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Abstract

Definitions of the componentwise asymptotic stability and of the
exponential stability are extended for positive discrete-time linear systems
with delays. Necessary and sufficient conditions for the componentwise
asymptotic stability and the exponential stability are established.
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Stabilnos¢ asymptotyczna wedtug
sktadowych i stabilnos¢ wyktadnicza
liniowych dodatnich uktadéw
dyskretnych z opéznieniami

Streszczenie

Definicje asymptotycznej stabilnosci wedlug sktadowych oraz stabilnosci
wykladniczej rozszerzono na liniowe dodatnie uktady dyskretne
z opdznieniami. Podano warunki konieczne i wystarczajace asympto-
tycznej stabilnosci wedtug sktadowych oraz stabilnosci wyktadnicze;j.

Stowa kluczowe: system bilinearny, opdznienie, czas dyskretny, uklad
dodatni

1. Introduction

In positive systems inputs, state variables and outputs take only
non-negative values for non-negative initial states and
non-negative controls. A variety of models having positive linear
systems behaviour can be found in engineering, management
science, economics, social sciences, biology and medicine, etc.
[1, 10, 11].

Recently, conditions for stability and robust stability of positive
discrete-time linear systems with delays were given in [3-9, 12].

In this paper we give definitions and necessary and sufficient
conditions for the componentwise asymptotic stability and the
exponential stability of linear positive discrete-time systems with
delays.

To the best author's knowledge, the componentwise asymptotic
stability and exponential stability problems of positive
discrete-time systems with delays were not considered yet.

2. Problem formulation

Let R"™™ be the set of »nxm matrices with entries from the
field of real numbers and R” = R"*!. The set of nx m matrices
with real non-negative entries will be denoted by R7*” and

R = KR! The set of non-negative integers will be denoted by Z, .

Consider the positive discrete-time linear system with delays
described by the homogeneous equation

h
Xip1 = kZOAkxi—ka ieZ, (D

with the initial conditions
x_; €Ny, i=01..h, ?2)

where % is a positive number and 4, e R} (k=0,1,...,%).
If 4 eRY" (k=0,,..,h) then for every x_;eR}
(i=0,L...,h) we have x; eR forieZ, [12].

System (1) is asymptotically stable if and only if all roots
21,2y,...,z, of the characteristic equation

h
det(zl, — Y 4,z F)=0 3)
k=0

have moduli less than 1, or equivalently, all roots z,z,,...,z; of
the equation

Wl L ek a -1
det(z"" I, — Y Az ") =2" +az_1z"  +.+az+a;=0 (4)
k=0

have moduli less than 1, ie. |z;|<1 for k=12,...,7=(h+1n
[12].
Let us introduce the matrix

Ay A4 Ay
I 0 O -

A=|" _ R )
0o 0 I 0

Theorem 1. [12]. Positive system with delays (1) is
asymptotically stable if and only if the following equivalent
conditions hold:

1) all coefficients of characteristic polynomial of the matrix
§'=A-1I;, of the form

h
det[(z + 1)1, — A]=det[(z+ 1)1 — 3 4, (z+ 1) *]
k=0
=" 4@, 2"+ 4az+ 4, (6)

are positive, i.e. g; >0 for i=0,1,....,7 -1,
2) all leading principal minors of the matrix 4 =1;— 4 are
positive.
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In this paper we consider the new kinds of stability of positive
system (1), namely, the componentwise asymptotic stability and
the exponential stability.

By generalisation of definitions of the componentwise
asymptotic stability and the exponential stability of positive
systems without delays (given in [11]), we obtain the following.

Definition 1. Positive system (1) is called componentwise
asymptotically stable if for every initial conditions (2) there exist

vectors p; € R’} satisfying the condition lim p; =0 such that
i—>0

x; <p; forall i=—-h—-h+1,..-1,0,1,2,... @)
where x; is the solution of equation (1) with initial conditions (2).

Definition 2. Positive system (1) is called exponentially stable
if for every initial conditions (2) there exist a scalar 0 <f3 <1 and

a vector o > 0 such that
x; <ap’ forall i=—h—h+1,.,~-1,0,1,2,.... ®)

From definitions 1 and 2 it follows that asymptotic stability is
necessary for componentwise asymptotic stability and exponential
stability of positive system (1) with delays.

In the paper we give necessary and sufficient conditions for
componentwise asymptotic stability and exponential stability of
positive discrete-time systems (1). The proposed conditions were
obtained by generalisation of suitable conditions given in [11] for
positive systems without delays.

