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Observability of linear discrete-time systems   
with different fractional orders 
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Abstract: In the paper the observability problem for the linear 
discrete-time positive systems with different fractional orders is 
presented. Necessary and sufficient conditions for observability 
of this class of dynamical systems are given. A method for com-
puting the initial state is proposed. Considerations are illustrated 
by theoretical example. Numerical calculations have been per-
formed in the MATLAB program environment. 
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bservability is one of the fundamental concepts in the 
control theory. Systematic studies of observability 

were started at the beginning of sixties, when the theory 
of observability based on description in the form of the 
state space for linear control systems was worked out. 
This problem, first given by R.E. Kalman [1], plays 
a crucial role in the study of canonical forms of dynamical 
systems or observer synthesis [2]. Roughly speaking, 
observability denotes studying the possibility of estimat-
ing the initial state from the output signal. In this paper, 
the problem of observability of positive fractional systems 
will be considered. In positive dynamical systems each 
inputs, state variables and outputs take only non-negative 
values. Examples of such systems are processes involving 
chemical reactors, distillation column, compartmental 
systems or atmospheric pollution models [3]. Dynamical 
systems described by fractional order differential or differ-
ence equations have been investigated in several areas 
such as viscoelasticity, diffusion processes, electrochemis-
try, control theory, electrical engineering, etc. (see [4–10] 
and references therein, for example). 
 The conditions of observability of standard and posi-
tive discrete-time integer order systems we can found in 
[4, 11, 12]. The problem of observability of fractional 
systems has been considered in [10, 13–15], for example.  
 In this paper, the basic definition as well as conditions 
for the observability of the positive linear discrete-time 
systems with different fractional orders are formulated. 
These conditions are partially based on conditions given in 
[10, 16] for positive discrete-time integer order systems 
and for standard discrete-time fractional systems, respec-
tively. Moreover, a method for computing the nonnegative 
initial state of the considered systems is proposed. 
 The considerations presented in this paper are the 
complement of the general control theory of the fractional 

discrete-time systems and can be applied in different areas 
of sciences. 

1.�Problem statement 
In this paragraph some basic notations and definitions are 
introduced which will be used in the next parts of the 
paper.  
 Let mn×ℜ  by the set of mn ×  real matrices and 

.1×ℜn  The set of mn ×  matrices with nonnegative en-
tries will be denoted by mn×

+ℜ  and .1×
++ ℜ=ℜ nn  The set 

of nonnegative integers will be denoted by +Z  and the 
nn ×  identity matrix will be denoted by nI .  

 In the theory of discrete-time systems with the same 
fractional order for each state equation the following defi-
nition of the fractional discrete derivative is used [10,12]: 
  

(1) 
 

 
where ℜ∈α  is the order of the fractional difference, 

+∈ Zk  is the number of samples for which the derivative 
is calculated and  
 
              
 

(2) 
 

The state equations of the system mentioned above 
has the form [10,12]:                
                                         

(3) 
                                                               

(4) 
 

where ,nnA ×ℜ∈ ,mnB ×ℜ∈ ,npC ×ℜ∈ mpD ×ℜ∈  and 
,n

ix ℜ∈ ,m
iu ℜ∈ p

iy ℜ∈  are the state, input and 

output vectors.  
  
Without loss of generality we can take the input 

.,0 +∈= Ziui  
 Let us consider the discrete-time system [10, 17]:  
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and references therein, for example). 
 The conditions of observability of standard and posi-
tive discrete-time integer order systems we can found in 
[4, 11, 12]. The problem of observability of fractional 
systems has been considered in [10, 13–15], for example.  
 In this paper, the basic definition as well as conditions 
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with different orders α ( nααα ≠≠≠ ...21 ) for each 
state equation where: 
 

 
   

 
 

 
(7) 

 
The solution of (5) with the initial condition 0x  is 

given by the formula [10]: 
           
 

(8) 
 
 
 

where α
kΦ  is determined by the equation: 

 
 

(9) 
 
with .0 nI=Φα   
  
The following conditions for the system (5), (6) can be 
proved in the same manner as for the positive fractional 
system (3), (4), see [12], for example. 
 
Lemma 1. If  
                                                    

   (10) 
then 
                                                              

(11) 
where kα  has the form (7). 
 
Lemma 2. If (10) holds and 
 
                                                            
    (12) 

then 
                                              (13) 

 
Theorem 1. The fractional system (5), (6) is positive 
(internally) if and only if 
 

          
(14) 

 Now we shall formulate the fundamental definitions 
for observability of the fractional positive system (5), (6).   
 
