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Perfect observers for continuous time linear systems
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Abstract

Full-order, reduced-order and polynomial perfect observers are considered. Ne-
cessary and sufficient conditions for the existence of the perfect observers are
established and procedures for computation of matrices of the perfect obse-
tvers are derived. Illustrating numerical examples and some simulations results
are also presented.

Streszczenie

W pracy rozwazana jest teoria obserwatoréw doskonatych pelnego rzedu, zre-
dukowanego rzedu oraz doskonatych obserwatordw wielomianowych. Zostaty
tu przedstawione konieczne i wystarczajace warunki istnienia obserwatorow
doskonatych oraz procedury pozwalajace na ich wyznaczanie poparte przykla-
dami numerycznymi oraz wynikami symulacji,

Keywords: full-order, reduced-order, perfect observers, polynomial perfect
observers
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1. Introduction

The design of observers for linear systems has been considered in many
papers and books [1, 2, 5-19]. Necessary and sufficient conditions for
the existence of the perfect observers for linear standard systems have
been established in [5-7]. A new concept of perfect full-order and redu-
ced-order perfect observers for continuous-time linear systems has been
proposed in [9, 10].

The subject of this paper is to present new method for designing of
full-order, reduced-order and polynomial perfect observers for continu-
ous-time standard and singular linear systems. Necessary and sufficient
conditions will be established for the existence of the observers and pro-
cedures for computation of the matrices of the observers will be derived.
The procedures will be illustrated by numerical examples and some si-
mulation results will be also presented.

2. Problem formulation

Let R™" be the set of real matrices of dimension 7xm (R" =R )and

R™"(s) be the set of rational matrices. The set of polynomial matrices

in s will be denoted by R"™"[s] and the identity matrix by 1.
Consider the continuous-time linear systerm

Ex = Ax+ Bu (1a)

y=Cx+Du (1b)
where =4 ye R", ye R™ and y€ R" are the state, input and out-
put vectors, respectively, and E,Ae R®", Be R"™™, Ce RP™,
De R™ are known real matrices.

Definition 1 System (1) is called standard continuous-time linear Sys-
tem ifand only if £ =1, (in general case det £ +0)
X=Ax+ Bu (2a)
y=Cx+ Du (2b)
Definition 2 System (1) is called singular (descriptor) continuous-time
linear system if and only if det £ = 0, (rankE = r < n).

If the system (1) is not singular then using pre-multiplication of the
equation (1a) by the inverse matrix £~ we obtain the standard continu-
ous-time linear system.

Definition 3 A singular system [9]

Ex = F%+Gu+ Hy 3)
where £, F e R™, Ge R™, i ¢ R™ and #(r) is the estimate of the
vector x(t), is called perfect observer of (1) ifand only if

#t)=x(t) for > 0 (@)
Definition 4 A singular system [9]

EX = F¥ +Gu+ Hy

X=J¥+Lu+My
WheI‘C E,FG R.-fxrj Ge Rrxm . He R;xp s e Rr:xr’ Le R,,Xm s

M e R and %(r) is estimate of the vector x(t), is called the reduced
order perfect observer if and only if the condition (4) satisfied and

(5

dim¥(¢) < dimx(z).
Consider a linear system described by the polynomial equations
x(s): Pu(s) (6a)
¥ls)=Cx(s) (6b)

where Pe R™™(s), ce R and x(s), u(s) and y(s) are the Laplace
transforms of , i and y, respectively.
Definition 5 Polynomial equation

#(s)= Lu(s)+ Vy(s) where 1, R™ [s]. ve R™[s] (7
is called the polynomial perfect observer if and only if (4) holds.

The aim of this paper is to design the perfect full-order, reduced-
order and polynomial perfect observers. Necessary and sufficient condi-
tions for the existence of a solution to the problem will be established
and procedures for computation of matrices of the perfect observers will
be proposed.
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3. Preliminaries

In sequel the following elementary row and column operations will be

used [4]:

1) Addition of the j-th row (column) multiplied by any nonzero real num-
ber k to the i-th row (column) - denoted by Lli+ jx (kﬂ,
(Rli+ jx (k)

2) Multiplication of the i-th row (column) by any nonzero number & -
Llix ()], (®lix ()]

3) Interchange of the i-th and j-th rows (columns) - Lli. j], (R[i, j])

The elementary row operations are equivalent to premultiplication of
the matrix by a suitable row operations matrix P and the elementary
column operations are equivalent to postmultiplication of the matrix by
a suitable elementary column operations matrix 0.

Using the Weierstrass-Kronecker decomposition to (1) and premulti-
plying equation (la) by P and defining the new semistate vector
X = Q7' x, the equations (1) can be written as follows.

