Stability of fractional discrete-time linear scalar
systems with one delay

Mikotaj Bustowicz

Faculty of Electrical Engineering, Biatystok University of Technology, Poland

Abstract: In the paper the problems of practical stability and
asymptotic stability of fractional discrete-time linear scalar sys-
tems with one constant delay are addressed. Standard and
positive systems are considered. New conditions for practical
stability and for asymptotic stability are established.
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1. Introduction

The problems of analysis and synthesis of dynamic sys-
tems described by fractional order differential (or differ-
ence) equations have recently considerable attention, see
monographs [2, 15, 16, 18, 19, 21, 23] and papers [9, 11,
17, 24], for example, and references therein.

The problem of stability of linear continuous-time
fractional order systems has been considered in many
paper, see for example [4, 5], Chapter 9 in [16], [20, 22],
and references therein.

Stability problem of fractional order discrete-time
linear systems is more complicated because asymptotic
stability of such systems is equivalent to asymptotic sta-
bility of the corresponding infinite-dimensional discrete-
time systems of natural order with delays [10]. In practical
problems only bounded number of delays (called the
length of practical implementation) can be considered. In
this case the corresponding discrete-time linear system of
natural order has finite number of delays and it is called
the practical realization of fractional order system. As-
ymptotic stability of this system is called the practical
stability of the fractional system. The conditions for prac-
tical stability with given length of practical implementa-
tion for standard fractional discrete-time systems were
derived in [10, 13].

Simple necessary and sufficient conditions for practical
stability and for asymptotic stability of positive discrete-
time linear systems of fractional order were established in
[3, 8, 14, 15, 16].

Recently, simple analytic conditions for practical sta-
bility and for asymptotic stability of a class of standard
fractional order discrete-time linear systems were given in
[6, 7].

The aim of this paper is to give the conditions for
practical stability and for asymptotic stability of fraction-
al discrete-time linear scalar systems with one constant
delay, standard and positive. To the best knowledge of the
author, such conditions have not been established yet.

The following notations will be used: R — the set of
real numbers; Z, — the set of non-negative integers.

2. Problem formulation

Let us consider the fractional order scalar discrete-time
linear system with delay described by the homogeneous
state equation (for ie Z,)

A%xpp = agx; +ayx;y, 0<o<l, (1)

with the initial conditions x_; (/=0,1), where x;eR is

the state variable, a;, and a; are constant coefficients

and
M=y (—nk(“}ik )
k=0 k
with
1 for k=0
o
5)- ®)
a(oe=1)---(aa—k+1) for k>0
k!

is the fractional difference of order o€ (0,1) of the dis-
crete-time function x; [14-16].

From (2) and (3) it follows that A’x;=x;, and
Alx; =x; —x,_,. This means that the equation (1) for
o=0 and o=1 takes the following forms:

— for a=0

Xiy1 = doX; +ayx;_y, (4)
— for a=1
Xig1 =L+ ag)x; +ayx;_y. (5)

From the above and classical stability theory of dis-
crete-time linear systems we have the following lemmas.
Lemma 1. The fractional system (1) with o=0 (the
discrete-time system (4), equivalently) is asymptotically
stable if and only if

a1<1—a0, a1<1+a0, a1>—1. (6)

Lemma 2. The fractional system (1) with o=1 (the
discrete-time system (5), equivalently) is asymptotically
stable if and only if

a; <-—a, a1<2+a0, al>—1. (7)

Using (2) we may write the equation (1) in the form
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i
X4 = (ag + 0)x; + 2 e (O +a1x;_y, (8)
where
o
o) =(-1)¥ L k=12,... 9
=o', | o)

The equation (8) describes the discrete-time linear
system with increasing number of delays.

The fractional discrete-time system (1) is called posi-
tive (internally), if x; 20 (i€ Z,) for any initial condi-
tions x_; 20 (/=0,1).