Definition 1. The state nx +ℜ∈0  of the system (5), (6) 
is called observable if knowledge of the output ,p

iy +ℜ∈  
,1,...,1,0 −= qi  suffices to determine uniquely .0x  

Definition 2. The system (5), (6) is called observable in 
q steps, if it is possible to find the initial conditions 

nx +ℜ∈0  knowing the system output in q points (steps) 
,p

iy +ℜ∈  ,1,...,1,0 −= qi  generated by this condition. 
 
Definition 3. The system (5), (6) is called observable, if 
there exists a natural number 1≥q  such that the system 
is observable in q steps. 
 The main purpose of the paper is to give necessary 
and sufficient conditions for observability of discrete-time 
positive fractional systems (5), (6) with different fractional 
orders in the state equations ( nααα ≠≠≠ ...21 ). 
 

2.�Solution of the problem 
Taking into account that +∈= Ziui ,0  and substituting 
the solution of the equation (5) of the form (8) into the 
output equation (6) we obtain: 
 
 
 
  

    (15) 
 

From (15) for 1,...,1,0 −= qk  we obtain: 
 

 
                                                         
 
 
 

   (16) 
 

The above equations  we can write in the form: 
 
                                                                     

(17) 
where 
 
             
 
 

  (18) 
and qS  is called the observability matrix. 
 

Let njej ,...,1, =  be the thj row of the identity ma-
trix .nI  A row jae  for  0>a  is called a monomial row. 
 Now we shall formulate the criteria for observability of 
the fractional positive system (5), (6). 
 
Theorem 2.  The system (5), (6) is observable in q  
steps if and only if the observability matrix qS  (18) con-
tains n  linearly independent monomial rows. 
 
Proof. From Definition 2 and (18) it follows that for 

,p
iy +ℜ∈  ,1,...,1,0 −= qi  there exists nx +ℜ∈0  if and 

only if the matrix (18) contains n  linearly independent 
monomial rows. 
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with different orders α ( nααα ≠≠≠ ...21 ) for each 
state equation where: 
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The solution of (5) with the initial condition 0x  is 

given by the formula [10]: 
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where α
kΦ  is determined by the equation: 
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with .0 nI=Φα   
  
The following conditions for the system (5), (6) can be 
proved in the same manner as for the positive fractional 
system (3), (4), see [12], for example. 
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Definition 1. The state nx +ℜ∈0  of the system (5), (6) 
is called observable if knowledge of the output ,p

iy +ℜ∈  
,1,...,1,0 −= qi  suffices to determine uniquely .0x  

,ii Cxy =

����

������
�������

�

�

�

�

� �

�
�

�
�
�

�
		



�
��



�
		



�
��



�
=

=∈
�
�
�

�

�

�
�
�

�

�

Δ

Δ
=Δ

�
�
�

�

�

�
�
�

�

�

=

+

+

��
����

��
	

	
	

	

	
	

�
�

�
�
�

�

�
�
�

�

�
�

αα
α

α
α

α

α ��

nll ,...,1,10 =<< α

.0)1( 1 >− +
k

i α

nnA ×
+ℜ∈+ )( 1α

,...2,1, =ℜ∈Φ ×
+ knn

k
α

.,,)( 1
npmnnn CBAA ×

+
×

+
×

+ ℜ∈ℜ∈ℜ∈+= αα



Pomiary Automatyka Robotyka  nr 2/2013 373

Theorem 3. If the matrix  
 
                                                 

   (19) 

has not n  linearly independent monomial rows, then does 
not exists +∈ Zq  such that the system (5), (6) is observ-
able. 
 
Proof. If the system (5), (6) is observable then the matrix 
(18) has n  linearly independent monomial rows. It is 
possible only if the matrix (19) has n  linearly independ-
ent monomial rows. Moreover the number of monomial 
rows in (18) cannot be greater than in (19).  
 From the above considerations it follows that if the 
fractional positive system (5), (6) is observable then it is 
always observable in q  steps and if the systems is observ-
able in q  steps then it is always observable in greater 
number of steps ( ,...2,1, =+ ttq ). The number +∈ Zq we 
can calculate using the following simple condition: 
 
