c o n d it io n s  f o r  t h e p o s it iv it y  o f  b il in ear  d is c r et e-t im e s y s t em s  an d  
f o r  t h e c o n t r o l l ab il it y  t o  z er o  an d  t h e r eac h ab il it y  o f  t h e s y s t em s  
h av e b een  es t ab l is h ed  in  [ 6 ] . 
I n  t h is  p ap er  t h e p o s iv it y ,  s o l u t io n s  an d  c o n t r o l l ab il it y  t o  z er o  o f  

p o s it iv e b il in ear  s y s t em s  w it h  d el ay s  w il l  b e ad d r es s ed . 
T o  t h e b es t  k n o w l ed g e o f  t h e au t h o r  t h e p o s it iv e b il in ear  

d is c r et e-t im e s y s t em s  w it h  d el ay s  h as  n o t  b een  c o n s id er ed  y et . 
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2 .  P o si t i v e b i l i near  sy st em s 
 

L et  mnR ×
+  b e t h e s et  o f  mn×  m at r ic es  w it h  r eal  n o n n eg at iv e 

en t r ies  an d  .

1×
++ =
nn RR  T h e s et  o f  n o n n eg at iv e in t eg er s  w il l  b e 

d en o t ed  b y  +Z  an d  t h e nn ×  id en t it y  m at r ix  b y  .nI  
C o n s id er  t h e d is c r et e-t im e b il in ear  s y s t em  d es c r ib ed  b y  t h e 

eq u at io n s  
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         ( 1 a)  
 

                         )()()( iDuiCxiy +=                              ( 1 b )  
 
w h er e ,)( nRix ∈  ,)( mRiu ∈  pRiy ∈)(  ar e t h e s t at e,  in p u t   
an d  o u t p u t  v ec t o r s ,  )(iu j  is  t h e j t h  c o m p o n en t  o f  )(iu  an d  

mpnpmnnn
j RDRCRBmjRBA ×××× ∈∈∈=∈ ,,,,...,1,, 0 . 

F o r  mjABB jj ,...,1, ==  t h e eq u at io n  ( 1 a)  t ak es  t h e f o r m  
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               ( 2 )    
 
Definition 1. T h e b il in ear  s y s t em  ( 1 )  is  c al l ed  ( in t er n al l y )  

p o s it iv e if  f o r  ev er y  nRx +∈)0(  an d  al l  in p u t s  
nm RixZiRiu +++ ∈∈∈ )(,,)(  an d  pRiy +∈)(  f o r  +∈ Zi . 

 
T h eor em  1. T h e b il in ear  s y s t em  ( 1 )  is  p o s it iv e if  an d  o n l y  if   
 

i)   mpnpmnnn RDRCRBRA ×
+

×
+

×
+

×
+ ∈∈∈∈ ,,, 0  

 
ii)  nn

j RAB ×
+∈  f o r  mj ,...,1=  

 
T h e p r o o f  is  g iv en  in  [ 6 ] . 
 
C or ol l a r y  1. I f  
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( 3 )  
  

t h en  t h e s y s t em  ( 1 )  is  p o s it iv e. 
 
C or ol l a r y  2 . F o r  t h e s y s t em  ( 2 )  t h e c o n d it io n  ii)  o f  T h eo r em  1  

t ak es  t h e f r o m  
       nn

j RB ×
+∈  f o r  mj ,...,1=                              ( 4 )  
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Definition 2. The bilinear positive system (1) is c alled  
c ontrollable to z ero in  n steps if  and  only if  there ex ists  
a seq u enc e of  inpu ts 1,...,1,0,)( −=∈ + niRiu m  su c h that 0)( =nx  
f or any nRx +∈)0( . 
 
T h eor em  2. The bilinear positive system (1) is c ontrollable to 

z ero in  n  steps if  and  only if  A   is a nilpotent matrix ,  i.e.  
 

                           0=
nA                                    (5 ) 

 
M oreover the seq u enc e  1,...,1,0,)( −=∈ + niRiu m  that steers 

the state of  the system to z ero has the f orm 
 

      0)( =iu  f or 1,...,1,0 −= ni                            (6 ) 
 
The proof  is g iven in [ 6 ]  

 
3. P o s i t i v e  b i l i n e a r  s y s t e m s  w i t h  d e l a y s  
 
C onsid er the d isc rete-time bilinear system w ith d elays 
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                      )()()( iDuiCxiy +=                              (7 b) 

 
w here ,)( nRix ∈  ,)( mRiu ∈  pRiy ∈)(  are the state,  inpu t and   
ou tpu t vec tors,  )(iu j  is the jth c omponent of  )(iu  and  

mpnpmnnn
jj RDRCRBBmjRBBAA ×××× ∈∈∈=∈ ,,,,,...,1,,,, 101010 . 