The fractional system (1) (or (8), equivalently) is
positive if and only if [14-16]

ay+0=0 and a;+¢ (o) =0. (10)

The coefficients (9) can be computed by the following

simple algorithm suitable for computer programming [8]
ck+1((x)=ck(oc)kk+sza, k=12.. (11)
where ¢ (0))=0.50/(1—-ct).

From (11) it follows that ¢, (ex) >0 for e (0,1) and
k=1,2,... Moreover, the coefficients c¢;(a) strongly de-
crease for increasing k. Therefore, in (8) we can assume
that k is bounded by some natural number L. This num-
ber is called the length of practical implementation or the
length of finite memory. In this case the equation (8)
takes the form (for ¢>L)

L
Xi1 = (ag +0)x; +apx;_ + kzlck((l)xi-k~ (12)

The equation (12) describes a linear discrete-time
system with L delays in state.

The time-delay system (12) is called the practical
realization of the fractional system (1).
Definition 1 [14]. The fractional system (1) is called
practically stable if the system (12) is asymptotically
stable.
Definition 2 [14]. The fractional system (1) is called
asymptotically stable if the system (12) is practically
stable for L — oo

From Definition 1 and theory of asymptotic stability
of discrete-time linear systems we have the following theo-
rem.
Theorem 1. The fractional system (1) with length L of
practical implementation is practically stable if and only if

w(z) #0, [z, (13)

where
1 & k
wz)=z—(ag+o)—ajz- — Y cp(o)z™.  (14)
k=1
The characteristic equation w(z)=0 of the system
(12) can be written in the form (for z#0)

L
N _(ag + o)zt — a2t - ch(oc)zL_k =0. (15)
k=1
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From the above it follows that to checking the practi-
cal stability of the fractional system (1) we can apply the
classical methods for asymptotic stability analysis of the
systems (12) with delays. However, these methods may be
inconvenient with respect to high degree of the equation
(15) for a large length L of practical implementation.

The aim of the paper is to give the simple conditions
for practical stability and for asymptotic stability of the
fractional system (1), standard and positive.

3. Solution of the problem

We apply the D-decomposition method of Nejmark [12,
22] for stability investigation of the system (1) in depend-
ence of values the coefficients a; and a;. According to
this method, the plane (aq,q) is divided by the bounda-
ries of D-decomposition into such regions D(p), that any
point in D(p) corresponds to such values of a; and o
that polynomial (14) has exactly p roots z, satisfying the
condition |z, [>1. The region D(0), if it exists, is the
stability region of the polynomial (14).

Any point on the boundaries of D-decomposition cor-
responds to polynomial (14) (or equation (15)) with at
least one root on the stability boundary, i.e. z,=-1 or
z, =1 (the real roots boundary) or z, =exp(j®, ), jr=-1
(the complex roots boundary).

Solving with respect to g, the equations w(1)=0 and
w(=1)=0, where w(z) have the form (14) one obtains

alzl—ao—a—ick(oﬁ), (16)
k=1
L

ay=1+ay+o+ Y e (o)) . (17)
k=1

Lemma 3. If L—e then the formulae (16) and (17)
take the following forms

a; =—ag, (18)
ap =2a+a0. (19)

Proof. In [10, 15, 16] and [7], respectively, it has been
proved that

Yem=1-a (20)
k=1
and
1ot 3 (=15)e, (o) = 2% (21)
k=1

Substitution (20) and (21) into (16) and (17) gives
(18) and (19). This completes the proof.

In the plane (ag,a;) the straight lines (16), (17) (for
L<oo) and (18), (19) (for L=eo) are the real roots
boundaries.

Solving with respect to gy and a; the equation



. . . L .
w(e/®)=e/® —(ag + o) —ae I — Y e (e =0, (22)
k=1
we obtain

ap(®) =—0+ 2 cos(w) — ick (o) cos(wk)
k=

i (23)
~ ctg(@) 3¢, (o) sin(ok),
k=1
L
> ¢ (o) sin(wk)
al(u)):—l—k:l.—. (24)
sin()

The curve with parametric description (23), (24) for
we [0,2n] is the complex roots boundary in the plane
(ag,ay) of the polynomial (14).

