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A b s t r a c t  
 

D ef i ni t i o ns o f  t h e c o m p o nent w i se asy m p t o t i c  st ab i l i t y  and  o f  t h e 
ex p o nent i al  st ab i l i t y  ar e ex t end ed  f o r  p o si t i v e d i sc r et e-t i m e l i near  sy st em s 
w i t h  d el ay s.  N ec essar y  and  su f f i c i ent  c o nd i t i o ns f o r  t h e c o m p o nent w i se 
asy m p t o t i c  st ab i l i t y  and  t h e ex p o nent i al  st ab i l i t y  ar e est ab l i sh ed .  
 
K e y w o r d s : b i l i near  sy st em ,  c o nt r o l l ab i l i t y ,  d el ay ,  d i sc r et e-t i m e,  p o si t i v e 
so l u t i o n 
 
S t ab il n oś ć  as y m p t ot y c z n a w e d łu g  
s kład ow y c h  i s t ab il n oś ć  w y kład n ic z a 
l in iow y c h  d od at n ic h  u kład ó w   
d y s kr e t n y c h  z  op ó ź n ie n iam i 

 
S t r e s z c z e n i e  

 
D ef i ni c j e asy m p t o t y c z nej  st ab i l no ś c i  w ed ł u g  sk ł ad o w y c h  o r az  st ab i l no ś c i  
w y k ł ad ni c z ej  r o z sz er z o no  na l i ni o w e d o d at ni e u k ł ad y  d y sk r et ne  
z  o p ó źni eni am i .  Po d ano  w ar u nk i  k o ni ec z ne i  w y st ar c z aj ą c e asy m p t o -
t y c z nej  st ab i l no ś c i  w ed ł u g  sk ł ad o w y c h  o r az  st ab i l no ś c i  w y k ł ad ni c z ej .  
 
S ł o w a  k l u c z o w e : sy st em  b i l i near ny ,  o p ó źni eni e,  c z as d y sk r et ny ,  u k ł ad  
d o d at ni  
 
1 .  I n t r od u c t ion  
 
I n  p o si t i v e sy st em s i n p u t s,  st a t e v a r i a b les a n d  o u t p u t s t a k e o n ly  

n o n -n eg a t i v e v a lu es fo r  n o n -n eg a t i v e i n i t i a l st a t es a n d   
n o n -n eg a t i v e c o n t r o ls.  A  v a r i et y  o f m o d els h a v i n g  p o si t i v e li n ea r  
sy st em s b eh a v i o u r  c a n  b e fo u n d  i n  en g i n eer i n g ,  m a n a g em en t  
sc i en c e,  ec o n o m i c s,  so c i a l sc i en c es,  b i o lo g y  a n d  m ed i c i n e,  et c .   
[ 1 ,  1 0 ,  1 1 ] .   
R ec en t ly ,  c o n d i t i o n s fo r  st a b i li t y  a n d  r o b u st  st a b i li t y  o f p o si t i v e 

d i sc r et e-t i m e li n ea r  sy st em s w i t h  d ela y s w er e g i v en  i n  [ 3 -9 ,  1 2 ] .  
I n  t h i s p a p er  w e g i v e d efi n i t i o n s a n d  n ec essa r y  a n d  su ffi c i en t  

c o n d i t i o n s fo r  t h e c o m p o n en t w i se a sy m p t o t i c  st a b i li t y  a n d  t h e 
ex p o n en t i a l st a b i li t y  o f li n ea r  p o si t i v e d i sc r et e-t i m e sy st em s w i t h  
d ela y s.   
T o  t h e b est  a u t h o r ' s k n o w led g e,  t h e c o m p o n en t w i se a sy m p t o t i c  

st a b i li t y  a n d  ex p o n en t i a l st a b i li t y  p r o b lem s o f p o si t i v e  
d i sc r et e-t i m e sy st em s w i t h  d ela y s w er e n o t  c o n si d er ed  y et .  
 