PEQx = PAQX + PBu

y=C0x (8)

z=L0x

.

I,

where PEQ:[ . ;} d =deg{defEs—Al), B =g =0 for i#j-1,

2

PAQ= A{ 0 PB= B‘ X
QL) i |B eo=le, ol ira=ly 56{ ]

5
Matrices /2 and O can be obtained by the use of the procedure given
in the appendix of [16].
Using (8) the singular system (1) can be decomposed into the follo-
wing three subsystems.

X =Ax +Bu (9a)
¥y, =Cx, (9b)
E,x, =x,+B,u (9c)
¥, =0x (9d)
0=x;+Bu (9e)
¥y =G5 ©n
Y=y, + Yo+ ¥, (9g)

The subsystems are completely independent and the system (9a-9b)
is standard, system (9¢-9d) is completely singular (deEs—A]=c. ce C
the field of complex numbers) and system (9e-91) is static (algebraic).

4. Perfect observers for standard systems

The standard system (2) or equivalently pair (A, C) is observable if and
only if the observability matrix O has full column rank [4]

c
CA
rankO =rank| . |=n
2 (10)
CAn*]
Lemma 1. There exist matrix 7 e R™" such that [4, 9]
Zl kafn—p] E]
A=TAT" =|4, 1., |B=1B=|B,}
A, 0 B (11

c=cr'=[¢c, 0

ifand only if the system (2) is observable, where A € R*, A, € Rln-rke,
AeR™, B eR*, B,e R"P™, Be R™", GeR"™, detC, #0and

2 Bl i ¢ in(n, 2p)
e p—ran CA 1 ran cA < minin, P
0

othervise
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Proof. It is well-known [4] that there exists a matrix f such that

= _— AH Elp i 5
A=TAT™ = 4 i B=TE,
A])l e Aﬂ’f) (12)
=i =6, ... €]
0 a{{
’ ; . = 0 a
ifand only if the system (2) is observable, where A, = s
Ui 0w
[0 0 0 ]
00 0 a, :
10 0 a' 0 0 0
i=j A,=0 1 g & | € =] 0 1
O 0. (e
00 .1 a4 PR :
_0 e #0005 g

By the used of the permutation operations we may obtain the canoni-
cal form (11). Note that & is equal to the number of first zero rows of the
matrix A (Kronecker indexes equal 1: d, =1,

C G
1<g<2p—rank < p, where rank — p is number of Kro-
g<2p-—ran [CA} P re [CAj| p

necker indexes greater than 1).

Theorem 1. The full order perfect observer (3) exists if and only if the

standard system (2) is observable.

The following three cases will be considered.

a) In first case when matrix C is of full column rank (rankC = n), the
desired estimate is given by X=C"y—C"Duwhere C* is Moore-
Penrose inverse matrix.

Procedure 1.

Step 1. Find the Moore-Penrose inverse matrix C* of the matrix C

(c* =~ if detC # 0 and then compute M = C" and L=-C"D and

x=Lu+My

b) If then by Lemma 1

| B9l &
=

(13a)

el
=
o

y=[c o]z+Du (13b)

X5

X
where ¥ = {‘ jl =Tx.

Using the internal n— p equations (from k+1 to k+n— p) of the
system (13a) and knowing ¥, we may find all x. From equation (13b)
we obtain ¥, =, y—C, ' Du and

o ir o). [0 I,] [B,-AC'D] [AC
[ s . ..}X—L 0”}1{ . E“DI -+ _“E’_, Y (14)
P 1 1

The system (14) is completely smgular ( det [Es— A] =¢,where ce R
is nonzero real number) and the vector x is known for all 1> 0.
By the use of equation (14) and x = 7 we may construct the perfect
observer (3).

Estimated error of the vector x (obtained using perfect observer (3))

is equal to the error of the system (14) e=x—%=T"¢ = T'i()‘c —fr)
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The dynamic equation of this error is given by

o) ; [”_p ‘0l 0 f,,,,, N
i e = I 0 € where E(r):() is equal e(r):U

r
forall t > 0.
Therefore the perfect observer for standard continuous-time linear
system can be obtained by the use of the following procedure.

