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POSITIVE FRACTIONAL LINEAR SYSTEMS

An overview of some recent published and unpublished results on positive
fractional continuous-time and discrete-time linear systemsis given. The first part
of the paper is devoted to the positive continuous-time fractional systems. For
those systems the solutions to the fractional state equations are proposed.
Necessary and sufficient conditions for the positivity, reachability and stability
are established. In the second part similar problems are considered for positive
discrete-time fractional systems.

DODATNIE UKELADY LINIOWE NIECALKOWITEGO RZEDU

W pracy dokonano syntetycznego przeglgdu nowych publikowanych
i niepublikowanych wynikow dotyczgcych dodatnich ciggfych i dyskretnych
uk/adéw liniowych niecafkowitego rzedu. W czesci pierwszej poswiecone
ukfadom ciggfym podano rozwigzanie ukfadu rownas stanu, warunki konieczne
| wystarczajgce dodatniosci, osiggalnosci i stabilnosci ukfadéw dodatnich.
W czesci drugigj przedstawiono podobne wyniki dla ukfadow dyskretnych.

1. INTRODUCTION

A dynamical system is called positive if and only if its trgectory starting from any
nonnegative initial state remains forever in the positive orthant for all nonnegative inputs. An
overview of state of the art in positive theory is given in monographs [4, 5]. Variety of models
having positive linear behavior can be found in engineering, management sciences,
economics, social sciences, biology and medicine, etc.. Mathematical fundamentals of the
fractional calculus are given in the monographs [14-16]. The positive fractional linear
systems have been introduced in [6, 7]. Stability of fractional linear 1D discrete-time and
continuous-time systems has been investigated in the papers [1, 3, 8, 17] and of 2D fractional
positive linear systems in [9]. The notion of practical stability of positive fractional discrete-
time linear systems has been introduced in [10] and the positive linear systems consisting of n
subsystems with different fractional order has been analyzed in [13]. Some recent interesting
resultsin fractional systems theory and its applications can be found in [18—20].

In this paper an overview of some recent results on positive fractional continuous-time and
discrete-time linear systems is given. Some new unpublished results are also included. The
paper is organized as follows. In section 2 the solutions to the fractional state equations of
continuous-time linear systems are recaled. The necessary and sufficient conditions for the
internal and external positivity of the fractional continuous-time linear systems are given in
section 3. The section 4 is devoted to the linear continuous-time systems described by two
matrix fractional differential equations of different order and the fractional electrical circuits.
The reachability of fractional standard and positive linear systems is addressed in section 5.
The asymptotic stability of positive continuous-time linear systems without and with delaysis
considered in section 6. The fractional discrete-time linear systems are addressed in section 7.
The internally and externally positive fractional discrete-time linear systems are considered in
section 8 and the reachability in section 9. The asymptotic stability of positive discrete-time
linear systems is analyzed in section 10 and fractional different orders discrete-time linear
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systems in section 11. Some concluding remarks, extensions and open problems are given in
section 12.

The following notation will be used: ‘R — the set of real numbers, Z, — the set of nonnegative
integers, R™™ — the set of nxm real matrices, R”™ — the set of nxm matrices with
nonnegative entries and R"” =R™, 1 — the nxn identity matrix. A real square matrix is
called monomial if each its row and each its column contains only one positive entry and the
remaining entries are zero.

2. FRACTIONAL CONTINUOUSTIME LINEAR SYSTEMS
In this paper first of all the following Caputo definition of the fractional derivative will be

used [7]
a t (n)
e [ L2 2.1)
dt” rn-a)y (t-1o)°
where n-1l<a<n, ne N={12,...}
N(x) = [t dt (2.2)
0
is the gamma Euler function and
(n d" f
(-4 (23)
The Riemann-Liouville definition of the fractlonal derlvative has the form [7]
def@) 1 -1
t— f(z)d 2.4
d“  T(n-a)ds “ T @4

where n—-1<a<n, neN.
Consider the continuous-time fractional linear system described by the state equations [7]

Dfxa)_d;?a) AX(t)+ Bu(t), O<a<1 (2.53)
y(t) = Cx(t) + Du(t) (2.5b)

where x(t) e R", u(t) e R™, y(t) e RP arethe state, input and output vectors and Ae R™",
BeR™, CeR”, DeR™™.

Theorem 2.1. The solution of equation (2.5a) is given by

X(t) = D, ()X, + j-CD(t —7)Bu(r)dz, x(0) =X, (2.6)
where :
@(D:E(AW):f}Jgﬁi— 2.7)
0 “ ~(ka +1) '
o pkpleia
S (28)

and E_(At”) isthe Mittage-Leffler matrix function, I'(X) =Ie’ttx’1dt is the gamma function.

Proof isgivenin [7, 6].

