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A b s t r a c t  
 
T h is  p ap er p res en t s  a s u rv ey of  n ew res u lt s  of  t h e au t h ors  in  t h e area of  
an alys is ,  m od elin g ,  s im u lat ion  an d  id en t if ic at ion  of  lin ear m u lt iv ariab le 
s ys t em s .  F irs t ly,  n ew c h arac t eriz at ion  of  m u lt iv ariab le s ys t em s  is   
p rov id ed ,  in  t erm s  of  t h e in t rod u c t ion  of  n ew t yp es  of  z eros  of  p os s ib ly 
n on s q u are s ys t em s .  T h e s o-c alled  c on t rol z eros  p rop erly c h arac t eriz e t h e 
s t ab iliz in g  p ot en t ial of  m in im u m  v arian c e c on t rol.  S p ec if ic ally,  c on t rol 
z eros  t yp e 1 an d  t yp e 2  are relat ed  wit h  n ew c las s es  of  in v ers es  of   
p olyn om ial m at ric es ,  c alled  T - an d  τ -in v ers es ,  res p ec t iv ely.  S ec on d ly,  
t h e v alu e of  m od elin g  an d  id en t if ic at ion  of  lin ear m u lt iv ariab le s ys t em s  b y 
m ean s  of  ort h on orm al b as is  f u n c t ion s  is  d em on s t rat ed  on  a p rac t ic al 
ex am p le f rom  t h e elec t ric  p ower in d u s t ry.  T h e ort h on orm al b as is  f u n c t ion  
m od els  are s h own  t o ou t p erf orm  t h e f am iliar AR X  on es  in  t h e p rob lem   
of  ef f ec t iv e,  c on t rol-orien t ed  id en t if ic at ion  of  a c om p lex  in d u s t rial  
m u lt iv ariab le p lan t ,  wh ic h  is  a b oiler p rop er.  
 
K e y w o r d s :  c on t rol z eros ,  m in im u m  v arian c e c on t rol ( M V C ) ,  m in im u m  
p h as e s ys t em s ,  id en t if ic at ion ,  ort h on orm al b as is  f u n c t ion s  ( O B F ) ,  b oiler 
p rop er.  
 
Wyb ran e zag ad n ien ia z an al izy, id en tyfik acji  
i sterow an ia l in iow ym i stacjon arn ym i  
u k ład am i w iel ow ym iarow ym i 

 
S t r e s z c z e n i e  

 
W  art yk u le p rz ed s t awion o p rz eg lą d  n owyc h  rez u lt at ó w p rac  b ad awc z yc h  
au t oró w w z ak res ie an aliz y,  m od elowan ia,  s ym u lac ji i id en t yf ik ac ji 
lin iowyc h  ob iek t ó w wielowym iarowyc h .  Po p ierws z e,  z ap rop on owan o 
n ową  c h arak t eryz ac ję  ob iek t ó w wielowym iarowyc h ,  wp rowad z ają c  n owe 
t yp y z er ob iek t ó w n iek wad rat owyc h .  T ak  z wan e z era s t erown ic z e 
wł aś c iwie c h arak t eryz u ją  p ot en c jał  s t ab iliz ac yjn y s t erowan ia 
m in im aln owarian c yjn eg o.  Z era s t erown ic z e t yp u  1 i t yp u  2  s ą  z wią z an e  
z  n owym i k las am i od wrot n oś c i m ac ierz y wielom ian owyc h ,  z wan yc h  
od p owied n io T - i τ -in wers jam i.  Po d ru g ie,  p ok az an o z alet y m od elo-
wan ia i id en t yf ik ac ji ob iek t ó w wielowym iarowyc h  z  wyk orz ys t an iem  
f u n k c ji b az y ort on orm aln ej n a p rz yk ł ad z ie ob iek t u  en erg et yc z n eg o.  
M od ele w p os t ac i f u n k c ji b az y ort on orm aln ej z ap ewn iają  lep s z ą  jak oś ć  
id en t yf ik ac ji z ł oż on eg o p rz em ys ł oweg o ob iek t u  wielowym iaroweg o,  
jak im  jes t  p arown ik  k ot ł a en erg et yc z n eg o,  n iż  m od ele t yp u  AR X .  
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S ł o w a  k l u c z o w e :  z era s t erown ic z e,  s t erowan ie m in im aln owarian c yjn e,  
ob iek t y m in im aln of az owe,  id en t yf ik ac ja,  f u n k c je b az y ort on orm aln ej,  
p arown ik  k ot ł a en erg et yc z n eg o.  
 