2 .  P r ob l e m  f or m u l at ion  
 

L et  ℜ ×n m  b e t h e set  o f n m×  m a t r i c es w i t h  en t r i es fr o m  t h e 
fi eld  o f r ea l n u m b er s a n d  ℜ = ℜ ×n n 1

.  T h e set  o f n m×  m a t r i c es 
w i t h  r ea l n o n -n eg a t i v e en t r i es w i ll b e d en o t ed  b y  ℜ+

×n m  a n d  
ℜ = ℜ+ +

×n n 1
.  T h e set  o f n o n -n eg a t i v e i n t eg er s w i ll b e d en o t ed  b y  Z+ .  

C o n si d er  t h e p o si t i v e d i sc r et e-t i m e li n ea r  sy st em  w i t h  d ela y s 
d esc r i b ed  b y  t h e h o m o g en eo u s eq u a t i o n  
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x A xi k i k
k
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=
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0
,   i Z∈ + ,

             ( 1 )  
 
w i t h  t h e i n i t i a l c o n d i t i o n s 
 

x− +∈ℜi
n
,  i h= 0 1, ,..., ,             ( 2 )  

 
w h er e h i s a  p o si t i v e n u m b er  a n d  Ak n n k h∈ℜ =+

× ( , ,..., ) .0 1  
I f Ak n n k h∈ℜ =+

× ( , ,..., )0 1  t h en  fo r  ev er y  x− +∈ℜi
n  

( , ,..., )i h= 01  w e h a v e xi n∈ℜ+  fo r  i Z∈ +  [ 1 2 ] .  
S y st em  ( 1 )  i s a sy m p t o t i c a lly  st a b le i f a n d  o n ly  i f a ll r o o t s 

z z zn1 2, ,...,  o f t h e c h a r a c t er i st i c  eq u a t i o n  
 

det( )zI zn k
k

k

h
− ∑ =−

=
A
0

0             ( 3 )  
 
h a v e m o d u li  less t h a n  1 ,  o r  eq u i v a len t ly ,  a ll r o o t s z z zn1 2, ,..., ~  o f 
t h e eq u a t i o n  
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h a v e m o d u li  less t h a n  1 ,  i . e.  | |zk < 1  fo r  k n h n= = +1 2 1, ,...,~ ( )  
[ 1 2 ] .  
L et  u s i n t r o d u c e t h e m a t r i x  
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( 5 )  

 
Theorem 1. [ 1 2 ] .  P o si t i v e sy st em  w i t h  d ela y s ( 1 )  i s 

a sy m p t o t i c a lly  st a b le i f a n d  o n ly  i f t h e fo llo w i n g  eq u i v a len t  
c o n d i t i o n s h o ld :  
1 )  a ll c o effi c i en t s o f c h a r a c t er i st i c  p o ly n o m i a l o f t h e m a t r i x  

,~nIAS −=  o f t h e fo r m  
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1 1 11

0

1
1

1 0   ( 6 )   
a r e p o si t i v e,  i . e.  ~ai > 0  fo r  i n= −0 1 1, ,...,~ ,  

2 )  a ll lea d i n g  p r i n c i p a l m i n o r s o f t h e m a t r i x  A I An= −~  a r e 
p o si t i v e.  
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In this paper we consid er the new k ind s of  stab il ity  of  positiv e 
sy stem  ( 1 ) ,  nam el y ,  the com ponentwise asy m ptotic stab il ity  and  
the ex ponential  stab il ity .  
By  g eneral isation of  d ef initions of  the com ponentwise 

asy m ptotic stab il ity  and  the ex ponential  stab il ity  of  positiv e 
sy stem s withou t d el ay s ( g iv en in [ 1 1 ] ) ,  we ob tain the f ol l owing . 
 
Definition 1. P ositiv e sy stem  ( 1 )  is cal l ed  com ponentwise 

asy m ptotical l y  stab l e if  f or ev ery  initial  cond itions ( 2 )  there ex ist 
v ectors ρi n∈ℜ+  satisf y ing  the cond ition lim

i
i

→∞
=ρ 0  su ch that 

 
xi i≤ ρ  f or al l  i h h= − − + −, ,..., , , , ,...1 1 0 1 2          ( 7 )  

 
where xi  is the sol u tion of  eq u ation ( 1 )  with initial  cond itions ( 2 ) . 
 