92 Pomiary Automatyka Robotyka 2/2011



NAUKA
I

From (2.7) and (2.8) for o =1 we have @ (t) = ®(t) = > ()" e .

o T(k+ 1)
Example 2.1. Find the solution of equation (2.5a) for 0 < a <1 and
01 0 1 1fort>0
A: , B: , — , t — t = 29
o of B2t oy} w0 {oe 70 @
Using (2.7) and (2.8) we obtain
) Aktka Ata
o,Mt)=) ———=1,+ 2.10a
o) %m +) 7 T(a+)) (2109
0 k¢ (k+1) x-1 a-1 2a-1
)= At U At (2.10b)

“(k+Da] F(a) I'(22)

0 11 [o O
since A¥ = = for k=23,....
00 00

Substitution of (2.9) and u(t) =1 into (2.6) yields

X(t) = D, ()%, + [ D(t—7)Bu(z)dr = X, + At j(r( - )ty 2B _T)za_l]dT

Fa+1) ['(2)
L t (2.11)
Cx it BY ABt™ |7 I(a+1) TI(2x+1)
[Na+l) TI(e+]) T'(2a+) 1+ t*
I+

since I'(a +1) = al ().

Theorem 2.2. The solution of equation (2.5a) for n—1<a <n and Caputo definition has the
form

X(t) = zn“cb| ®x"(0%) +j®(t —7)Bu(r)dr (2.12)
where _ :
© Akt(ka+|) -1 © Akt(kJrl)afl
0= kz_:;r(k ) :kz_:;r[(ku)a] (2.13)

Proof isgivenin [6, 7].

Theorem 2.3. The solution of equation (2.5a) for n—1<a <n and the Riemann-Liouville
definition has the form

X(t) = i@l ®)x“"(0%) + j(b(t —7)Bu(r)dr (2.14)
where _ 0
w kg (k+1) a1 ® ks (K+1) -1
o)=Y — A o)=Yy L (2.15)

o [I(k+1a—-1+1] o [(k+D)c]

Proof isgivenin[6, 7].
From comparison of (2.12) and (2.14) it follows that the component of the solution
corresponding to u(t) isthe same.
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3.POSITIVITY OF THE FRACTIONAL SYSTEMS

3.1. Internal positivity

Definition 3.1. The fractional system (2.5) is called the internally positive fractional system if
and only if x(t) e R} and y(t) e RP for t>0 for any initial conditions x, € R" and all
inputs u(t) e R, t>0.

Definition 3.2. A square real matrix A=[g;] is called the Metzler matrix if its off-diagonal
entries are nonnegative, i.e. a; >0 for i = j. The set nxn of Metzler matrices will be
denoted by M .

Theorem 3.1. The continuous-time fractional system (2.5) isinternaly positiveif and only if
AeM,, BeR?™, CeRP" DeRP" (3.1)

Proof isgivenin [7].

3.2. External positivity

Definition 3.3. The fractional system (2.5) is caled externaly postive if and only if
y(t) e RP,t >0 for every input u(t) e R™,t>0 and x, =0.
Matrix of the impulse responses g(t) of the fractiona system (2.5) isgiven by [7]

g(t)=Co(t)B+Do(t) for t>0 (3.2
Theorem 3.2. The continuous-time fractional system (2.5) is externally positive if and only if
Its impul se response matrix (3.2) is nonnegative, i.e.

g(t) e R"™ for t>0 (3.3)

Proof isgivenin[7].
The matrix of impulse responses (3.2) of internally positive system (2.5) is nonnegative for
t > 0. Between the internally and external positivity we have the following relationship.

Every fractional continuous-time (internally) positive system (2.5) is aways externaly
positive.

4. FRACTIONAL ELECTRICAL CIRCUITS
Consider afractional linear system described by the equation

a

X
dd/}; :L':z ::ij{:j{z}u p-l<a<p;, g-1<B<q p,qeN (4.1)

dt”
where x, e R" and x, e R™ are the state vectors, A eR"™, B eR™™; i, | = 1,2, and

ue R istheinput vector.
Initial conditionsfor (4.1) have the form

Xl(o) = Xy and X, (O) =Xy (4-2)

Theorem 4.1. The solution of the equation (4.1) for O<a <l 0< g <1 with initia
conditions (4.2) hasthe form

X(t) = Dy (t)X, + j[®1(t —7)B,y + D, (t—7) Bm]“(r)df (4.3)

where

94 Pomiary Automatyka Robotyka 2/2011



NAUKA
I

%, (1) | %o _|B _|0
SIS MERHERN

I, for k=1=0

Ar A a0
{O O}for k=1I=

Tkl =
0 0
[ } for k=0, =1
Ay A,

T]_OTk_1’| +T01Tk‘|_1 fOr k + I > O

o0 0 tka+|ﬁ

o) :;Z}T” T(ker+15+1) (4:59)

o © t(k+1)a+lﬁ—l
D, (t) = ZZTkI ke D +14] (4.5b)

o tka+ 1+1) p-1

@, (t) = ZZTkI Tk + (1 21)7] (4.5C)

(4.4)

Proof isgivenin [11].
Notethat if « = g then from (4.5a) we have
0 Aktka
() t)=) ———
olucp © kZ; I'(ka +1)
From comparison of (4.5a) and (4 6a) and using (4.4) it is easy to show that
|a+jﬂ | Aktka
Z(E "Tia+ip+1)|,, " T(ker +1)
i+j=k
Definition 4.1. The fractiona system (4.1) is called positiveif x, e R} and x, € R™?, t >0 for
any initial conditions x,, e R}, X,, e R* and al input vectorsue RT, t>0.