1 . In trod u ction  
 
I n  t h is  pape r,  w e  f irs t l y  con s id e r t h e  e l us iv e  an d  e v e r-in t rig uin g  

prob l e m of  z e ros  of  L T I  M I M O  s y s t e ms .  I n  ord e r t o d e mon s t rat e  
t h e  rol e  of  mul t iv ariab l e  z e ros  in  s y s t e m ch aract e riz at ion  an d  
con t rol  d e s ig n  w e  s e l e ct  an  in put -out put  approach ,  w h ich  w as  
orig in al l y  us e d  t o d e f in e  z e ros  ( an d  pol e s )  f or S I S O  s y s t e ms .  
T h e re  h av e  b e e n  s ome  con t rov e rs ie s  w h e n  an al y z in g  n on s q uare  
s y s t e ms ,  t h at  is  s y s t e ms  w it h  d if f e re n t  n umb e rs  of  in put s  an d  
out put s ,  an d  s y n t h e s iz in g  t h e ir mul t iv ariab l e  con t rol l e rs .   
A  n umb e r of  n ot  n e ce s s aril y  e q uiv al e n t  d e f in it ion s  of  z e ros  h av e  
b e e n  s pre ad  t h roug h out  t h e  con t rol  l it e rat ure ,  rais in g  d is cus s ion s ,  
pol e mics  an d  q uarre l s .  T h e  f irs t  g oal  of  t h is  pape r is  t o pre s e n t  an  
orig in al ,  con t rol -orie n t e d  in s ig h t  in t o t h e  prob l e m of  z e ros  f or L T I  
M I M O  s y s t e ms .  S ome  in t rig uin g  prope rt ie s  of  con t rol  z e ros  t y pe  2  
are  in d icat e d ,  w it h  in t e re s t in g  impl icat ion s  t o rob us t  M V C  d e s ig n .  
S e con d l y ,  t h e  pape r pre s e n t s  b ot h  A R X -b as e d  an d  n e w   

O B F -b as e d  ( O B F -O rt h on ormal  B as is  F un ct ion s )  me t h od s  f or 
mod e l in g  an d  id e n t if icat ion  of  M I M O  s y s t e ms .  A  n umb e r of  
v arious  t y pe s  of  M I M O  mod e l s  h av e  b e e n  an al y z e d .  T h e s e  in cl ud e  
v arious  v e rs ion s  of  t h e  f amil iar A R X  mod e l ,  in  ad d it ion  t o n e w  
mul t iv ariab l e  v e rs ion s  of  O B F  mod e l s  an d  in v e rs e  O B F  mod e l s .  
T o compare  id e n t if icat ion  pe rf orman ce s  f or part icul ar mod e l s  w e  
ch oos e  a b oil e r prope r at  t h e  “ O pol e ”  E l e ct ric P ow e r S t at ion .  
 

2 . Con trol  zeros typ e 1  an d  typ e 2  
 
T h e  min imum v arian ce  con t rol  ( M V C )  prob l e m h as  orig in al l y  

b e e n  f ormul at e d  an d  s ol v e d  f or L T I  d is cre t e -t ime  s y s t e ms ,  at  f irs t  
S I S O  an d  l at e r s q uare  M I M O  on e s .  T h e  prob l e m h as  n ot  s in ce  
b e e n  g iv e n  e x t e n s iv e  re s e arch  in t e re s t ,  appare n t l y  d ue  t o t h e  l ack  
of  rob us t n e s s  of  M V C  an d  it s  in s t ab il it y  f or n on min imum ph as e  
s y s t e ms .  N ot w it h s t an d in g ,  an  import an t  in h e rit an ce  of  t h e  orig in al  
M V C  re s e arch  h as  b e e n  re d e f in in g  of  d is cre t e -t ime  min imum 
ph as e  L T I  S I S O  s y s t e ms  as  t h os e  w h os e  t ran s f e r f un ct ion  z e ros  l ie  
s t rict l y  in s id e  t h e  un it  d is c,  or t h os e  ‘ s t ab l y  in v e rt ib l e ’ ,  or in  ot h e r 
w ord s  t h os e  s y s t e ms  f or w h ich  M V C  is  as y mpt ot ical l y  s t ab l e .  T h is  
re d e f in it ion  h as  s oon  b e e n  e x t e n d e d  t o t h e  s q uare  M I M O  cas e ,  
in v ol v in g  t h e  t ran s mis s ion  z e ros .  T h is  h as  l at e r t urn e d  at t e n t ion  t o 
t h e  M V C  prob l e m f or n on s q uare  L T I  M I M O  s y s t e ms ,  g iv in g  ris e  
t o t h e  in t rod uct ion  of  n e w  ‘ mul t iv ariab l e ’  z e ros ,  i. e .  t h e  s o-cal l e d  
‘ con t rol  z e ros ’  [ 6 ,  8 ] .  
C on t rol  z e ros ,  b e in g  an  e x t e n s ion  of  t ran s mis s ion  z e ros  t o 