 
Definition 3. The bilinear system w ith d elays (7 ) is c alled  

(internally) positive if  f or every initial c ond ition 
mn RuRkx ++ ∈−∈ )1(,)(  and  all inpu ts nm RixZiRiu +++ ∈∈∈ )(,,)(  

and  pRiy +∈)(  f or +∈ Zi . 
 
T h eor em  3. The bilinear system w ith d elays (7 ) is positive if  

and  only if   
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P r oof. D ef ining  the new  vec tors 
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ix  

and  the matrix  


=
00
10 BB

B  and  u sing  (8 ) w e may w rite the 
eq u ations (7 ) in the f orm 
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 )(]0[)(]0[)( iuDixCiy +=                        (9 b) 

 
A pplying  the Theorem 1 to the system (9 ) w e obtain the 

c ond itions (8 ). 
 

4. S o l u t i o n s  o f  p o s i t i v e  b i l i n e a r  s y s t e m s   
w i t h  d e l a y s  

 
The solu tion to the eq u ation (7 a) f or the g iven initial c ond itions 
 

  nRkx ∈− )(  f or 1,0=k  and  mRu ∈− )1(             (10 ) 
 
c an be c ompu ted  in the f ollow ing  w ay. 
L et as d ef ined  nn

k RiT ×∈)(  f or 2,1,0=k  and  ,...1,0=i  as f ollow s 
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nIT =)0(0  and  ∑
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and  
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                                                                                      (13 ) 
)1()0()1(,0)0( 1022 −+== uBuBTT  

 
Theorem 4. The solu tion to (7 a) w ith (10 ) is g iven by 
  

        )()1()()0()()( 210 iTxiTxiTix +−+=                   (14 ) 
 

f or ,...1,0=i  
 
P roof . The proof  w ill be ac c omplished  by ind u c tion w ith 

respec t to  i. 
The hypothesis is tru e f or 1,0=i  sinc e f rom (14 ) f or 1=i  w e 

have 
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The same resu lt w e obtain f rom (7 a) f or 0=i . 
A ssu ming  that the hypothesis is tru e f or ki =  w e shall show  

that it is also valid  f or 1+= ki . 
F rom (14 ) and  (11)-(13 ) f or 1+= ki  w e have 
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T h e  p r o o f  h a s  b e e n  c o m p l e te d . 

 
5. C o n t r o l l a b i l i t y  t o  z e r o  o f  p o s i t i v e  b i l i n e a r  

s y s t e m s  w i t h  d e l a y s  
 

D e f i n i t i o n  4 . T h e  p o s i ti v e  b i l i n e a r  p o s i ti v e  s y s te m  w i th  d e l a y s  
( 7 )  i s  c a l l e d  c o n tr o l l a b l e  to  z e r o  i n   q s te p s  i f  a n d  o n l y  i f  th e r e  
e x i s ts  a  s e q u e n c e  o f  i n p u ts  mRiu +∈)(  f o r  1,...,1,0 −q  s u c h  th a t 

0)( =qx  f o r  a n y  0)1(,0,1,)( =−=∈ + ukRkx n . 
I n  f a r th e r  c o n s i d e r a ti o n s  th e  f o l l o w i n g  tw o  l e m m a s  w i l l  b e  

u s e d . 
 
L e m m a  1 .  I f  A h a s  th e  f o r m  ( 8 )  th e n  
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             ( 1 5 a )  

 
f o r  ,..3,2=k  
 
w h e r e  b y  d e f i n i ti o n  
 

   0
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0
11 , AAIA n ==  a n d  1

1
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0
12 ,0 AAA ==              ( 1 5 b )  

 
P r o o f . T h e  p r o o f  w i l l  b e  a c c o m p l i s h e d  b y  i n d u c ti o n  w i th  

r e s p e c t to   k. 
F r o m  ( 1 5 a )  f o r  2=k  w e  h a v e  
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T h e  s a m e  r e s u l t w e  o b ta i n  m u l ti p l y  A b y  A. T h u s ,  th e  

h y p o th e s i s  i s  tr u e  f o r  2=k . A s s u m i n g  th a t th e  h y p o th e s i s  i s  tr u e  
f o r  2≥i  w e  s h a l l  s h o w  th a t i t i s  a l s o  tr u e  f o r  1+i . U s i n g  ( 1 5 a )  w e  
o b ta i n  
 