(4.63a)

(4.6b)

Theorem 4.2. The fractional system (4.1) for O<a <1, 0< <1 ispositiveif and only if

:[ﬁ; //:Zje M., m R™™, (n=n,+n,) (4.7)

Proof isgivenin [11].

These considerations can be extended for the set of p matrix differential equations with
different fractional orders[13].

Consider linear electrical circuits composed of resistors, supercondensators (ultracapacitors),
coils and voltage (current) sources. As the state variables (the components of the state vector
X) the voltage across the supercondensators and the currents in the coils are usually chosen. It
is well-known that the current i(t) in supercondensator with its voltage uc(t) is related by the
formula

d“uc

e-cS et ® for 0<a <1 4.8)

where C is the capacity of the supercondensator.
Similarly, the voltage uy (t) on the coil with its current i (t) isrelated by the formula
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ﬁ.
UJD:LEé%Qfm0<ﬁ<1 (4.9)
where L is the inductance of the cail.
Using the relations (4.8), (4.9) and the Kirchhoff’ s laws we may write for the fractional linear

circuits the following state equation

a

X
ARSI S
o

where the components of x. € R™ are voltages across the supercondensators, the components

of x_ e R™ arecurrentsin coils and the components of e R™ are the voltages of the circuit.

Example 4.1. Consider the linear electrical circuit shown on Fig. 4.1 with known resistances
R, R,,R;, capacitances C,,C,, inductances L, L, and sources voltages € ,e,.

Fig. 4.1. Electrica circuit.

Using relations (4.8), (4.9) and the Kirchhoff's laws we may write for the circuit the
following equations.

. d“u, . d“u
. d’i, :
e.l.:(R.L+R3)|1+L1dt_ﬂ+ul_R3l2 (4.11)
: d’i, :
%:(R2+R3)|2+L2dt—ﬁ+u2_R3|l
The equations (4.11) can be written in the form
d“u,
dt” U]
d“u, 1
d” |- At g 4.12
d’i, Iy e (412)
dt” i
d”’i, -
L dt” ]

where
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0 0 i 0 _ _
C, 0 0
1 0 O
0 0] 0] —
_ All A&z N C1 _ Bl i O
A‘La %j‘_g_ , _R+R R | &{@]‘u @19
L, L, L o L
(0] _i _& _R2+R3 L I‘2_
LZ LZ L2

From (4.13) it follows that the fractional electrical circuit is not positive since the matrix A
has some negative off-diagonal entries.

If the fractional linear circuit is not positive but the matrix B has nonnegative entries (see for
example the circuits on Fig. 4.1) then using the state-feedback

e= K{XC} (4.14)
XL

we may usualy choose the gain matrix K e R™" so that the closed-loop system matrix
(obtained by substitution of (4.14) into (4.10))
A = A+BK (4.15)

isaMetzler matrix.

Theorem 4.3. Let A be not a Metzler matrix but B e R7™. Then there exists a gain matrix K
such that the closed-loop system matrix A, € M, if and only if

rank[B, A. — A] = rankB (4.16)
Proof. By Kronecker-Cappely theorem the equation
BK=A-A (4.17)

has a solution K for any given Band A, — A if and only if the conditions (4.16) is satisfied. o
Example 4.2. (continuation of Example 4.1).

Let i
O O 1 0
C,
O O 0 Ci
= 1 fora >0 k=1234 4.18
Afa o RR & 3, (4.18)
L, L, L,
o & A& _R*R
L L2 L2 L2 _
In this case the condition (4.16) is satisfied since
0 O 0 0 0 0 | [0 O]
(1) 0 01 0 0 OR3 (i 0
a -+ a;+
rank[B,A —Al=rank — O 0 0 =rank — 0 |=2 (4.19
KB, A - Al L L L L (4.19)
o L o &t arthk 4 0o L
L L2 LZ L2 | L L2_
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The equation (4.17) has the form

O O 0 0 0 0
O O 0 0 0 0
i 0 {kn k12 k13 k14} _ a +1 0 0 a;+ Rs (4.20)
L1 1 I(21 k22 k23 k24 L1 1 L1
o L o 2+l a+R
i L, | L L, L, i
and itssolution is
k21 k22 k23 k24 O a2 + 1 a4 + RS o

The matrix (4.21) has nonnegative entries if a, >0for k=1,2and a, > R, for k=3,4.

In [11] it was shown that it is not always possible to choose the gain matrix K so that the two
conditions are satisfied:

1) the closed-loop system matrix A. e M,
2) the closed-loop system is asymptotically stable.

5. REACHABILITY OF FRACTIONAL POSITIVE LINEAR SYSTEMS

Definition 5.1. A state x, e R of the positive fractional system (2.5) is called reachable in
time t, if there existsan input u(t) e R, t €[0,t,] which steers the state of the system (2.5)
from zero initial state x, =0 to the state x,. If every state x, e R is reachable in time t,
then the system is called reachable in time t, . If for every state x, e R there exists atime
t,, such that the state isreachable in time t, then the system (2.5) is called reachable.