Definition 2 . P ositiv e sy stem  ( 1 )  is cal l ed  ex ponential l y  stab l e 

if  f or ev ery  initial  cond itions ( 2 )  there ex ist a scal ar 0 1< <β  and  
a v ector α > 0  su ch that  
 

xi
i≤ α β  f or al l  i h h= − − + −, ,..., , , , ,...1 1 0 1 2 .           ( 8 )  

 
F rom  d ef initions 1  and  2  it f ol l ows that asy m ptotic stab il ity  is 

necessary  f or com ponentwise asy m ptotic stab il ity  and  ex ponential  
stab il ity  of  positiv e sy stem  ( 1 )  with d el ay s. 
In the paper we g iv e necessary  and  su f f icient cond itions f or 

com ponentwise asy m ptotic stab il ity  and  ex ponential  stab il ity  of  
positiv e d iscrete-tim e sy stem s ( 1 ) . T he proposed  cond itions were 
ob tained  b y  g eneral isation of  su itab l e cond itions g iv en in [ 1 1 ]  f or 
positiv e sy stem s withou t d el ay s. 
 
3. T h e  m a i n  r e s u l t s  
 
T h eor em  2 . P ositiv e sy stem  ( 1 )  is com ponentwise 

asy m ptotical l y  stab l e if  and  onl y  if  the v ectors ρi n∈ℜ+  satisf y  the 
d if f erence ineq u al ity  
 

ρ ρi k i k
k

h
A+ −

=
≥ ∑1

0
,   i Z∈ +.              ( 9 )  

 
P r oof. F irst we show that if  ineq u al ity  ( 9 )  is satisf ied  then ( 7 )  
hol d s.  
L et v xi i i= −ρ ,  i Z∈ + . F rom  ( 9 )  and  ( 1 )  we hav e  
 

v x A x A vi i i k i k
k

h
i k k i k

k

h
+ + + −

=
− −

=
= − ≥ ∑ − = ∑1 1 1

0 0
ρ ρ( ) .       ( 1 0 )  

 
H ence,  

v A v wi k i k
k

h
i+ −

=
= ∑ +1

0
,  i Z∈ + ,              ( 1 1 )  

 
where wi n∈ℜ+ .   
T he sol u tion of  eq u ation ( 1 1 )  has the f orm  [ 2 ]  
 

v i v i k v i j wi k

h j

j h k j j j

i
j= + −∑∑ + − −∑

=

+ +

=−

−

− −
=

−
Φ Φ Φ( ) ( ) ( ) ,0

1

11
1

0

1 1A
 
( 1 2 )  

 
where Φ( )i  is the state-transition m atrix ,  which satisf ies the 
eq u ation 
 

Φ Φ Φ Φ( ) ( ) ( ) ... ( )i i i i hh+ = + − + + −1 10 1A A A          ( 1 3 )  
 
with the initial  cond itions 
 

Φ( ) ,0 = In   Φ( )i = 0  f or i < 0.              ( 1 4 )  

Becau se Ak n n k h∈ℜ =+
× ( , ,..., ) ,0 1  f rom  ( 1 3 )  and  ( 1 4 )  it 

f ol l ows that Φ( )i n∈ℜ+  f or al l  i Z∈ + . H ence,  v xi i i= − ≥ρ 0  and  
( 7 )  hol d s since wi

n∈ℜ+ ,  i Z∈ +. 
N ow,  b y  contrad iction we show that ( 7 )  is satisf ied  onl y  if  ( 9 )  

hol d s.  
A ssu m e that ( 9 )  is not satisf ied  f or mth com ponent ρim  of  the 

v ector ρi ,  i.e. 
  

ρ ρi
m

mj
k

i k
j

k

h

j

n
a+ −

==
< ∑∑1

01
  m n= 1 2, ,..., ,      ( 1 5 )  

 
where amjk  is the ( , )m j  entry  of  Ak .  
F rom  ( 1 )  f or the mth com ponent xim  of  xi  we hav e 
 

x a xi
k

m j
k

i k
j

k

h

j

n
+ −

==
= ∑∑1

01
.            ( 1 6 )  

 
U sing  ( 7 )  we ob tain  
 

a x amj
k

i k
j

k

h

j

n
mj
k

i k
j

k

h

j

n
i
m

−
==

−
==

+∑∑ ≤ ∑∑ <
01 01

1ρ ρ .