=


 ++=





=
++

++−−

−−

+

1
22

1
21

1
12

1
11

1211

1
121120

1
111110

1
12

1
11

1211101

0 ii

ii

ii

iiii

ii

ii
i

AA
AA

AA
AAAAAAAA

AA
AA

I
AAA  

 
T h e r e f o r e ,  th e  h y p o th e s i s  i s  tr u e  f o r  ,..3,2=k     

I t i s  a s s u m e d  th a t th e  n i l p o te n t m a tr i c e s  1,0, =kAk  c a n  b e  
tr a n s f o r m e d  b y  th e  s i m i l a r i ty  to  th e  f o l l o w i n g  f o r m s  
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w h e r e  nnRP ×

+∈  i s  th e  p e r m u ta ti o n  m a tr i x  o b ta i n e d  f r o m  
nI  b y  

a n y  n u m b e r  o f  i n te r c h a n g e s  o f  i ts  r o w s  a n d  c o l u m n s . 
 
Remark 1. N o te  th a t th e  n i l p o te n c y  i n d e x  i s  i n d e p e n d e n t o f  th e  

p a r ti c u l a r  v a l u e  o f  n o n z e r o  e n tr i e s  o f  th e  m a tr i c e s . T h u s  i t i s  
e n o u g h  to  c o n s i d e r  m a tr i c e s  w i th  e n tr i e s  e q u a l  to  0  a n d  1 .  

 
D ef i n i t i o n  5 . L e t 
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I t i s  s a i d  th a t 1 2A A≤  i f  1 2

ij ija a≤  f o r  , 1,2,...,i j n=   
 
L emma 2 .  L e t [ ] nnk

ijk RaA ×
+∈=  f o r  1,0=k . 

T h e n  th e  m a tr i x  
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i s  n i l p o te n t i f  a n d  o n l y  i f  th e  m a tr i x  0 1( )sA A A= +  i s  n i l p o te n t. 
 
P ro o f . ( )⇐  I f  th e  m a tr i x  0 1( )sA A A= +  i s  n i l p o te n t th e n  th e  

m a tr i x  A  ( d e f i n e d  b y  ( 1 7 ) )  i s  n i l p o te n t. 
W e  h a v e  

0 1

0 0
s s

n n

A A A A
A A

I I
   = ≤ =                            ( 1 8 )  

a n d  
2 2

2 0( )
0
s s n ss s s

s n ns s

A A I AA A AA
A I IA A

+ +    = =         
 

 
2 0

0
0

A As s
As s s n s

s n n

A A I A
A

A I I

υ υ

υ +   = =      
 

 
H e n c e  th e  m a tr i x  A  i s  n i l p o te n t a n d  f r o m  ( 1 8 )  th e  m a tr i x  A  i s  

n i l p o te n t to o . 
( )⇒  I f  th e  m a tr i x  A  i s  n i l p o te n t th e n  th e  m a tr i x  0 1( )sA A A= +  

i s  n i l p o te n t. 
T h e  n i l p o te n c y  o f  m a tr i x  A  i m p l i e s  th a t f o r  a l l   
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N o te  th a t a l l  th e  e x p a n d s  o f  th e  p o w e r  o f  th e  s u m  

0 1( )A A
sA A Aυ υ= +  o c c u r  a s  c o m p o n e n ts  i n  th e  e l e m e n ts  o f  th e  

m a tr i c e s :  
0 1

0

A

n

A A
I

υ   
,  1

0 1

0

A

n

A A
I

υ +   
,  2

0 1

0

A

n

A A
I

υ +   
…          ( 2 0 )  

 



78    PAK 10/ 2 006  
 

For 0 1,
n nA A R ×
+∈ ,  a l l  t h e  p rod u c t s  of  0 1 0 1, ,A A A A  a n d  01AA  a re  

n on n e g a t i v e  m a t ri c e s . From  ( 1 9 )  a n d  ( 2 0 )   w e  h a v e  
0 1( ) 0A A

sA A Aυ υ= + = . 
H e n c e  t h e  m a t ri x  sA  i s  n i l p ot e n t .  
 
Lemma 3. T h e  n i l p ot e n c y  i n d i c e s  of  t h e  m a t ri c e s  
0 1 0 1, , ( )sA A A A A= +  a n d  A  a re  re l a t e d  b y  
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P r o o f . U s i n g  ( 8 )  f or 01 =A  i t  i s  e a s y  t o s h ow  t h a t  
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H e n c e  1

0
+= AA υυ  f or 01 =A . 