Theorem 5.1. The positive fractional system (2.5) isreachableintime t, if the matrix
t
R(t,) = j ®(r)BB'®" (r)dr (5.1)
0

is monomial matrix. Moreover the input which steers the state of system (2.5) from x, =0 to
X, isgiven by the formula

ut)=B"@d" (t, —t)R(t, )X, (5.2)
where T denotes the transpose.
Proof isgivenin [7].
Theorem 5.2. If the matrix A=diagla, a, .. a,]eR’" and BeRT™ for m = n are

monomial matrices then the system (2.5) is reachable.
Proof isgivenin [7].

Example 5.1. We shall show that the fractional system (2.5) with the matrices

10 01
A= , B= (5.3)
00 10
Is reachable. Taking into account that
1 010
A = = ,for k=12,... 5.4
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and using (2.8) we obtain

I A (ka1 ) @, (t) 0
q’(t)%r[(kﬂ)a]{ 0 M)} (53
where
0 t(k+1 a-1 ta_l
O, (t) = ()= 56
O=Ztitcna P07 0
and
To o0
CD(t)B—LDZ(t) A } (5.7)
In this case we have
R(t,) = [ 0(r)Blo() B dr = j[q)lo(f) (Dzo(rjdr (5.8)

The matrix (5.8) is monomia and by Theorem 3.2 the fractional system is reachable.
The considerations can be extended for positive continuous-time linear systems with delays.
Consider the continuous-time linear system with q delaysin state

X(t) = Ax(t) + > Ax(t—d,) + Bu(t) (5.99)
y(t) = Cx(t) + Du(t) (5.90)

where X(t) eR", u(t)eR™ and y(t)eR® are the state, input and output vectors
A.k=01..,q B,C,D arerea matrices of appropriate dimensionsand d, k=12,...,q isa
delay (d, >0).
Theinitia conditions for (5.9a) has the form

X(t) = %, (t) for te[-d,0], d = max d, (5.10)
where x,(t) e R" isagiven.

Definition 5.2. the system (5.9) is cadled (internally) positive if and only if x(t)eR],
y(t) e R? forany x,(t) e R} andfor al inputs u(t) e R, t>0.
Theorem 5.3. The system (5.9) is (internally) positive if and only if

AeM, AeR?™k=1.,9 BeR"™, CeR”, DeR"™ (5.11)
Proof isgivenin [7].

6. ASYMPTOTIC STABILITY OF POSITIVE CONTIUNUOUS-TIME LINEAR
SYSTEMS

Consider the autonomous continuous-time linear system

X(t) = Ax(t) (6.2)
where x(t) e R" is state vector and A=[a;] e R™".
The system (6.1) is called (internally) positive if x(t) e R", t>0 for any initial conditions
X(0) e R". The system (6.1) is positive if and only if AisaMetzler matrix [5]. It is assumed
that all diagonal entries a,, i=1...,n of the Metzler matrix are negative, otherwise the
positive system (6.1) is unstable [5].
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Theorem 6.1. The matrix Ae R™" isaasymptoticaly stable Metzler matrix if and only if one
of the following equivalent conditions is satisfied:

) all coefficients a,,...,a, , of the characteristic polynomial

det[l s—Al=s"+a_,s"" +..+aS+a, (6.2)
arepositive,i.e. 8 20,i=0,1,...,n-1
i) al principal minors M, i=1,...,n of thematrix — A are positive, i.e.
M, =|-a,|>0, Mzzra“ "% 0 M —de[-A]>0  (6.3)
—8; —ap

i) the diagonal entries of the matrices
A fork=1,...,n-1 (6.4)
are negative, where

(0) (0) (0) (0)
8y al,n (0) b(O) a ai,n—l
AEO) = A= : : — A\—l n-1 AgO) — : :
o  Lof LS A T e Lo
0 0 n— n 0 0
an,l an,n an—l,l an—l,n—l
(0)
an
0 _ : (0) _14(0) (0)
bn—l_ . ' Cn—1_[a'n,1 a'n,n—:l.]
(0)
an—l,n
(k) (k) (6'5)
a;’ - Ak
k-1) (k-1 : (k) (k)
Agk) _ A(-D) brg—k)cr(w—k) _ : : _ —k—-1 bn—k—1
-k 7 T hk (k-1) - ’ ' Q) (k)
Ay 1kl (k) (k) Chka Gk
a'n—k,l an—k,n—k
(k)
a1,n—k
(k) : K)y _149K (k)
bn—k—l_ . ’ Cn—k—l_[an—k,l an—k,n—k—l]
(k)
an—k—l,n—k

fork=0,1,....n—1.

Proof isgivenin [7].
Example 6.1. Using Theorem 6.1 check the asymptotic stability of the sportive system (6.1)

with matrix
A [05 01
- { 0.2 —0.6} ' (68)
Using (6.2) we obtain
dei[ s— Al <> O _0'16‘= $? +1.15+0.28 6.7)
_02 s+0.

all coefficient of the polynomial are positive and the condition i) is satisfied.
The condition ii) is also satisfied since

05 -O0.
M, =05 M,=def[-A]= =0.28 6.8
=05, w,-aef-A- 50 ©9

Using (6.5) for n =2 we obtain
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O _g %8s _ 55,0102 028 _
A" =2y 2 B = =

Therefore, the conditions of Theorem 6.1 are met and the positive system (6.1) with (6.6) is
asymptotically stable.