Theorem 4. If the system (5), (6) is observable then it is 
observable in q  steps with ]/[ lnEq ≥  where ]/[ lnE  
denotes the minimal integer number grater or equal to 

ln /  and l is the number of linearly independent rows of 
the matrix .C  
 
Proof. Each matrix ,α

kCΦ  1,...,1,0 −= qk  of the 
observability matrix (18) may has maximum l linearly 
independent monomial rows. Hence, if the fractional posi-
tive system (5), (6) is observable then .nql =  
 The initial state nx +ℜ∈0  of the system (5), (6) we 
can calculate using the following condition: 
 
Theorem 5. If the matrix qS (18) contains q  linearly 
independent monomial rows and qpnT

qq
T
q SSS ×

+
− ℜ∈1][

then knowing the output qq0  the initial state 0x of the 
positive fractional system (5), (6) can be computed from: 
 

                                            (20) 
 
Proof. If there exists +∈ Zq  such that the matrix (18) 
has q linearly independent monomial rows ( nSq =rank ) 
then 0]det[ ≠q

T
q SS  and the matrix 1][ −

q
T
q SS  is well 

defined. If qpnT
qq

T
q SSS ×

+
− ℜ∈1][  then knowing the output 

qpqy +ℜ∈0  we get .0
nx +ℜ∈  

 The formula (20) is based on the left-inverse of  
the observability  matrix (18). Using another form of left-
inverse of the rectangular matrix (see [6], for example) we 
can write the following formula: 
 

                                           (21) 
where qpnK ×

+ℜ∈   we can choose arbitrarily, but such 
that .0)det( ≠qKS  Let us notice that in the special case 
if we choose T

qSK =  then from (21) we get the formula 
(20). 
 From the above considerations it follows that the 
system (5), (6) is observable if and only if there exists 
a natural number +∈ Zq  which satisfies conditions given 
in Theorem 2 and 3.  

3.�Example 
Let us consider the fractional system described by the 
equations (5), (6) with 
 
 
               

 (22) 
and the output matrices 
 
 

                                                           (23) 
                                                          

    (24) 

 
Test the observability of the system: 1) with (22), (23) 

and 2) with (22), (24). 
 We will check the positivity of the system. Using (12) 
we obtain: 
 
 
                      
 
 

   (25) 

 
Thus, by Theorem 1 the considered fractional system 

is positive. From Theorem 4 it follows that the system can 
be observable in 2≥q  steps. Computing the matrix (18) 
for 3=q  with (22) and (23) we get: 
 
                
 
 

   (26) 
where 

 
 
     
 

 
     (27) 

  
The observability matrix (26) does not contain 2=n  
linearly independent monomial rows. Thus, by Theorem 2 
the fractional system with (22) and (23) is not observable.  
Let us notice that the sufficient condition given in Theo-
rem 3 is satisfied. In this case we cannot guarantee that 
the initial condition 0x  will be computed correctly.  
 Repeating calculations with (22) and the matrix (24) 
for 2=q  we obtain: 
 
                
 
 

    (28) 

,)( nnp
A
C

S ×+
+ℜ∈�

�

�
�
�

�
=

α

nqT
qq

T
q ySSSx +

− ℜ∈= 0
1

0 ][

nq
q yKKSx +

− ℜ∈= 0
1

0 }]{[

,7.0,4.0,
15.00

45.038.0
21 ==�

�

�
�
�

�
−

−
= ααA

[ ],055.0)1( =C

.
10
055.0

)2( �
�

�
�
�

�
=C

.
55.00
45.002.0

11

22

21
1

×
+ℜ∈�

�

�
�
�

�
=

=
�
�
�

�

�
�
�

�
		



�
��



�
		



�
��



�
+=+=

αα
αα diagAAA

,
14.007.0
25.001.0
055.0

23

2)1(

1)1(

)1(

3
×

+ℜ∈
�
�
�

�

�

�
�
�

�

�
=

�
�
�
�

�

�

�
�
�
�

�

�

Φ

Φ==
α

α

C
C

C
SSq

.
41.00
26.012.0

,
55.00
45.002.0

)(

22
21202

22
0011

×
+

×
+

ℜ∈�
�

�
�
�

�
=−Φ=−Φ=Φ

ℜ∈�
�

�
�
�

�
=Φ=Φ+=Φ

αα

α

αα
α

α

α
α

αα

A

AA

.