I f  00 =A  t h e n  b y  i n d u c t i on  i t  c a n  b e  e a s i l y  s h ow  t h a t  
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H e n c e  

1
2 AA υυ =  f or 00 =A . 

T h e  u p p e r b ou n d  2
sA Aυ υ≤  f ol l ow s  f rom  t h e  p re v i ou s  e q u a l i t i e s  

a n d  t h e  p roof  of  L e m m a  2 .  
 
Theorem 5. T h e  b i l i n e a r p os i t i v e  s y s t e m  w i t h  d e l a y s  ( 7 )  i s  

c on t rol l a b l e  t o z e ro i n  Aυ  s t e p s  i f  a n d  on l y  i f  on e  of  t h e  f ol l ow i n g  
e q u i v a l e n t  c on d i t i on  i s  s a t i s f i e d  
i )  t h e  m a t ri x   A  ( d e f i n e d  b y  ( 1 7 ) )  i s  n i l p ot e n t . 
i i )  t h e  m a t ri x  0 1( )sA A A= +  i s  n i l p ot e n t . 
M ore ov e r t h e  s e q u e n c e  of  i n p u t s  ( ) mu i R+∈  

A0,1,..., 1i υ= −  t h a t  
s t e e rs  t h e  s t a t e  of  s y s t e m  t o z e ro h a s  t h e  f orm  0)( =iu  f or 

A0,1,..., 1i υ= − . 
 
P roof . T h e  c on d i t i on  i )  f ol l ow s  f rom  T h e ore m  2  a p p l i e d  t o t h e  

e q u i v a l e n t  s y s t e m  w i t h ou t  d e l a y s  ( 9 ) . T h e  e q u i v a l e n c e  of  t h e  
c on d i t i on s  i )  a n d  i i )  f ol l ow s  f rom  L e m m a  2 .   
 
R ema rk  3 . N ot e  t h a t  t h e  c on t rol l a b i l i t y  t o z e ro of  ( 7 )  d oe s  n ot  

d e p e n d  on  t h e  m a t ri c e s  kjB  a n d  kB  f or mjk ,...,1;1,0 == . 
 
E x a mp l e 1 .  C on s i d e r t h e  b i l i n e a r p os i t i v e  s y s t e m  w i t h  d e l a y s  

( 7 )  w i t h  t h e  m a t ri c e s :  
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T h e  n i l p ot e n c y  i n d i c e s  of  t h e  m a t ri c e s  a re  
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T h e  n i l p ot e n c y  i n d e x  of  t h e  m a t ri x  
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i s  e q u a l  5Aυ =  s i n c e  05

=A . 
For 0 0A =  w e  h a v e  

1
2 4A Aυ υ= =  a n d  f or 1 0A =  w e  ob t a i n  

0
1 4A Aυ υ= + = . T h e  s a n e  re s u l t s  w e  ob t a i n  f rom  ( 2 1 ) . 

 
6. C o n c l u d i n g  r e m a r k s  
 
T h e  n e c e s s a ry  a n d  s u f f i c i e n t  c on d i t i on s  f or t h e  i n t e rn a l  

p os i t i v i t y  of  t h e  b i l i n e a r d i s c re t e -t i m e  s y s t e m s  w i t h  d e l a y s  h a v e  
b e e n  e s t a b l i s h e d  ( T h e ore m  3 ) . S ol u t i on s  t o p os i t i v e  b i l i n e a r 
d i s c re t e -t i m e  s y s t e m s  a re  d e ri v e d  ( T h e ore m  4 ) . T h e  n e c e s s a ry  a n d  
s u f f i c i e n t  c on d i t i on s  f or t h e  c on t rol l a b i l i t y  t o z e ro of  t h e  p os i t i v e  
b i l i n e a r s y s t e m s  w i t h  d e l a y s  h a v e  b e e n  f orm u l a t e d  a n d  p rov e d  
( T h e ore m  5 ) . T h e  re a c h a b i l i t y  of  t h e  p os i t i v e  b i l i n e a r s y s t e m s  w i t h  
d e l a y s  c a n  b e  i n v e s t i g a t e d  b y  t h e  m e t h od  p rop os e d  f or p os i t i v e  
b i l i n e a r s y s t e m s  w i t h ou t  d e l a y s  i n  [ 6 ] . E x t e n s i on  of  t h e s e  
c on s i d e ra t i on s  f or b i l i n e a r c on t i n u ou s -t i m e  s y s t e m s  i s  p os s i b l e  b u t  
i s  n ot  t ri v i a l . 
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