Theorem 6.2. The positive system

0 (6.9)

X(t) = AXx(t) + zq: AX(t—d,)+ Bu(t) (6.10a)
y(t) = CAX(t) + Du(t) (6.100)

is asymptoticaly stable if and only if there exists a strictly positive vector 4 € R" satisfying
the condition

AL <0, Azzq:Ak (6.11)

Proof isgivenin[7].
Remark 6.1. As strictly positive vector 4 we may choose the equilibrium point
X, =—-A"'Bu (6.12)
since
Al = A(-A"Bu)=-Bu<0 for Bu>0 (6.13)

Theorem 6.3. The positive system with delays (6.10) is asymptotically stableif and only if the
positive system without delays

q
Xx=Ax, A=Y AeM, (6.14)
k=0
Is asymptotically stable.
Proof isgivenin [7].

7. FRACTIONAL DISCRETE-TIME LINEAR SYSTEMS
Definition 7.1. The discrete-time function

k (a
A% = (<)’ ( j ]xkj (7.1)
j=0
where O<a <1, ¢ eR, and
a - for k=0
= (7.2)
k ala-D..(a—k+1) for k=123,...
k!

is called the fractiona « order difference of the function x.
The state equations of fractional discrete-time linear system have the form

A%%1=Ax +Bu, ueZ, (7.339)
Yk = CXk + DUk (73b)
where x, e R", u eR™, y, eRP are the state, input and output vectors and Ae R™",

BeR™™, CeRP", DeRPM
Substituting the definition of fractional difference (7.1) into (7.3a), we obtain
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k+1 (o
Xk+1+2(_1)](jjxk—j+1=AXk+Buk' keZ, (7.4a)
j=1
or
k+1 k+1
AXk + Z( 1)“1( } —j+1 + Buk Aaxk +Z( 1)“1( j —j+1 + Buk (74b)
where

A =A+al, (7.5)

From (7.4b) it follows that the fractional system is equivalent to the system with increasing
number of delays. In practice it is assumed that j is bounded by natural number h. In this case
the equations (7.3) take the form

h
=A X + Z(_l)jﬂ(cjxjxkj + Bu, ke Z, (7.69)
i1

Yk = Cx + Duy (7.6b)
The equations (7.6) describe a discrete-time linear system with h delays.
Consider the fractional discrete-time linear systems with h delays

h
Aa Xk+1 = Z (A Xk—r + Bruk—r) k € Z+ (778)

r=0

=Cx, + Du, (7.7b)
where x, € R" u, eR™ vy, eR® are the state, input and output vectors and A, e R™"
B e R™, r=01...,h; CeRP", DeRrP™M

Substituting the definition of fractional difference (7.1) into (7.7a), we obtain

- Z( 1)“{ e AN B, keZ 79)
If i is bounded by natural number L then from (7.8) we obtain
Li( 1)“1( X jor + Zh: (AX_,+Bu_,), keZ, (7.9
The state equations of the fractlonal discrete-ti rvrv]:g linear system with h delays has the form
Xk+1+§( D’ ( j ,fZZ,(Axkr +Bu,,), keZ, (7.10a)
Yi :(rixk +Du,, 0<a<1 (7.10b)

where X, e R" u, eR™ vy, eR’ are the state, input and output vectors and A e R™"
B e R™, r=01...,h; CeRP" DeR™™, histhe number of delays.
Theorem 7.2. The solution of the equation (7.10a) has the form

h k-r-1 K+l —j+1 L
Xk :(DkonrZ Z(Dk—r—l—l I’ul +ZZ( 1 J+( j k—1- jXI

oo h s (7.12)
+ Z Z ch—r—I—lA XI + z Z ch—r—I—lBr uI
r=01=-1 r=01=-1
where
X #0, u #0, k=0-1...,-h (7.12)
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areinitial conditions and the matrices @, are determined by the equation
k+1

D, =D (A +al)+ Z(—]_)”l(?[)(bk_m + Zk:q)k—i A, D=1, (7.13)

fork=0,1,....
Proof isgivenin [7].
Substituting in (7.11) h = 0 we obtain the following theorem [7].

Theorem 7.3. The solution of the equation (7.4) has the form

k-1
X =D X+ > @ ,Bu, (7.14)
i=0
where the matrices ®©, are determined by the equation
k+1 )
(Dk+l = ch (A+ al n) + Z (_1)I+1(?Jq)k—i+1’ CDO =1 n (715)
i—2 |

8. POSITIVE FRACTIONAL LINEAR SYSTEMS

In this section the necessary and sufficient conditions for the positivity of the fractional
discrete-time linear system
k+1

- (_1)J(TJxk_j+1=A>(k+Buk, kez, (8.13)
j=1
| Yk = Cx + Duy (8.1b)
will be established, where x, e R", u, e R™, y, e RP arethe state, input and output vectors
and AecR™", BeR™™, CeRP", DeRPM
Let RT™ bethe set of real nx m matrices with the nonnegative entriesand R = R™.
Definition 8.1. The system (8.1) is called the (internally) positive fractional system if and only
if x eR! and y, eRP, keZ, for every initia conditions x, e " and al input sequences
u, R, kez,.
In [7] it has been shown that if 0<«a <1, then

(—1)”1[03 >0, i=12,. (82)
It iseasy to check that if O0<a <1 and

[A+al,]eRT" (8.3
then
@, eRT", k=12,... (8.4)
Theorem 8.1. The fractional system (8.1) is positive if and only if
A =[A+al 1eR™, BeRT™, CeRP" DerP™, (8.5)

Proof isgivenin [7].