From (23) and (24) for @=0 and @w=mn we have
(applying the L’Hospital rule)

— for @=0

ap(0)=2—o+ kﬁlck(a)(k-l),

a(0)=-1 —é]kck (o), (25)
~ for @=m

ap(m) =—2— o+ kfl(k ~1)eg () cos(km),

ay(m)=—1+ ikck (00) cos(kTr). (26)
k=1

From Lemma 1 we have that in the plane (ag,q)
boundaries of the asymptotic stability region of the sys-
tem (1) with o=0 are as follows: a =1-qy, a =1+ag
and a; =—1. This region is the triangle A, with the ver-
tices (=2,-1), (2,-1) and (0,1). The triangle A, is
shown in figure 1 (boundary 1).

Similarly, from Lemma 2 we obtain that in the plane
(ag,a;) the asymptotic stability region of the system (1)
for a=1 is the triangle A; with the vertices (-3,-1),
(L,-1) and (-1,1).

Denote by S(o,L) the open region in the (ag,q)
plane with boundaries determined by segments of the
straight lines (16), (17) and by segment of the curve with
parametric description (23), (24) for me Q c[0, 2n].

The regions S(o,L) for L=10, o=0.5 and L=10,
o=0.9 are shown in figure 1. The complex roots bounda-
ry (23), (24) is plotted for ®we Q=[0.14m, ] for a=0.5
and we Q=[0,7n] for =09

Figure 2 shows the regions S(o,L) for =0.5, L=10
and o0=0.5, L=10000, where segments of the curve (23),
(24) are plotted for we Q=[0.14w,n] for L=10 and
we Q=[0.195m, ] for L=10000.

Theorem 2. The fractional system (1) with given length
L of practical implementation is practically stable if and
only if values of the coefficients a; and a; correspond to
the points lying in the practical stability region S(o,L).
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Fig. 1. The asymptotic stability region of the system (1) with
=0 (boundary 1) and regions S(c,L) for: a=0.5;
L=10 (boundary 2) and 0.=0.9; L=10 (boundary 3)

Rys. 1. Obszar stabilnosci asymptotycznej uktadu (1) dla a=0
(brzeg 1) oraz obszary S(o,L) dla a=0,5; L=10
(brzeg 2) oraz 00.=0,9; L=10 (brzeg 3)
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Fig. 2. The regions S(o,L) for oo=0.5 and L=10 (boundary
1)and a=0.5, L=10 000 (boundary 2)

Rys. 2. Obszary S(o,L) dla ao=0,5, L=10 (brzeg 1) oraz
a=0,5, L=10 000 (brzeg 2)

Proof. We show that the region S(o,L) is the asymptotic
stability region of the system (12) and, by Definition 1, is
also the region of practical stability of the fractional sys-
tem (1) with fixed ae (0,1) and L=>2.

According to the D-decomposition method, it is suffi-
cient to prove that in S(o,L) exists at least one pair of
values of ay and a for which all the roots z. of the
equation (15) satisfy the condition |z, |<1, r=12,..,L+1.

From Figure 1 (see also figures 2 and 3) and Lemmas
1 and 2 it follows that the point with a,=a, =0 lies in
the open region S(o,L) for all fixed oe (0,1) and for all
L=>2.

The equation (15) for ag=a; =0 has the form

L
Aot -q (o)zE 1 - >Ck ()t % =0. (27)
k=2
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In [1] it has been shown that all roots of the polyno-
mial z”" +a, ;2" +---+az+a, have absolute values less
than 1 if 1>|a,_j|+---+]a|+|ay|. This condition for the
equation (27) has the form

1>0+ ick(a). (28)
k=1

Using the formula (20) from (28) one obtains

l—oc—ick((x)>l—oc—2ck(oc):0. (29)
k=1 k=1

Hence, the condition (28) holds and the characteristic
equation (15) for ay=a; =0 and any o€ (0,1) has L+1
roots which satisfy the condition |z, |<1 (r=L2,...,L+1).
This means, according to the D-decomposition method,
that open region S(o,L) is the asymptotic stability region
of the system (12) and also is the practical stability region
of the fractional system (1) with o€ (0,1). This completes
the proof.