n on s q uare  s y s t e ms ,  h av e  orig in al l y  b e e n  in t rod uce d  f or d is cre t e -
t ime  s y s t e ms  [ 6 ,  8 ] .  T h e  con t in uous -t ime  M V C  ( C M V C )  prob l e m 
h as  on l y  re ce n t l y  b e e n  e f f e ct iv e l y  t ack l e d  [ 3 ,  7 ]  in  ord e r t o e x t e n d  
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the definition of control zeros to continuous-tim e L T I  M I M O  
sy stem s. 
I t ha s b een show n [ 7]  tha t the concep t of inv erse sy stem s, 

initia lly  em p loy ed in the p resenta tion of control zeros, ca n b e 
essentia lly  ex tended a s com p a red to the notion ex p loited in R ef. 
[ 6 ] , resulting  in the introduction of tw o different ty p es of control 
zeros a nd offering  a  num b er of deg rees of freedom  in the desig n of 
rob ust m inim um  v a ria nce control. B a sed on the so-ca lled T- a nd τ-
inv erses [ 3 -1 4 ] , the new -defined ty p e 1  a nd ty p e 2  control zeros 
for p ossib ly  nonsq ua re M I M O  sy stem s a deq ua tely  cha ra cterize the 
sta b ilizing  p otentia l of outp ut-zeroing / p erfect/ m inim um -v a ria nce 
control, in term s of its sensitiv ity  to the new -redefined 
nonm inim um  p ha se b eha v ior of a  p la nt to b e controlled. N ew , 
g enera l ty p es of inv erses of p oly nom ia l m a trices p la y  a n essentia l 
role here. 
 
3. M i n i m u m  v a r i a n c e  c o n t r o l  
 

3.1 . S y s t e m  r e p r e s e n t a t i o n s  
 
C onsider a n un -inp ut yn -outp ut L T I  discrete-tim e sy stem  

g ov erned b y  the inp ut-outp ut descrip tion 
 

)()()()()()( 111 tvqCtuqBqtyqA d −−−− +=              (1 )  
 

w here )(tu  a nd )(ty  a re the inp ut a nd outp ut v ectors, 
resp ectiv ely , )(tv  is the zero-m ea n uncorrela ted disturb a nce 
v ector, d  is the tim e dela y  a nd )( 1−qA , )( 1−qB  a nd )( 1−qC  a re 
the a p p rop ria te m a trix  p oly nom ia ls (in the b a ck w a rd shift op era tor 

1−q )  of orders n , m  a nd l , resp ectiv ely . A s usua l, w e a ssum e 
tha t the lea ding  coefficient of )( 1−qA  is eq ua l to the identity  
m a trix . A ssum e tha t )( 1−qA  a nd )( 1−qB  a s w ell a s )( 1−qA  a nd 

)( 1−qC  a re left cop rim e, w ith )( 1−qB  a nd (sta b le)  )( 1−qC  b eing  
of full norm a l ra nk  yn . A lso w e a ssum e for cla rity  tha t tim e 
dela y s w ith resp ect to a ll inp uts a re eq ua l. T he ca se of different 
tim e dela y s in v a rious inp uts is considered in ref. [ 6 ] . 
 
3.2 . D i s c r e t e -t i m e  m i n i m u m  v a r i a n c e  c o n t r o l  

( M V C )  
 
Theorem 1 (M inim um  v a ria nce control)  [ 5 , 7, 1 1 ] . 
 