Definition 8.2. The fractional discrete-time system (7.8) witch h delays is called (internally)
positive if x e R} and y, e RP, ke Z, for every input sequence u, e R, ke z, and any
initial conditions x, e RT", r =0,-1,...,-h.
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Theorem 8.2. The fractional discrete-time system (7.8) witch h delays is (internally) positive
for O<a <1 if and only if

A+cC,l,eR™, ¢ = (—1){“) , B eR™™, r=0-1...-h, CeRP", DeRP™ (8.6)
r
Proof isgivenin [7].
Definition 8.3. The fractional discrete-time system (8.1) is called externally positive if
Y € RP ke Z, forevery input sequence u, e R, ke Z, and %y =0.
Theorem 8.3. The fractiona discrete-time system (8.1) is externally positive if and only if its

response matrix
D fork=0
= {CAk_lB fork=12,.. (87)
IS nonnegative, i.e.
gk e RP™M for ke Z, (8.8)

Proof isgivenin[7].
Every (internally) positive linear system is always externally positive.

Example 8.1. Consider the fractiona system (8.1) for 0< a <1 with matrices

1 0 0
afl O] ol wea ©9)
The fractional system is positive since
A+Ina:[l+a 0:|€9{$X2 (8.10)
0O O

Using (7.15) for k=0,1,... we obtain

1+ O
(I)l = (A+ In(Z)cDO = 0 y

0
-, B}
a +2a +2 0
q)z = (A+ I na)®1 —[ZJ (I)O =
0 1-a)v
L 2 .
Dy = (A+1,2)D, —(“] <D1+£aj®o -
2 3
a2 +50+2)(a+1) —ala—1)(22+5) 0 |
. (8.11)
0 all-a)(a-2)
L 2 -
From (7.14) and (7.15) we have
k-1 0
X :q)kXO"‘ZCDk—i—lL]Ui (8.12)
i=0

where @, is defined by (8.11).
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9. REACHABILITY OF STANDARD AND POSITIVE FRACTIONAL DISCRETE-
TIME LINEAR SYSTEMS

9.1. Standard systems
Definition 9.1. A state x, € R" is caled reachable in q steps if there exist an input sequence
u, € R, k=0,1,...,q—1 which steers the state of the system (8.1) from zero (x, = 0) to the
find state x; , i.e. x, =X, . If every given x; e R isreachable in g steps then the system
(8.1) iscalled reachable in g steps. If for every x, € R" there exists a number q of steps such
that the system is reachable in q steps then the system is called reachable.
Theorem 9.1. The fractional system (8.1) isreachablein q stepsif and only if
rank[B ®B .. ®,,B]=n (9.1

Proof isgivenin [7].
Theorem 9.2. In the condition (9.1) the matrices @,,...,® , can be substituted by the matrices
A, ,...Aie

rank[B ®B .. @, Bl=rank[B AB .. A"B]=n (9.2)
Proof isgivenin [7].

Theorem 9.3. The fractional system (8.1) is reachable if and only if one of the equivaent
conditionsis satisfied:
) The matrix [I,z— A, B] hasfull ranki.e.

rank[l ,z— A, B]=n, VzeC (9.3
i) The matrices [I,z—A,], B are relatively left prime or equivalently it is
possible using elementary column operations (R) to reduce the matrix
[I,z—A, B]totheform [l 0] i.e
[1,z-A, B]—>[l, 0. (9.9)
Proof isgivenin [7].

Example 9.1. Using (9.2), (9.3) and (9.4) check the reachability of the system with the
matrices

0O 1 O 0
A =0 0 1| B=|0 (9.5)
-1 -2 -3 1
From (9.2) for n= 3 we have
0O 0 1
rank[B AB AB]=|0 1 -3|=3. (9.6)
1 -3 7
By Theorem 9.2 the pair (A,,B) isreachable.
From (9.3) we have
z -1 0 O
rank[l ,z—A, B]=rankf0 z -1 0|=3 VzeC (9.7)
1 2 z+3 1
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Using the elementary column operations we shall show that the matrix [I ,z— A,] and B are
relatively left prime
z -1 0 0] R3wax(z3) {z -1 0 0
R[ 2+4x(-2)]
0 z -1 o= 40 z -10
1 2 z+3 1 0O 0 0 1

z -1 0 O E{lzjf()f)]
R )0 0 -1 0 Mﬂo ]
O 0 0 1
Therefore, by Theorem 9.3 the pair (A,,B) isreachable.
The fractional system is reachable only if the matrix (A,,B) has n linearly independent

columns.