Procedure 2.
Step 1. For known A4, B, C find the Brunovsky-Luenberger second ca-
nonical form.
Step 2. Using permutation operations find matrix 7'such that (11) holds.
Step 3. Compute the matrices of the perfect observer (3)

£ Q‘(n—.p)x.fr {”_. pO T OF= 0 Ill*P T oG- Ez _EZE(ID
0 > ]p 0 » c!le H

A, :

H=| & |and EX=F&+Gu+Hy
1

¢) If rankC > 1 then the order of the observer can be reduced

Lemma 2. There exists amatrix T € R™" such that

) Al B,
A=TAT'=|0:1,, | B=TB=|B,|
a, b, (15)

&=eri=|g »

ifand only i system (2) is observable [4], where A e plei, a,€ R™.
B.e RV, B c RU-P" b R™, € e R™, detC, #0and C,
is the permutation matrix (each row and each column consists only one
nonzero element equal 1).

For a singular matrix A (det A = ()) may be [ subsystems (the multisys-
tem canonical form)

M s = B
All AIZ AU 7“
gl 0 0 B,
@ ap a, bis
Ay 22 Ay EZ‘
G- & 9i7, ¢ | ga|B=
ay ay E_Zl b_23 (157
En Erz En En
00 Qi) B
L ay Ay o il HE” |
¢ =diag(c, ol[c, ol...[c, o]
! ! S
where 1</ <n—rankA+1, 2": =n-—p, ErankC, =7
i=1 i=l
C
e e , 1| ek
Proof. Using A and C incanonical form (15) we compute O=|
C?A‘yrl

Next from () we choose n linearly independent rows such that the new
matrix @ = [, (identity matrix) and O0=0T =T, O where is amatrix
constructed from # linearly independent rows of the observability ma-
trix . There exists nonsingular matrix 7 such that (15) holds if and only
if matrix O has full column rank. The matrix 7 can be constructed using
n linearly independent rows of the matrix 0. Analogous results we obta-
in for the multisystem canonical form (15%).

Theorem 2. The reduced order perfect observer (5) exists if and only if
the pair (4, C) is observable.

Proof. By the lemma 2. there exists a matrix 7" such that

A B,
i LR e (16a)
El b3
y=[¢, 0]x+Du (16b)

if and only if the standard linear system (2) is observable.

X2

If (15) then X —[xl] =Tx,where x, € R, X, e R"".

Knowing x, we may find the vector x . From (16b) we obtain

Qi L 0l 1O oy Ll B, 5 0
..... e [ Rl A - 7] =
0 I, 0 gl =t | 9

Using (17) we can find the vector x. From (17) and x = Tix we obtain
the reduced order perfect observer

Loy O %= 0 I, X+ B, U+ - )
o ' |1 o |E )0 e
0 0 =il ot 18
A‘:T'J{ }§+T“'|: G D:|u+T{C' }y e
0 Ly 0 0

where ¥ = [x)]c(ﬁ)] (%) p-throw/element of the vector ¥,) and (E{l )( o
Z

(p-th row of the matrix C,™).

0 0. |—E2D c!
The error equation e=x—%=T"'| x— = |=G |G v
01 ., 0 0

= El
where € =|  |and
€
g=%+C'Du-C'y (19a)
&=x-p 1_J (19b)

From (19a) and (15b) we obtain

Z= Ci(p) — Xi(p) =5
e, x;

I 0, |01
The dynamic of this error is described by [ ’5” 0}"&' —l:] ’g” }E
where 2(t)=0 50 &,(1)=0so0 &(t)=0 s0 e(t)=0 forall t>0.
The reduced order perfect observer can be computed by the use of
the following procedure.

g, =0 and then

Procedure 3.
Step 1. Knowing 4 and C find 7 such that (15) holds.
Step 2. Compute the reduced order perfect observer matrices

e )L

OIX." 0 Ll ~-1
J=T'[ } L:T"[ C(lj D], M _T*[C(') } or for the
P

0 I
I -0
E=diag]| |- ;
.jg.'“: 0 }}

n—

multisystem canonical form (157)
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2 (mi=p, Mp;
N — el | A
F =dia =P G= D H =dia —=
[-|____gp[{1 0 :l } ( ? ?(Pz) !=1%[Jf (Cf I )(p, jZl ]

The desired observer has the form
EX=Fi+Gu+H 'y
X=J+Lu+My
d)Polynomial perfect observer

Our aim is to design a polynomial perfect observer for continuous-
time linear system described by the polynomial equations (6). To obtain

polynomial perfect observer we compute the matrices P(s), Cand T(s),
where T'(s)= CP(s).