L et a n L T I  discrete-tim e sy stem  b e describ ed b y  the left 

cop rim e A R M A X  m odel (1 ) , w ith )( 1−qB  a nd )( 1−qC  b eing  of 
full norm a l ra nk  yn . T hen the g enera l M V C  la w , m inim izing  

})()({ 2dtydtyE ref +−+ , is of form  
 

)]()(~)()(~)[(~)()( 11111R tyqHdtyqCqFqBtu ref −−−−− −+=   (2 )  
 
w here )(tyref  is the reference, )( 1R −qB  is a  rig ht inv erse of 

)( 1−qB  a nd the a p p rop ria te p oly nom ia l m a trices )(~ 1−qF  a nd 
)(~ 1−qH  (b oth b eing  of dim ensions yy nn × )  a re com p uted from  

the p oly nom ia l m a trix  identity  
 

)(~)()(~)(~ 1111 −−−−− += qHqqAqFqC d                 (3 )  
w ith 

)()(~)()(~ 1111 −−−−
= qCqFqFqC                      (4 )  

 

a nd 1
1

1
1

1 ~...~)(~ +−
−

−− +++= d
d qfqfIqF , ++= −− 1

10
1 ~~)(~ qhhqH  

1
1

~
...

+−
−++ n
n qh . 

 
Theorem 2 (S ta b ility  of M V C )  [ 7, 1 1 ] . 
 
L et a n L T I  discrete-tim e sy stem  b e describ ed b y  the left 

cop rim e A R M A X  m odel (1 ) , w ith )( 1−qB  a nd )( 1−qC  b eing  of 
full norm a l ra nk  yn . T hen the M V C  la w  (2 ) , w here )(~ 1−qF  a nd 

)(~ 1−qH  a re a s a b ov e, is a sy m p totica lly  sta b le iff )( 1−qB  is sta b ly  
(rig ht-)  inv ertib le. 
 
R ema rk   
 
C ontrol zeros ty p e 1  a nd ty p e 2  ha v e b een defined a s p oles of 

the inv erse p oly nom ia l m a trix  )( 1R −qB  [ 3 -1 4 ] . T here a re a n 
infinite num b er of sets of control zeros, from  w hich w e ca n a lw a y s 
choose a  set of sta b le control zeros so tha t the M V C  sy stem  w ould 
b e a sy m p totica lly  sta b le. 
 
3.3. S i m u l a t i o n  e x a m p l e s  
 
C onsider a  sim p le, nonsq ua re, tw o-inp ut a nd one-outp ut sy stem  

describ ed b y  the m odel (1 ) , w here =
− )( 1qB  

]6.05.231.05.32[ 2121 −−−− +−++= qqqq , ++= −− 11 7.01)( qqA  
21.0 −+ q , 211 2.05.01)( −−− ++= qqqC , 2=d  a nd =)}(var{ tv  
31 −= e . I nsp ection of a n unsta b le set of control zeros ty p e 1  

}1179.00517.0,3102.10132.0{ ii ±±− , ob ta ined on a  b a sis of the 
T -inv erse [ 3 -1 4 ] , rev ea ls the unsta b le m inim um  v a ria nce control 
of the sy stem . H ow ev er, one set of sta b le control zeros ty p e 2  
( 0.3918i  0.0192 ± ) , ob ta ined on a  b a sis of the τ -inv erse 
[ 4 , 5 , 7, 1 0 , 1 2 , 1 3 ] , sug g ests tha t the sy stem  a s a  w hole is 
m inim um  p ha se, w hich is confirm ed b y  the sta b le controls )(1 tu  
a nd )(2 tu  (fig . 1 ) . I t is clea r now  tha t the p rop erties of (som e sets 
of)  control zeros ty p e 2  ca n b e m ore a ttra ctiv e tha n those for 
control zeros ty p e 1 , w ith interesting  im p lica tions rela ted to the 
rob ustness of M V C  for nonsq ua re M I M O  sy stem s [ 5 , 7, 1 0 , 1 2 ] . 
 

0 1 0 2 0 3 0 4 0 5 0
0. 1

0. 1 5

0. 2

0. 2 5

0. 3

0. 3 5

0. 4

0. 4 5

 
Fig. 1.  C o n t r o l s  )(1 tu  a n d  )(2 tu  a c c o r d in g t o  ( 2 )  
R y s . 1.  S t e r o w a n ie  )(1 tu  i )(2 tu  d l a  r ó w n a n ia  ( 2 )  
 

4. A R X -b a s e d  v s . O B F -b a s e d  i d e n t i f i c a t i o n  
 
W e consider a  linea r M I M O  sy stem  w ith n u inp uts ui(t ) , 

i = 1 ,2 ,… , n u,, n y outp uts yi(t ) , i = 1 ,2 ,… , n y, a nd n z m ea sura b le 
disturb a nces zi(t ) , i = 1 ,2 ,… , n z. A dditiona lly , the sy stem  is 
corrup ted w ith unm ea sura b le disturb a nces ε(t ) . 
 