(9.8)

9.2. Positive systems
Definition 9.2. A state x, € R" of the positive fractional system (8.1) is called reachable in g
steps if there exist an input sequence u, e R", k=0,1,...,g—1 which steers the state from
zero (X, =0) tothefinal state x; ,i.e. x, =X . If every given x; e R isreachablein q steps
then the positive system (8.1) is called reachable in g steps. If for every x, e R thereexistsa
number q of steps such that the system is reachable in q steps then the system (8.1) is called
reachable.
The inverse matrix of real matrix witch nonnegative entries has nonnegative entries if and
only if it is a monomia matrix. The inverse matrix of monomial matrix can be found by its
transposition and replacing each element of the transpose matrix by itsinverse.
Theorem 9.4. The positive fractional system (8.1) isreachablein g stepsif and only if

R,=[B ®B .. @ ,B] (9.9)
contains n linearly independent monomial columns.
Proof isgivenin[7].
The matrix (9.9) can not be substituted by the matrix

R,=[B AB .. AT'B] (9.10)
since for positive fractional systems the matrices in general case have different number o
linearly independent monomial columns.

Example 9.2. Consider the fractional positive system (8.1) with the matrices

0 1 0 0
A= -a 1| B=|0]|. (9.11)
1 0 -« 1
Inthis case
a 1 0
[A+al,]=|1 0 1|eNR] (9.12)
1 00

and the matrix (9.10) for g = 3 hasthe form
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0 01
ﬁqz[B AB AB]=(0 1 0 (9.13)
1 00
and it contains three linearly independent monomial columns but the matrix
00 1
R,=[B ®B ®,B]=0 1 0 (9.14)
10 @

contains only two linearly independent monomial columns.

Theorem 9.5. The positive fractional system (8.1) is reachable only if the matrix

[A+al, B] (9.15)
contains n linearly independent monomial columns.
Proof isgivenin [7].

Example 9.3. Consider the fractional system (8.1) with the matrices (9.11). Using (9.9) we
obtain

00
R, =[B GDlB]{1 o} (9.16)

which has only one monomia column. By Theorem 9.4 the system with (9.11) is unreachable.
However using (9.15), we obtain matrix

(9.17)

{1+a 0 O}
[A+al, B]=

0O 01
which has two linearly independent monomial columns.

Theorem 9.6. The positive fractional system (8.1) is reachable only if the matrix
[B (A+al,)B] (9.18)

contains n linearly independent monomial columns
Proof isgivenin [7].

10. ASYMPTOTIC STABILITY OF POSITIVE DISCRETE-TIME LINEAR
SYSTEMS
Consider the positive linear discrete-time system
X =A% +BY, 1eZ, (10.18)
¥; =Cx +Du (10.1b)
where, x eRT,u eRT,y eR? ae the state, input and output vectors and,
AeR™, BeRI™, CeRP" DeRP™.

The positive system (10.1) is called asymptotically stable if the solution

X =A%, (10.2)
of the equation
X.,=AX,AeR™ ieZ, (10.3)
satisfies the condition
limx =0 for every x, e R’ (10.4)

i—o
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Theorem 10.1. The positive system (10.3) is asymptotically stable if and only if one of the
following conditions is satisfied:

1)

2)
3)

4)

5)

6)

7)

All eigenvalues z,,z,,...,z, of the matrix A satisfy the condition |z|<1 for
k=1...,n;

det[1,z— Al =0 for |[4>1;

p(A) <1 where p(A) is the spectral radius of the matrix A defined by

p(A) = max{[z]};
All coefficients &, i =0J1,...,n—1 of the characteristic polynomial
P (2) =det[l (z+) - Al=2"+8 2" +..+4z+4, (10.5)
are positive;
All principal minors of the matrix
& 9 - &,
A=l -as|f B2 T O (106
_anl 512 ann_
are positive, i.e.
a,|>0, f“ 212 >0, ...,det A>0 (10.7)
A Gy
There exists a strictly positive vector X >0 (al components are positive) such that
[A-1,]X<0 (10.8)

All diagonal entries of the matrices AY) for k=1,...,n—1 are negative
where the matrices A% are defined as follows

(0) (0) (0) (0)
ay . aj O hO ay ..o ay,
0 _ _| A -1 n-1 0 _ : :
A1 —A—In— : : _{C(O) aﬁo’} Ah—l— : :
(0) (0) n-1 n (0) (0)
a1 - G A1 - Qg
o (10.93)
Q&
0 _ : (0) _14(0) (0)
bn—l_ . ' Cn—l_[an,l a'n,n—l
(0)
Q10
fork=0,1,...,.n—1and
(k) (k)
A1’ e Gy
k=1) (k-1 : (k) (k)
AW = (ﬂ—l)_brg—k 'l | : [ A B
-k = Thek (k=1) - : : G (k) !
a'n—k+l,n—k+l (k) (k) Cn—k—l an—k,n—k
A k1 o Aknk
(10.9b)
ay
n—
(k) _ : K)  _r14k) (k)
bk s = : v Cokr=[8 %1 - @ knka
(k)
an—k—l,n—k

Proof isgivenin [7].
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Theorem 10.2. The positive system (10.3) is unstable if at least one diagonal entry of the
matrix A isgreater than 1.
Proof isgivenin [7].