From figures 1 and 2 it follows that for any fixed
oe (0,1) and L=2 in the region S(a,L) exists a triangle
T; which sides are segments of the straight lines (16),
(17) and a segment of the straight line a; =—1.

All points lying in the open triangle 7; satisfy the
following inequalities:

L
a;—1+ayg+o+ Y (o) <0, (30)
k=1
L “k
a —1—ay—o— Y, ()(=)7¥ <0, (31)
k=1
a >-1. (32)

It is easy to check that triangle 7, has the vertices

V,= (aop,alp), p =123, where

L L
ag =—0—  Ycp(o), a=1-Fcp(a), (33)

k=246, k=13.5,...
L k
ap = —2—oc—k2ck ()(=D", ap =-1, (34)
=
L
ap3 =2-0— ¢ (o), a3=-1 (35)
k=1

From the above considerations and Theorem 2 we
have the following lemma.
Lemma 4. The fractional system (1) with given length L
of practical implementation is practically stable if values
of the coefficients a, and a; correspond to the points
lying in the triangle T, , i.e. the coefficients a, and g
satisfy the inequalities (30)-(32).

If L — oo then from Definition 2 and Lemmas 3 and 4
one obtains the following lemma.
Lemma 5. The fractional system (1) is asymptotically
stable if the coefficients g, and g, satisfy the inequalities

a]+ao <0, al—ao—2a<0, a >-—1. (36)

The coefficients a, and g; satisfy the inequalities (36)
if and only if all points (ay, a;) lie in the triangle 7., with
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the vertices V; =(a6°p,af;), p=123, and sides (straight
lines segments) [1]” V5°1, [V5 V5 ] and [V}~ V5], where

ag ==2%71 gy =27, (37)
ap =-1-2% ap=-1, (38)
agz =1, aj3=-1 (39)

The triangle 7, with a=0.5, L=10 and triangle 7,
with ou=0.5 are shown in figure 3.

2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5

Fig. 3. Triangle 7; with oo.=0.5, L =10 (boundary 1) and trian-
gle 7., with oc=0.5 (boundary 2)

Rys. 3. Tréjkat 77 dla oo=0,5, L =10 (brzeg 1) oraz tréjkat 7.,
dla ou=0,5 (brzeg 2)

Now we consider the stability problem of the positive
system (1) (the condition (10) holds).

Theorem 3. The positive fractional system (1) with
given length L of practical implementation is practically
stable if and only if

L
l—ao—al—(x— ch((x)>0. (40)
k=1

Proof. Practical stability of the positive fractional system
(1) is equivalent to asymptotic stability of the positive
system (12) with delays.

From [8] it follows that the positive system (12) is
asymptotically stable if and only if the positive scalar
system

ieZ,, (41)

Xit1 = aXj,
is asymptotically stable, where

a=ay+o+a + éck(oc). (42)
k=1
From the stability theory of positive systems ([15, 16],
see also [6]) it follows that the positive scalar system (41)
is asymptotically stable if and only if 1—a>0. This con-
dition for coefficient a defined by (42) has the form (40)
and the proof is complete.



Theorem 4. The positive fractional system (1) is asymp-
totically stable if and only if

ay+a; <0. (43)

Proof. The proof follows from Theorem 3 for L — e and
equality (20).

Note that asymptotic stability of the positive fraction-
al system (1) does not depend on the fractional order
o€ (0,1). On the fractional order o depends only the
positivity condition (10).