55.00
11.001.0
00.10
025.0

24

1)2(

)2(
2

×
+ℜ∈

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=
�
�
�

�

�
�
�

�
Φ

== αC
C

SSq

3.�Example 
Let us consider the fractional system described by the 
equations (5), (6) with 
 
 
               

 (22) 
and the output matrices 
 
 

                                                           (23) 
                                                          

    (24) 

 
Test the observability of the system: 1) with (22), (23) 

and 2) with (22), (24). 
 We will check the positivity of the system. Using (12) 
we obtain: 
 
 
                      
 
 

   (25) 

 
Thus, by Theorem 1 the considered fractional system 

is positive. From Theorem 4 it follows that the system can 
be observable in 2≥q  steps. Computing the matrix (18) 
for 3=q  with (22) and (23) we get: 
 
                
 
 

   (26) 
where 

 
 
     
 

 
     (27) 

  
The observability matrix (26) does not contain 2=n  
linearly independent monomial rows. Thus, by Theorem 2 
the fractional system with (22) and (23) is not observable.  
Let us notice that the sufficient condition given in Theo-
rem 3 is satisfied. In this case we cannot guarantee that 
the initial condition 0x  will be computed correctly.  
 Repeating calculations with (22) and the matrix (24) 
for 2=q  we obtain: 
 
                
 
 

    (28) 

,7.0,4.0,
15.00

45.038.0
21 ==�

�

�
�
�

�
−

−
= ααA

[ ],055.0)1( =C

.
10
055.0

)2( �
�

�
�
�

�
=C

.
55.00
45.002.0

11

22

21
1

×
+ℜ∈�

�

�
�
�

�
=

=
�
�
�

�

�
�
�

�
		



�
��



�
		



�
��



�
+=+=

αα
αα diagAAA

,
14.007.0
25.001.0
055.0

23

2)1(

1)1(

)1(

3
×

+ℜ∈
�
�
�

�

�

�
�
�

�

�
=

�
�
�
�

�

�

�
�
�
�

�

�

Φ

Φ==
α

α

C
C

C
SSq

.
41.00
26.012.0

,
55.00
45.002.0

)(

22
21202

22
0011

×
+

×
+

ℜ∈�
�

�
�
�

�
=−Φ=−Φ=Φ

ℜ∈�
�

�
�
�

�
=Φ=Φ+=Φ

αα

α

αα
α

α

α
α

αα

A

AA

.

55.00
11.001.0
00.10
025.0

24

1)2(

)2(
2

×
+ℜ∈

�
�
�
�
�

�

�

�
�
�
�
�

�

�

=
�
�
�

�

�
�
�

�
Φ

== αC
C

SSq



374

NAUKA     

Thus, by Theorem 2 the considered system with (22), 
(24) is observable in 2=q  steps. The first one and the 
last one row of the observability matrix (28) are monomial 
and linearly independent. Let us notice that observability 
of the system in this case depends form the monomial 
structure of the output matrix .)2(C  
 Let us assume that the output sequence qq0 of the 
system with (22), (24) logged in the first 2=q  measuring 
points has the following form: 
 

       
 

(29) 
  

Knowing the nonnegative output sequence (29) we can 
compute the initial state of the considered system. First 
we use the formula (20) and next the formula (21). 
Substituting (29) and (28) into (20) we obtain the initial 
condition of the system in the form: 
 
                   
 

(30) 
 

Let the matrix 
  has the following structure: 
 
             
 

(31) 
 

Using (21) with (29) and (28)  we obtain: 
 
                      
 

(32) 
 

In this case, the nonnegative initial state vector of the 
considered fractional system also was computed correctly. 
 All calculations in the above example were performed 
using MATLAB package. The matrix K  with nonnega-
tive values we may also get applying m-function rand. 
 

4.�Concluding remarks 
In the paper the positive linear discrete-time systems with 
different fractional order have been considered. The neces-
sary and sufficient conditions for observability have been 
established by generalization of the results given in 
[11,17]. An example of the simple method (based on the 
knowledge of the output signal and the structure of the 
observability matrix (18) of the considered system) for 
computations of the nonnegative unknown initial state of 
the fractional system has been given. 
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Obserwowalność  
liniowych układów dyskretnych  
różnych niecałkowitych rzędów 

 
Streszczenie: W pracy rozpatrzono problem obserwowalności 
układów dyskretnych dodatnich przy różnych niecałkowitych 
rzędach w równaniu stanu. Podano warunki konieczne i wystar-
czające obserwowalności rozpatrywanej klasy układów dyna-
micznych. Zaproponowano prostą metodę wyznaczania nieujem-
nego stanu początkowego takiego układu. Rozważania zilustro-
wano przykładem teoretycznym, zaś niezbędne obliczenia wyko-
nano w środowisku programowym MATLAB. 
 
Słowa kluczowe: rząd niecałkowity, układ, dodatni, dyskretny, 
obserwowalność 
  
 