4.1 . A R X -b a s e d  i d e n t i f i c a t i o n  
 
T he sy stem  ca n b e m odeled b y  A R X  



PAK 10/ 2 006     27 
 

)()()()()()()( 111 tdtZqCdtUqBtYqA zu ε+−+−= −−−     (5) 
 

w h e r e  na
naqAqAIqA −−− +++= K

1
1

1)( , nb
nbqBBqB −− ++= K0

1)( , 
nc

ncqCCqC −− ++= K0
1)(  a r e  t h e  p o l y n o m i a l  m a t r i c e s , U(t), 

Y(t), Z(t) a r e  t h e  i n p u t , o u t p u t  a n d  m e a s u r a b l e  d i s t u r b a n c e  v e c t o r s  
i n  d i s c r e t e  t i m e  t, r e s p e c t i v e l y , du a n d  dz a r e  t i m e  d e l a y s  i n  t h e  
i n p u t  a n d  m e a s u r a b l e  d i s t u r b a n c e  c h a n n e l s .  
I n  t h e  p a p e r , t h r e e  v e r s i o n s  o f t h e  A R X  m o d e l  a r e  a n a l y z e d :  

A R X  i n  fu l l  p o l y n o m i a l  fo r m , i n  w h i c h  t h e  p o l y n o m i a l  m a t r i x  
A(q-1) c o n s i s t s  o f m a t r i c e s  Ai, i=1 ,2 … ,n a  o f r a n k  n y , A R X  i n  
d i a g o n a l  fo r m , i n  w h i c h  t h e  p o l y n o m i a l  m a t r i x  A(q-1) c o n s i s t s  o f 
d i a g o n a l  m a t r i c e s  Ai, i=1 ,2 … , n a  o f r a n k  n y  a n d  A R X  w i t h  
c o m m o n  d e n o m i n a t o r , i n t r o d u c e d  i n  R e f.  [ 2 0 ] , i n  w h i c h  e l e m e n t s  
o f p o l y n o m i a l  A(q-1) a r e  s c a l a r s .  
 
4.2. O B F -b a s e d  i d e n t i f i c a t i o n  
 
I t  i s  w e l l  k n o w n  t h a t  a n  o p e n -l o o p  s t a b l e  l i n e a r  d i s c r e t e -t i m e  

s y s t e m  d e s c r i b e d  b y  t h e  t r a n s fe r  fu n c t i o n  G(z) c a n  b e  r e p r e s e n t e d  
w i t h  a n  a r b i t r a r y  a c c u r a c y  b y  t h e  m o d e l  ( ) ∑ =

=
M
i ii zLcG z 1 )(ˆ , 

i n c l u d i n g  a  s e r i e s  o f o r t h o n o r m a l  t r a n s fe r  fu n c t i o n s  Li(z) a n d  t h e  
w e i g h t i n g  p a r a m e t e r s  ci, i=1 ,. . . ,M, c h a r a c t e r i z i n g  t h e  m o d e l  
d y n a m i c s  [ 1 , 2 ] .  T h e  s y s t e m  o u t p u t  c a n  b e  p r e s e n t e d  i n  fo r m  
[ 2 0 , 2 1 ]  
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w h e r e  u
iC  a n d  z

iC  a r e  t h e  p a r a m e t e r  m a t r i c e s  t o  b e  e s t i m a t e d .  
V a r i o u s  O B F  c a n  b e  u s e d  i n  (6 ).  T w o  c o m m o n l y  u s e d  s e t s  o f s u c h  
fu n c t i o n s  a r e  L a g u e r r e  a n d  K a u t z  fu n c t i o n s .  T h e s e  fu n c t i o n s  a r e  
c h a r a c t e r i z e d  b y  t h e  ‘ d o m i n a n t ’  d y n a m i c s  o f a  s y s t e m , w h i c h  i s  
g i v e n  b y  a  r e a l  p o l e s  (pu a n d  pz) o r  t h e  p a i r s  o f c o m p l e x  o n e s  (pu, 
pu* a n d  pz, pz*).  A l t h o u g h  s u c h  a  s i m p l e  a p p r o x i m a t i o n  o f t h e  r e a l  
p l a n t ’ s  p o l e  s p e c t r u m  m a y  s e e m  t o o  r o u g h , i d e n t i fi c a t i o n  
p e r fo r m a n c e s  o b t a i n e d  c a n  b e  s u r p r i s i n g l y  h i g h , e v e n  fo r  q u i t e  
c r u d e  g u e s s e s  o f t h e  p o l e (s ).  I n  c a s e  o f d i s c r e t e  L a g u e r r e  m o d e l s  
t o  b e  e x p l o i t e d  h e r e i n a ft e r , t h e  o r t h o n o r m a l  t r a n s fe r  fu n c t i o n s   
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KzL  i=1 ,. . . ,Mu o r  i=1 ,. . . ,Mz         (7 ) 