     
( 1 7 )  

 
H ence,  we g et the contrad iction and  ( 9 )  hol d s. 
 

Theorem 3. P ositiv e sy stem  ( 1 )  is ex ponential l y  stab l e if  and  onl y  
if   

[ ]I Ak
k

k

hβ β α− ∑ ≥−

=0
0
       

( 1 8 )  
and  

1 1 0
10

> ≥ ∑∑ ≥−

==

β α β αm a x .
i i

k
ij
k

j

n
jk

h
a

  
( 1 9 )  

 
where Ak i j

ka k h= =[ ] ( , ,..., ) ,0 1   i j n, , ,..., ,= 1 2   
and  α α α α= [ , , , ] .1 2 L n

T  
 
P roof . S u b stitu tion of  ρ α βi

i=  into ( 9 )  y iel d s  
 

ρ α β α βi
i

k
i k

k

h
A+

+ −

=
= ≥ ∑1

1

0
 

or  
[ ] .I Ak

k i

k

hβ β α β− ∑ ≥−

=0
0  

 
A f ter d iv ision the l ast ineq u al ity  b y  βi  we ob tain ineq u al ity  ( 1 8 ) .  
F rom  ( 1 8 )  f or the ith com ponent αi  of  α  we hav e  
 

βα β αi
k

ij
k

j

n
jk

h
a≥ ∑∑ −

== 10
,  i n= 1 2, ,..., .    ( 2 0 )  

 
A f ter d iv ision ( 2 0 )  b y  αi  we ob tain 
 

β α β α≥ ∑∑ ≥−

==

1 0
10i

k
ij
k

j

n
jk

h
a ,  i n= 1 2, ,..., .      ( 2 1 )  

 
H ence,  ( 1 9 )  hol d s. 
By  g eneral isation of  the resu l ts g iv en in [ 1 1 ]  f or positiv e 

sy stem s withou t d el ay s we ob tain the f ol l owing  rem ark . 
 

Remark 1. In the g eneral  case β  in T heorem  3  can b e chosen so 
that real  roots of  ( 4 )  are l ess than β.  
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4. E x a m p l e  
 
C o n s i d e r  t h e  p o s i t i v e  s y s t e m  ( 1 )  w i t h  t h e  m a t r i c e s  
 

A0
05 01
0 0= 





. . ,  A1
01 0
01 0= 





.

. ,  A2
0 0
0 4 0 2

= 



. .         

( 2 2 )  
 
a n d  t h e  i n i t i a l  c o n d i t i o n s  
 

x
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= 
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
2

0 3
01
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. ,

 
x
−

= 
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
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0 4
01
.
. ,

 
x0

01
0 2

= 
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
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.
.

.
              

( 2 3 )  
 
E q u a t i o n  ( 4 )  o f  t h e  f o r m  
 

det( ) . . . . .z z z z z z z zk
k

k

3
2

2

0

2 6 5 4 3 205 01 0 2 1 0 06 0 02 0I A− ∑ = − − − + + =−

=  
  
( 2 4 )  

 
h a s  t h e  f o l l o w i n g r e a l  r o o t s :  0 .7 9 0 0 ,  0 .4 0 9 1 ,  0 ,  -0 .1 9 5 3 . H e n c e ,  
a c c o r d i n g t o  R e m a r k  1  w e  c a n  c h o o s e  β = 08. . 
C o n d i t i o n  ( 1 8 )  f o r  β = 08.  h a s  t h e  f o r m  
 

[ ] . .
. . .I Ak

k

k
β β α α

α− ∑ = −
−


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


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
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
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−

=0
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2

017 5 0 01
0 7 5 0 4 8 7 5

0
0        

( 2 5 )  
 
Fr o m  ( 2 5 )  w e  h a v e  t h e  f o l l o w i n g i n e q u a l i t i e s   
 

α α2 11 7 5≤ .  a n d  α α2 115 3 8 5≥ . .              ( 2 6 )  
 