The region of practical stability with L =10 (triangle
ABC;) and the region of asymptotic stability (triangle
ABC) of the positive fractional system (1) with o=0.5
are shown in figure 4.

For any fractional order o€ (0,1) coordinates of verti-
ces of these triangles are as follows:

A: aO =—0, al =0,
B: ag = —0L, ap =—q ((X),
C: ay=c(0), a=—¢ (o),
L
Aprag=-0, a =1+ Y (o),
k=1

L
Cl : ag =1+Cl((l)—(x+kzllck((x), a :—Cl((x).

T T T
14—t ——+——A—— A ——— - — —

A

Fig. 4. Stability regions of the positive system (1) with o.=0.5:
region of asymptotic stability (triangle ABC); region of
practical stability with L =10 (triangle A|BC,)

Rys. 4. Obszary stabilnosci dodatniego uktadu (1) dla a0 =0,5:

obszar stabilnosci asymptotycznej (tréjkat ABC); obszar
stabilnosci praktycznejdla L =10 (tréjkat ABC,)

4. Concluding remarks

The problems of practical stability and asymptotic stabil-
ity of the discrete-time linear system (1) of fractional
order O0<a<1, standard and positive, have been ad-
dressed.

In the case of standard systems, necessary and suffi-
cient condition for practical stability has been established
in Theorem 2. Based on this condition, simple analytic
sufficient conditions for practical stability and for asymp-
totic stability have been given in Lemmas 4 and 5.

In the case of positive systems, simple analytic neces-
sary and sufficient analytic conditions for practical stabil-
ity and for asymptotic stability have been given in Theo-
rems 3 and 4.

The proposed conditions are original and have not
been established yet.

Acknowledgements
The work was supported by the National Science Center
in Poland under grant N N514 638940.

References

1. Ackermann J., Sampled-data Control

Springer, Berlin 1985.

Systems.

2. Das. S., Functional Fractional Calculus for System
Identification and Controls. Springer, Berlin 2008.

3. Bustowicz M., Simple stability conditions for linear
positive discrete-time systems with delays. “Bulletin
of the Polish Academy of Sciences, Technical Scienc-
es”, Vol. 56, No. 4, 2008, 325-328.

4.  Busltowicz M., Stability of state-space models of linear
continuous-time  fractional order systems. “Acta
Mechanica et Automatica”, Vol. 5, No. 2, 2011, 15—
22.

5.  Bustowicz M., Stability analysis of continuous-time
linear systems consisting of n subsystems with differ-
ent fractional orders. “Bulletin of the Polish Academy
of Sciences, Technical Sciences”, Vol. 60, No. 2, 2012,
279-284.

6. Bustowicz M., Practical stability of scalar discrete-
time linear systems of fractional order. In: Swierniak
A. Krystek J. (Eds.), Automatyzacja proceséw dys-
kret-nych: teoria i zastosowania, Gliwice 2012, Vol. 1,
31-40 (in Polish).

7.  Bustowicz M., Simple analytic conditions for stability
of fractional discrete-time linear systems with diago-
nal state matriz. “Bulletin of the Polish Academy of
Sciences, Technical Sciences” (in press).

8. Bustowicz M., Kaczorek T., Simple conditions for
practical stability of linear positive fractional dis-
crete-time linear systems. “International Journal of
Applied Mathematics and Computer Science”, Vol.
19, No. 2, 2009, 263-269.

9. Duzielinski A., Czyronis P.M., Fized finite time opti-
mal control problem for fractional dynamic systems —
linear quadratic discrete-time case. In: Bustowicz M.,
Malinowski K. (Eds), Advances in Control Theory
and Automation. Printing House of Bialystok Univer-
sity of Technology, Bialystok 2012, 71-80.

10. Duzielinski A., Sierociuk D., Stability of discrete frac-
tional state-space systems. “Journal of Vibration and
Control”, Vol. 14, 2008, 1543-1556.