 
w h e r e  KL= 21 p− , c o n s i s t  o f a  fi r s t -o r d e r  l o w -p a s s  fa c t o r  a n d  
(i-1 ) t h -o r d e r  a l l -p a s s  fi l t e r s .  T h e  u n k n o w n  p a r a m e t e r  m a t r i c e s  

u
iC , z

iC , w i t h  i=1 ,… ,Mu (Mz), a r e  e a s i l y  e s t i m a t e d  u s i n g  e . g .  
A d a p t i v e  L e a s t  S q u a r e s  (A L S ) o r  L e a s t  M e a n  S q u a r e s  (L M S ) 
a l g o r i t h m s  fo r m a l i z e d  i n  a  l i n e a r  r e g r e s s i o n  fa s h i o n  [ 1 9 ] .  
T h e  m a i n  a d v a n t a g e s  o f t h e  O B F  m o d e l i n g  a p p r o a c h  r e s u l t  

fr o m  1 ) t h e  o u t p u t -e r r o r  s t r u c t u r e  o f t h e  m o d e l  (6 ) a n d  2 ) t h e  
s p e c i fi c  s t r u c t u r e  o f o r t h o n o r m a l , a l l -p a s s  fi l t e r s .  T h e s e  y i e l d  q u i t e  
l o w  v a l u e s  o f t h e  n u m b e r s  Mu a n d  Mz, i n  a d d i t i o n  t o  h i g h  
c o m p u t a t i o n a l  a n d  n u m e r i c a l  p e r fo r m a n c e s , i n c l u d i n g  
u n b i a s e d n e s s  a n d  l o w  v a r i a n c e  e r r o r  o f p a r a m e t e r  e s t i m a t e s , l o w  
c o m p u t a t i o n a l  b u r d e n  a n d  i m p r o v e d  n u m e r i c a l  c o n d i t i o n i n g .  
A  c o n c e p t  o f a n  i n v e r s e  O B F  m o d e l i n g  [ 7 , 1 5, 1 7 , 1 8 ]  h a s  l e a d  

t o  c o n s t r u c t i o n  a  n e w  m o d e l , b e i n g  a  s p e c i a l  c a s e  o f t h e  s o -c a l l e d  
A R -O B F  m o d e l  [ 1 6 ] .  T h i s  m o d e l , c a l l e d  a n  ‘ i n v e r s e  O B F  m o d e l  
w i t h  i n t e g r a t i o n ’ , c a n  b e  u s e d  i n  o n e  o f t h e  a l t e r n a t i v e  fo r m s  [ 2 0 ]  
 

)()(),(

)()(),()(

1

1

0
1

1

tdtZpqLC

dtUtYpqLCtY

z
M

i
zi

z
i

u
M

i
yi

y
i

Z

Y

ε

β

+−+

+−+−=∆

∑

∑

=

−

=

−

         (8 ) 

o r  

)()(
)(),()(),()(

0

1

1

1

1

tdtZ
dtUpqLCtYpqLCtY

z

M

i
uui

u
i

M

i
yi

y
i

UY

εβ +−+

+−+−=∆ ∑∑
=

−

=

−

  (9 ) 

 
w h e r e  ∆Y(t)=Y(t)-Y(t-1 ), du a n d  dz a r e  t i m e  d e l a y s  i n  t h e  i n p u t  a n d  
m e a s u r a b l e  d i s t u r b a n c e s , r e s p e c t i v e l y , Li(q-1, p), i=1 ,… ,M, a r e  t h e  
L a g u e r r e  fi l t e r s  fo r  t h e  o u t p u t  (M=My, p=py), i n p u t  (M=Mu, p=pu) 
a n d  m e a s u r a b l e  d i s t u r b a n c e s  (M=Mz, p=pz), w i t h  p b e i n g  t h e  
d o m i n a n t  L a g u e r r e  p o l e  (b e i n g  p r o p e r l y  t u n e d ).   
T h e  fi n a l  s e l e c t i o n  o f t h e  m o d e l  (8 ) o r  (9 ) d e p e n d s  o n  l e v e l s  o f 