A m o n g v a l u e s  o f  α1  a n d  α2  s a t i s f y i n g ( 2 6 )  w e  c h o s e  t h o s e  t h a t  

s a t i s f y  ( 8 )  f o r  i = −2,  i = −1 a n d  i = 0,  i .e . α β≥
−
x 2

2
,  α β≥

−
x 1

1  
a n d  α ≥ x0.  
Fo r  β = 08.  f r o m  t h e  a b o v e  i n e q u a l i t i e s  w e  o b t a i n  
 

 α1 0 6 1 2 0≥ . ,  α2 0 3 4 4 0≥ . .        ( 2 7 )  
 
Fr o m  ( 2 6 )  a n d  ( 2 7 )  i t  f o l l o w s  t h a t  w e  c a n  c h o o s e  α1 0 7= . ,  

α2 12= . .  
C h e c k i n g t h e  c o n d i t i o n s  o f  T h e o r e m  3  f o r  β = 08.  a n d  

α = [ . , . ]0 7 12 T  w e  o b t a i n  
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H e n c e ,  f o r  β = 08.  a n d  α = [ . , . ]0 7 12 T  t h e  c o n d i t i o n s  o f  

T h e o r e m  3  a r e  s a t i s f i e d  a n d  t h e  s y s t e m  i s  e x p o n e n t i a l l y  s t a b l e . 
Fo r  t h e  s y s t e m  t h e  v e c t o r  ρ α βi

i=  h a s  t h e  f o r m  
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.  f o r  i = − −2 1 0 1 2, , , , ,... .   ( 2 8 )  
 
P l o t s  o f  xi1,  xi2  a n d  ρi1,  ρi2  f o r  i = − −2 1 0 1 2 10, , , , ,...,  a r e  s h o w n  

i n  Fi gu r e  1 . Fr o m  t h i s  f i gu r e  i t  f o l l o w s  t h a t  c o n d i t i o n  ( 8 )  o f  
D e f i n i t i o n  2  h o l d s . 
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F i g .  1 .  P l o t s  o f  xi1,  xi2  a n d  ρi1,  ρi2  f o r  i = − −2 1 0 1 2 10, , , , ,...,  
 
5. C o n c l u d i n g  r e m a r k s  
 
D e f i n i t i o n s  o f  t h e  c o m p o n e n t w i s e  a s y m p t o t i c  s t a b i l i t y  a n d  o f  

t h e  e x p o n e n t i a l  s t a b i l i t y  a r e  e x t e n d e d  f o r  p o s i t i v e  d i s c r e t e -t i m e  
l i n e a r  s y s t e m s  ( 1 )  w i t h  d e l a y s . N e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  
f o r  t h e  c o m p o n e n t w i s e  a s y m p t o t i c  s t a b i l i t y  a n d  t h e  e x p o n e n t i a l  
s t a b i l i t y  h a v e  b e e n  gi v e n . 
T h e  c o n s i d e r a t i o n s  c a n  b e  e x t e n d e d  f o r  l i n e a r  p o s i t i v e  

c o n t i n u o u s -t i m e  s y s t e m s  w i t h  d e l a y s . 
T h e  p r e l i m i n a r y  v e r s i o n  o f  t h i s  p a p e r  w a s  p r e s e n t e d  a t  t h e  

I n t e r n a t i o n a l  C o n f e r e n c e  o n  P o w e r  E l e c t r o n i c s  a n d  I n t e l l i ge n t  
C o n t r o l  f o r  E n e r gy  C o n s e r v a t i o n  w h i c h  w a s  h e l d  i n  W a r s a w ,  
P o l a n d  d u r i n g O c t o b e r  1 6 -1 9 ,  2 0 0 5 . 
 
T h e  w o r k  w a s  s u p p o r t e d  b y  t h e  S t a t e  C o m m i t t e e  f o r  S c i e n t i f i c  

R e s e a r c h  i n  P o l a n d  u n d e r  gr a n t  N o  3  T 1 1 A  0 0 6  2 7 . 
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