If Cis the full row rank then we find 0 e R™" such that CQ= [I . O] ;
ol P_”(.S‘) ﬁ]m(‘g)
H(t)=0 'x{t) and P(s)=Q7P(s)=| ¢ . i
Rﬁl(s) L IDnm (S)

Note that it is enough to find only the part of the vector x. The desired
observer has the following form

%(s)= Lu(s)+ Vy(s) (20)
o0

= a1 Lp+!.|(s) Lt (“)
L=g"L= : ' : L s)zEl,”s’

| L,() ... L_(s) iy

I Ay
oy b ( ) 0 (s)
Vv :Q IV !1 A ]H- _n q [

L (S) V,,p(S)

The matrices 7. and V' can be obtained from the equation
B (M= 20, (), (M6)+ L, (5)) -

where d(s) is greatest common divisor of the matrices P P(s)and T(s).
Elements of the matrices L and ¥ we obtain by comparison of the
coefficients at the same power of s in equation (21).
To design the polynomial perfect observer the following procedure
can be used.

Procedure 4.
Step 1. Compute system matrices as follows:

Knowing P(s) and C compute T(s) or knowing P(s) and T(s)
compute C.
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Step 2. Find O such that CQ = [I s O]
Step 3. Find greatest common divisor d(s) of the elements of the matri-
ces P(s)and 7(s).

= ’
Step 4. Using the equation P, (s)d(s)= EV,L, (3)1}j (s)d(s)+ L; (s)d(s)
for p+1<i<n, j=1...,m find polynomial matrices L(s) and V (s)
Step 5. Compute L(s)= QL( )and V(s)=0 V(s)

The de51red polynomial observer is given by %(s)= Lu(s)+ Vy(s)
where Le R|s [

5. Perfect observers for singular systems

Consider the singular (detE =0) continuous-time linear system (1)

Theorem 3. The perfect observer for the singular continuous-time linear
system exists if and only if the system is observable

K Es—A Ve
ran =n, sE
C (22)

Proof.
a) If matrix C has full row rank: rankC =n

The estimate of the state vector xis given by ¥=C"y—C*Du and
the perfect observer can be obtained by the use of the Procedure 1.
b)If rankC < n

Using the Weierstrass-Kronecker decomposition the regular singular
system can be decomposed into the three independent subsystems: stan-
dard, completely singular and static one. Using procedure given in the
appendix of [16] find P and Q such that

1L, 41 e B,
PEQ=|0 N 0|, PAQ=‘: ‘ ; ] PB=B,|, CO=[¢ ¢ c] 23)
0 00 = B,
then
X, =Ax +Bu
e (24a)
Nx, =x, + B,u
T (24b)
0=x,+Bu
e, (24c¢)
Yy=y+y,+y,+Du (24d)

If the system is observable then all its subsystems are observable and
if one of the subsystems is unobservable then the system is unobserva-
ble.

If the subsystem (24a) is standard then the perfect observer for this
subsystem can be obtained using the method presented in section 4.

Elx'Ll =FX +Gu+Hy,
X =J.x% +M,y,

where det[E,s—F,]=¢c#0, ceR.
The subsystem (24b) is completely singular and its output signal [4]

Z(I[ ; Bzu

=

The perfect observer for this subsystem is described by the same
equations.

(25)

) is independent of initial conditions Xy forall £>0.

N, =%, +Bu
s (26)
S =%
The subsystem (24c) is described by the equation.
x;=—Byju=Lu 27
Combining  the  previous results we  obtain
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E 0 F 0 G, i The simulation results are shown on fig. 1, 2, 3 and 4.
W= w+ i+ Y
0 N 0 I B, s R L D e ol A
J 0 0 M, gfc=-1 EL...,.A:,'EJ,,,,_L ...... i......i ,,,,,, L ______ :L_l ,,,,,, L s di
¥=|0 Ilwt| 0 lu+| 0 |y IR i e S e
0 o] [-B] [0 A B e
Using the output equation and the perfect observer (26) and (27) we ”‘ ...... ...... { e e J ..... 2l
obtain n=y—Cw, +C,Bu—Du and o s A e ) o e
Evi = Fw+ Gu + Hy ; Wl L er ]
f=Jw+Lu+ My . ;

= E —H; =
where 245 O] o B HG)  [GrHCB-ED] | [H]
0N 0 1 B, 0

J, —MG M(CB,~D) M,
I=010 I | L=0 0 | M=0 0 |and £(t)=x() forall
0 0 -B, 0

Procedure 5.

Step 1. Find canonical form (23) for singular system (1) - procedure A. 1.
Step 2. Compute the matrices E., F, G, H, J,, M, of the perfect
observer for standard subsystem (24a) (Section 4).

Step 3. Compute § and B, of the perfect observer for completely sin-
gular subsystem (24b).

Step 4. Compute the matrix L, of the perfect observer for the subsystem
(24¢).