d i s t u r b a n c e s  a ffe c t i n g  t h e  i n p u t  U(t) a n d  m e a s u r a b l e  d i s t u r b a n c e s  
Z(t).  W h e n  t h e  i n p u t  i s  m o r e  s t r o n g l y  c o n t a m i n a t e d  w i t h  n o i s e  
t h a n  t h e  m e a s u r a b l e  d i s t u r b a n c e s , w e  s e l e c t  t h e  m o d e l  (8 ), t h u s  
a v o i d i n g  t h e  i n t r o d u c t i o n  o f a  n u m b e r  o f s t r o n g  n o i s e -c o r r u p t e d  
i n p u t  e n t r i e s  i n t o  t h e  r e g r e s s o r .  A l t e r n a t i v e l y , i n  c a s e  t h e  
m e a s u r a b l e  d i s t u r b a n c e s  a r e  m o r e  n o i s y  t h a n  t h e  i n p u t , t h e  c h o i c e  
i s  t h e  m o d e l  (9 ).  
 
4.3. A p p l i c a t i o n  
 
T o  c o m p a r e  i d e n t i fi c a t i o n  p e r fo r m a n c e s  fo r  p a r t i c u l a r  m o d e l s  

w e  h a v e  c h o s e n  a  M I M O  p l a n t , w h i c h  i s  a  b o i l e r  p r o p e r  a t  t h e  
“ O p o l e ”  E l e c t r i c  P o w e r  S t a t i o n .  B o i l e r  p r o p e r , b e i n g  a n  i m p o r t a n t  
p a r t  o f a n  e l e c t r i c  p o w e r  g e n e r a t i o n  s y s t e m , i s  a  c o m p l e x , o p e n -
l o o p  u n s t a b l e  t i m e -v a r y i n g  M I M O  p l a n t  w h i c h  c r e a t e s  a  n u m b e r  
o f p r o b l e m s  w i t h  i t s  e ffe c t i v e  i d e n t i fi c a t i o n  a n d  c o n t r o l  [ 1 9 ] .   
F r o m  t h e  i n p u t -o u t p u t  p o i n t  o f v i e w , t h e  b o i l e r  p r o p e r  c a n  b e  

c o n s i d e r e d  a s  a  c l a s s i c a l  m u l t i v a r i a b l e  s y s t e m  w i t h  t w o  i n p u t s :  
r e l a t i v e  h e a t  fl u x  (q~ ), a n d  m a s s  fl o w  o f s u p p l y  w a t e r  (Mza s ), t w o  
o u t p u t s :  s t e a m  p r e s s u r e  i n  s e p a r a t o r  (P s e p ) a n d  w a t e r  l e v e l  i n  
s e p a r a t o r  (H s e p ) a n d  t h r e e  m e a s u r a b l e  d i s t u r b a n c e s :  w a t e r  m a s s  
fl o w  t o  s t e a m  c o o l e r s  (M s l ), e n t h a l p y  o f s u p p l y  w a t e r  (hza s ) a n d  
m a s s  fl o w  o f s t e a m  t o  s t e a m  t u r b i n e  (M P s e p ).   
T h e  b o i l e r  p r o p e r  i s  a  c o m p l e x  o p e n -l o o p  u n s t a b l e  t i m e -v a r y i n g  

s y s t e m  c o r r u p t e d  w i t h  s t r o n g  m e a s u r a b l e  a n d  u n m e a s u r a b l e  
d i s t u r b a n c e s .  
T h e  a c c u r a c y  o f i d e n t i fi c a t i o n  o f a  m o d e l  o f t h e  b o i l e r  p r o p e r  i s  

a s s e s s e d  b y  t h e  fo l l o w i n g  p e r fo r m a n c e  i n d i c e s  
( )210798

500013 )(ˆ)( tytyI ii −=∑  fo r  i=1 ,… ,7 .  I n  o u r  A L S  a n d  L M S  
e s t i m a t i o n  s c h e m e s , a d d i t i o n a l  a d a p t i v e  fi l t e r s  a r e  e m p l o y e d  t o  
s m o o t h  t h e  v e r y  n o i s y  p r o c e s s  v a r i a b l e s  t a k e n  fr o m  r e a l -l i fe  
i d e n t i fi c a t i o n  e x p e r i m e n t s  fo r  t h e  b o i l e r  p r o p e r .  T a b .  1  p r e s e n t s  
t h e  p e r fo r m a n c e  o f s y s t e m  i d e n t i fi c a t i o n .  
 