11. Duzielinski A., Sierociuk D., Sarwas G., Some applica-
tions of fractional order calculus. “Bulletin of the
Polish Academy of Sciences, Technical Sciences”, Vol.
58, No. 4, 2010, 583-592.

12. Gryazina E.N., Polyak B.T., Tremba A.A., D-
decomposition technique state-of-the-art. Automation

Pomiary Automatyka Robotyka nr 2/2013

331



NAUKA

and Remote Control, Vol. 69, No. 12, 2008, 1991—
2026.

13. Guermah S., Djennoune S., Bettayeb M., A new
approach for stability analysis of linear discrete-time
fractional-order systems. In: Baleanu D. et al. (Eds),
New Trends in Nanotechnology and Fractional Calcu-
lus Applications. Springer, 2010, 151-162.

14. Kaczorek T., Practical stability of positive fractional
discrete-time systems. “Bulletin of the Polish Acade-
my of Sciences, Technical Sciences”, Vol. 56, No. 4,
2008, 313-317.

15. Kaczorek T., Wybrane zagadnienia teorii ukladow
niecatkowitego rzedu. Oficyna Wydawnicza Politech-
niki Biatostockiej, Biatystok 2009.

16. Kaczorek T., Selected Problems of Fractional Systems
Theory. Springer, Berlin 2011.

17. Klamka J., Local controllability of fractional discrete-
time mnonlinear systems with delay in control. In:
Bustowicz M., Malinowski K. (Eds), Advances in
Control Theory and Automation. Printing House of
Biatystok University of Technology, Bialystok 2012,
25-34.

18. Monje C.; Chen Y., Vinagre B., Xue D., Feliu V.,
Fractional-order Systems and Controls.
Verlag, London 2010.

19. Ostalczyk P., Zarys rachunku rézniczkowo-calkowego

Springer-

utamkowych rzedow — teoria i zastosowania w auto-
matyce. Wydawnictwa Politechniki Lodzkiej, 1odz
2008.

20. Petras 1., Stability of fractional-order systems with
rational orders: a survey. Fractional Calculus & Ap-
plied Analysis. “An International Journal for Theory
and Applications”, Vol. 12, 2009, 269-298.

21. Podlubny I., Fractional Differential Equations. Aca-
demic Press, San Diego 1999.

22. Ruszewski A., Stability regions of closed loop system
with time delay inertial plant of fractional order and
fractional order PI controller. “Bulletin of the Polish
Academy of Sciences, Technical Sciences”, Vol. 56,
No. 4, 2008, 329-332.

23. Sabatier. J., Agrawal O.P., Machado J.A.T. (Eds),
Advances in Fractional Calculus, Theoretical Devel-
opments and Applications in Physics and Engineer-
ing. Springer, London 2007.

24. Stanistawski R, Hunek W.P., Latawiec K.J., Normal-
ized finite fractional discrete-time derivative — a new
concept and its application to OBF modeling. “Meas-
urement Automation and Monitoring”, Vol. 57, No. 3,
2011, 241-243. [ |

Stabilno$¢ dyskretnych skalarnych uktadéw
liniowych niecatkowitego rzedu
z jednym op6znieniem

Streszczenie: Rozpatrzono problem stabilnosci liniowych skalar-
nych uktadéw dyskretnych niecatkowitego rzedu z jednym opdz-
nieniem zmiennych stanu. Wykorzystujagc metode podziatu D,
podano graficzne warunki konieczne i wystarczajace praktycznej

332

stabilnosci. Bazujgc na tych warunkach, sformutowano proste
analityczne warunki wystarczajgce stabilnosci praktycznej oraz
stabilnosci asymptotycznej. W przypadku uktadéw dodatnich
podano proste analityczne warunki konieczne i wystarczajgce
stabilnosci praktycznej oraz stabilnosci asymptotycznej.

Stowa kluczowe: uktfad liniowy, dyskretny, skalarny, niecatkowi-
tego rzedu, opdznienie, stabilnosc.
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