Step 5. Compute the obtained results and compute the final form of the

l_?v'szw+Gu+Hy
¥=Jw+Lu+ My

F=|iFl‘ _chz} G_{GI""H:C%Bz_HID} H_[HJ:I
0 I B, ; 0l

perfect observer

— |E O
E=
where [O Nb

JI _M1C2 Ml(c;Bs_D) Mf]
J=0/0 I |L=Q 0 M=0|0
o i | F 0 0

6. Examples and simulation results

Example 1.
Find perfect observer for the standard observable linear system with
(0 | 0 1
matrices A=/ 0 0 1 |,B=(2|,c=[l 0 0 =0
-1 -1 -10 1
Using the procedure 3 we obtain
Stepl. T=1,
100 010 1 0
Step 2. E=0 1 0|, F=|0 0 1|, G=|2| H=|0|,
000 1 00 0 -1
(B SR ) 1
J=10 1 0| L=0 M=|0
0 01

The desired perfect observer is described by

1 00 010 1 0 000 1
01 Op=[0 0 1|w+|{2@u+| 0|y 2=|0 I Ofw+|0]y
000 1 00 0 -1 0 i 0

Fig. 1. System input « and output v signals
Rys. 1. Sygnaly wejscia u i wyjécia y

Fig. 2. State vector x Gr,x,00)
Rys. 2. Wektor stanu x (3

T
Tims (zecona)

Fig. 3. Observer output signals
Rys. 3. Sygnal wyjsciowy obserwatora

| H i | i
| ' ' I | '
! ' ' I ! | i
! | | i | '
§ Lo S S e S 8 e e e e e R e (e |
v | ! i V
| i | '
' ' | '
' \ i '
i ST S S 1= R | S O 1 | SSCR: I\ N S S Lo =l
i i i i v i
I . | ' , i
| | ' ) '
| h
| |
e e T SR e At T e =
1 i i |
. I |
i ' i h
I ' .
7% DS e T P I S ST T FEas o el O M el ol e -
N i h
1 1
' ] '
' ‘ | i '
Y s AR OISR A S e E N e e = PR ST g et o e R R =
' ' H |
H ' i ' ) | i
i | ' ' | . '
' h | i i '
o
z 4 & B F3 ) 1€ 12 20

Fime (ecora)
Fig. 4. Observer signals error.
Rys. 4. Blad obserwatora.

Example 2.
Find the perfect observer for the unstable standard system with
g 0 1
A=|0 0 1 [,B=|2|,c=]t 0 0], p=0

-1 -1 0,01 1

Using the procedure 3 we obtain
Step1. T'=1,
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100 010 1 0 000
Step 2. E=|0 1 o, F={0 0 1|, G=|2|, H=[ 0|, J=|0 1 0,
000 1 040 0 = 0:0 1
1
L=0-M=|0
0

The desired perfect observer is described by

100 01 4 1 0 000 1
01 ohw=lo 0 1|lw+|2u+|0 |y 2={0 1 Ow+Oly
0 00 1 00 0 -1 001 0

The simulation results are shown on fig. 5, 6, 7 and 8.

Steee

RELTS

Fig. 5. System input « and output y signals
Rys. 5. Sygnaty wejécia u i wyjscia y

1ece

Erees

Fig. 6. System state vector x (3, %,5%3)
Rys. 6. Wektor stanu uktadu x (x,%,,%,)

coee

-zooe

Fig. 7. Observer output signals
Rys. 7. Sygnaty wyjSciowe obserwatora

Fig. 8. Observer signals error
Rys. 8. Blad obserwatora
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The perfect observers have one drawback that the output signals can
depends on the derivative of the input signals. Up to now we don’t know
the perfect computation method of the signals derivatives. All errors of
the observers output signals depends on the simulation parameters (asof
the step size). There is the most important advantage of the perfect obse-
rvers that the output signals are completely independent of the input
signals for all time greater then zero.

7. Concluding remarks

Three types of perfect observers: full-order, reduced-order and polyno-
mial one for continuous-time standard and singular linear systems have
been investigated. Necessary and sufficient conditions for the existence
of the perfect observers have been established. Procedures for designing
of the perfect observers have been derived and illustrated by numerical
examples. Some simulations results for the perfect observers have been
also presented. The considerations with some modifications can be also
extended for standard and singular discrete-time linear systems. An exten-
sion of the considerations for two-dimensional [4] linear and nonlinear
continuous-time systems is also possible but it is not trivial and it will be
a subject of the future research and publications.
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Tytul: Obserwatory doskonate liniowych ukladow ciagtych

Artykut recenzowany



	1-2004-39.pdf
	1-2004-40.pdf
	1-2004-41.pdf
	1-2004-42.pdf
	1-2004-43.pdf
	1-2004-44.pdf