Tab. 1.  P r e d i c t i o n  e r r o r  o f  p ar t i c u l ar  m o d e l s  o f  t h e  s y s t e m  
 

A L S  M o d e l s  O u t p u t  
λ = 1 λ = 0 .9 9 5  

L M S  

Psep 2 .9 3 4  1.7 6 4  2 .4 3 5  A R X  i n  f u l l  p o l y . 
f o r m  Hsep 4 .4 2 4  3 .13 9  5 .5 5 6  

Psep 3 .0 4 8  1.8 2 5  2 .3 3 2  A R X  i n  d i ag o n al  
f o r m  Hsep 4 .5 0 6  3 .2 7  4 .9 2 3  

Psep 7 .4 0 3  5 .5 3 3  6 .9 3 7  A R X  w i t h  c o m . 
d e n o m i n at o r  Hsep 4 .10 6  3 .3 11 4 .5 2 7  

Psep 5 .4 4 8  3 .17 4  9 .7 5 1 L ag u e r r e  
Hsep 8 .4 2  6 .4 5 5  12 .12  
Psep 1.7 2 7  1.8 5 4  2 .18 4  I n v e r s e  

L ag u e r r e ( 8 )  Hsep 3 .0 9 4  3 .3 7 7  3 .7 9 1 
Psep 1.7 3  1.7 9 7  2 .3 7 6  I n v e r s e  

L ag u e r r e ( 9 )  Hsep 3 .0 12  3 .2 4 6  3 .7 6 4  
 

F i g .  2  p r e s e n t s  e x c e l l e n t  r e s u l t s  o f a d a p t i v e  i d e n t i fi c a t i o n  o f t h e  
b o i l e r  p r o p e r  a s  a  M I M O  p l a n t .  T h e  h i g h e s t  i d e n t i fi c a t i o n  
a c c u r a c y , r e p r e s e n t e d  b y  t h e  l o w e s t  o u t p u t  p r e d i c t i o n  e r r o r , i s  
o b t a i n e d  u s i n g  t h e  i n v e r s e  L a g u e r r e  m o d e l  w i t h  i n t e g r a t i o n .  
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F i g . 2 .  P l o t s  o f  t h e  o u t p u t s  o f  t h e  b o i l e r  p r o p e r  ( a s  a  M I M O  s y s t e m )   

v s . i n v e r s e  L a g u e r r e  m o d e l  o u t p u t s  
R y s . 2 .  P r z e b i e g i  c z a s o w e  s y g n a ł ó w  w y j ś c i o w y c h  p a r o w n i k a  i  o d w r o t n e g o   

m o d e l u  L a g u e r r e ’ a  
 
5. C o n c l u s i o n s  
 
T h i s  p a p e r  h a s  p r e s e n t e d  a  n e w ,  i n v e r s e  s y s t e m -r e l a t e d  

s o l u t i o n s  t o  t h e  t w o  l e a d i n g ,  d e s i g n  a n d  m o d e l i n g  p r o b l e m s  
b e h i n d  t h e  i n p u t -o u t p u t  a p p r o a c h :  1 )  z e r o s  o f  L T I  M I M O  s y s t e m s  
a n d  t h e i r  i m p l i c a t i o n s  i n  a n a l y s i s  o f  r o b u s t  M V C  a n d  2 )  O B F -
b a s e d  v s .  A R X -b a s e d  m o d e l i n g  a n d  i d e n t i f i c a t i o n  o f  M I M O  
s y s t e m s .  T h e  t w o ,  s e e m i n g l y  f a r  d i s t a n t  p r o b l e m s  h a v e  b e e n  
b r i d g e d  t o g e t h e r  u n d e r  t h e  c o m m o n  h e a d i n g  o f  i n v e r s e  s y s t e m s .  
C o n t r o l  z e r o s  t y p e  2  h a v e  b e e n  s h o w n  t o  p o s s e s s  n i c e ,  a n d  
i n t r i g u i n g  p r o p e r t i e s .  O n  t h e  o t h e r  h a n d ,  i n v e r s e  O B F  m o d e l i n g  
h a s  b e e n  p r o v e d  e f f e c t i v e  i n  t h e  t a s k  o f  i d e n t i f i c a t i o n  o f  a  c o m p l e x  
M I M O  s y s t e m ,  t h a t  i s  a  b o i l e r  p r o p e r  a t  t h e  “ O p o l e ”  E l e c t r i c  
P o w e r  S t a t i o n .  
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