Example 10.1. Using the conditions of Theorem 10.1 check the asymptotic stability of the
positive system (10.3) with matrix
01 02 1
A=| 0 03 05]. (10.10)
O 0 04
The matrix (10.10) has the eigenvalues z =0.1, z,=0.3, z,=0.4. The condition 1) is

satisfied and the system is asymptotically stable.
The condition 2) is also satisfied since

z-01 -02 -1

det[l,z—A]=| 0 z-03 -05|#0 for |7>1. (10.11)
0 0 z-0.
The spectral radius of the matrix isequal to
p(A) =max|z|=04<1 (10.12)

1<k<3

and the condition 3) is satisfied.
In this case the characteristic polynomial (10.5)
z+09 -0.2 -1

p.(2)=det[l (z+D)-Al=| O z+07 -05

0 0 z+0. (10.13)
=7 +247"" +1.592+0.378
and al its coefficients are positive. Therefore, the condition 4) is satisfied.
The condition 5) is also satisfied since al principal minors of the matrix
09 -02 -1
A=1,-A= 0 07 -05 (10.14)
0 0 0.6
are positive
09 -0.2 _
M; =09, M, =‘ . 0.63, det A=0.378 (10.15)

As the dtrictly positive vector X in (10.8) we choose the equilibrium point of the system
(10.1) for Bu=i,=[1 1 1]",i.e

-1

09 -02 -1 1 L 1.344
Xx=[l,-A™,=| 0 07 -05| |1|=———| 0.99 |. 10.16
[1- A, B (10.16)
0 0 0.6 1 0.63
This vector satisfies the condition (10.8) since
[A_ln]X:[A_In][ln_A]illn:_ln' (1017)

Therefore, the condition 6) is also satisfied.
In this case using (10.9) we obtain the following matrices
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09 02 1 Lo
o » [-09 027 |05 _09 02
/A3 = O _0.7 0-5 y AZ = +—: ,
0 o0 o6 0 -07 06 0 -07] (1018)

0.2.0
A? =-0.9+ +=o_o=1-09].

All these matrices have negative diagonal entries. Therefore, the condition 7) is also satisfied
and the positive system is asymptotically stable.

11. FRACTIONAL DIFFERENT ORDERSDISCRETE-TIME LINEAR SYSTEMS
Consider the fractional different order discrete-time linear system

A" (k+1) = A;x (K) + Ay, (k) + Bu(k)

A%, (K+1) = Ayx (K) + Ay X, (K) + Bou(K)
where x (k) e R™ and x,(k) e R™ are the state vectors, A, e ™™, B e R™™;i,j = 1,2, and

u(k) e R™ istheinput vector.
The fractional derivative of a order is defined by

A“X(K) = Z( l)( Jx(k—J) Zc (Dx(k=17)

(11.1)

(11.2)
c (j)=(—1)"( J (g &le=D-lez )+
’ j j!
Using (11.2) we can write the equation (11.1) in the form
X (k+1) = A, % (K) + Apx, (K) = > ¢, (1)x (k= j +1) + Bu(k)
= (11.3)

k+1

Xo (K1) = Ay, (K) + Ay %, (K) —Zcﬁ(j)xz(k— j +1)+Byu(k)

Theorem 11.1. The solution to the fractional equation (10.1) with initial conditions
)(1(0) =Xy, Xz(o) = Xy isgiven by

k-1
&Eiﬂ { } XN 1{ }u(.) (11.4)
where @, is defined by
l, (n=n+n,) for =0
® =1 AD,,-D®, ,—-..-D_®, for ii=12..,k (11.5)

AD ,-D®, ,—...-D®, ., for i=k+1LI+2,..

Consider the fractional different orders discrete-time linear systems described by the equation
(10.1) and

k

y(k) = c{xl( )} + Du(k) (11.6)
% (k)

where x, (k) e R™, x,(k) e R™, u(k) e R™, y(k) e R" are the state, input and output vectors,

CeR”, DeR"™,
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Definition 11.1. The fractional system (11.1), (11.6) is called positive if and only if
X (k) e R, x,(k)e R and y(k) e R?, ke Z, for any initia conditions x (0) = x, e R™,

+

%,(0) = %,, € R and al input sequences u(k) e R™, ke Z. .

Theorem 11.2. The fractional discrete-time linear system (11.1), (11,6) with O<a <1,
O< B <1lispositiveif and only if

A:[A” A”}esnzxn, B{Bl} eR™™, CeRP", DeRP™.  (11.7)
Ay Py B,

Proof isgivenin [7].

These considerations can be easy extended to fractional systems consisting of n subsystems of
different fractional order [13].

12. CONCLUDING REMARKS

An overview of some new results on positive fractional continuous-time and discrete-time
linear systems has been presented. In the first part of the paper the positivity, reachability and
stability of the fractional continuous-time linear systems have been addressed. In the second
part similar problems for fractional discrete-time linear system have been addressed.

The presented considerations can be extended for positive 2D linear systems and 2D
continuous-discrete linear systems [5, 7]. Extensions of these considerations for fractional 2D
continuous-time linear and nonlinear system are open problems.

An open problem is also an extension of these considerations for fractional positive switched
linear systems.
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