3. The main results

Theorem 2. Positive system (1) 1is componentwise

asymptotically stable if and only if the vectors p; e R’} satisfy the
difference inequality

M=

Apiy, i€Z,. ©)
k=0

Pir1 2

Proof. First we show that if inequality (9) is satisfied then (7)
holds.
Let v; =p; —x;, i €Z,. From (9) and (1) we have

h h
Vigl = Pipl ~ Xip1 2 kZOAk(pi—k —Xi_)= kZOAkVi—k- (10)

Hence,

h
Viel= 2 Akt W, i €Z,, (11
k=0

where w;, e R’
The solution of equation (11) has the form [2]

-1 h+j+1 i-1
vi=0vg+ X X DA v+ TBGE-1-jw;, (12)
j=—h k=1 Jj=0

where ®(i) is the state-transition matrix, which satisfies the
equation

D@ +1) = AyD(@) + DG — D)+ .+ A, D — h) (13)
with the initial conditions

®0)=1,, ®(E)=0 for i <0. (14)
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Because 4, eRT" (k=0,1,..,h), from (13) and (14) it
follows that ®(i) eR’ for all i eZ,. Hence, v; =p; —x; >0 and
(7) holds since w; e R, i €Z,.

Now, by contradiction we show that (7) is satisfied only if (9)
holds.

Assume that (9) is not satisfied for mth component p!" of the
vector p;, i.e.

n h .
Pii1 < Z] kZOa,/;jp{_k m=12,...n, (15)
e

where a,’ﬁ!/ is the (m, j) entry of 4.

From (1) for the mth component x;” of x; we have

Lo
Xip] = 2 X QX (16)
j=1 k=0
Using (7) we obtain
n h ko n h k m
2 X X S X X AyPi g <Pitl- a7
j=1 k=0 j=1 k=0

Hence, we get the contradiction and (9) holds.

Theorem 3. Positive system (1) is exponentially stable if and only
if

h
[IB— T AP la=0 (18)
k=0
and
| RN
1>B2>2max— Y B Za,-,-OLJ-ZO. (19)
i 0Oy k=0 j=1

where 4, =[af] (k=0L...h), i,j=12,..,n,

T
and o =[oy, oy, -, a0, ]

Proof. Substitution of p; = af’ into (9) yields

h
i+1 i—k
Py =of > X A 0p’
k=0
or

bk i
[(B— Z 4B Jap' 2 0.
%=0

After division the last inequality by B’ we obtain inequality (18).
From (18) for the ith component a; of o, we have

hooen g
By 2 X B Y aja;, i=12,..,n (20)
k=0 j=1 !

After division (20) by o; we obtain

bk Ik
Bpz— X B X aya; 20, i=12,..,n. @21
P

1
o

Hence, (19) holds.
By generalisation of the results given in [11] for positive
systems without delays we obtain the following remark.

Remark 1. In the general case  in Theorem 3 can be chosen so
that real roots of (4) are less than f.
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4. Example

Consider the positive system (1) with the matrices

05 01 01 0 0 0
Ay = , A= , Ay = (22)
0 0 01 0 04 02

and the initial conditions

[03 047 ol ”
27 oap T ol 0T o2 (23)
Equation (4) of the form

det(z°], — ¥ 4, z2%7%) =28 - 052° - 0.1z* - 0212° + 00622 + 0.02z = 0

2
k=0

24

has the following real roots: 0.7900, 0.4091, 0, -0.1953. Hence,
according to Remark 1 we can choose § =038.

Condition (18) for B = 0.8 has the form

- & 4t | 1750 01 Tai] [0 s
Pari " 2075 04875]a, |Zlo] @

From (25) we have the following inequalities
o, <1750 and o, >153850,. (26)

Among values of o and o, satisfying (26) we chose those that

satisfy (8) for i=-2, j=—_1 and i =0, i.e. o> xfzﬁz, o> x,IB1
and o 2 x,.
For =08 from the above inequalities we obtain

oy >0.6120, o, >0.3440. 27

From (26) and (27) it follows that we can choose o, =0.7,
Ay = 1.2.

Checking the conditions of Theorem 3 for B=08 and
o =[0.7,12]" we obtain

B 2 g gk | 00025
[B_,Eo W=l 06

and

I M

k2 k 12 %2 &
1> B > max B X ajjo,— X BT X ay;o;r=max{0.7964, 0.75} = 0.7964.

1
Ole 0 j=1 T 0 k=0 Jj=1
Hence, for =08 and o =[0.7, 12]" the conditions of
Theorem 3 are satisfied and the system is exponentially stable.
For the system the vector p; = ap’ has the form

o 0.7 oi .
pi = 02 =12 08" for i=-2,-1,0,1,2,.... (28)

Plots of x,~1, x,-2 and p,!, p;z for i =-2,-1,0,1,2,...,10 are shown
in Figure 1. From this figure it follows that condition (8) of
Definition 2 holds.

\ 1
08 c

0.4
& x2 R
o R S

-2 0 2 4 6 8 10

Fig. 1.  Plots of x,-], x,-2 and p,!, pf for i = -2,-1,0,1,2,...,10

5. Concluding remarks

Definitions of the componentwise asymptotic stability and of
the exponential stability are extended for positive discrete-time
linear systems (1) with delays. Necessary and sufficient conditions
for the componentwise asymptotic stability and the exponential
stability have been given.

The considerations can be extended for linear positive
continuous-time systems with delays.

The preliminary version of this paper was presented at the
International Conference on Power Electronics and Intelligent
Control for Energy Conservation which was held in Warsaw,
Poland during October 16-19, 2005.

The work was supported by the State Committee for Scientific
Research in Poland under grant No 3 T11A 006 27.
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