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DECAY FUNCTION INFINITE
BOUNDARY ELEMENT APPLICATION
IN OPTICAL TOMOGRAPHY

ABSTRACT Early detection or screening examination of breast
cancer can be done using Optical Tomography and Boundary
Element Method. We can not make measurements or precisely define
boundary conditions on the surface between breast and chest. A few
models which uses an extension of the definition area to other tissues
surrounding the breast are discussed. Among them model containing
infinite boundary elements which allows us to reduce the mesh and
to avoid the problem of setting incorrect boundary conditions on
unavailable surface between breast and chest.
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1. INTRODUCTION

Optical Tomography and Electrical Impedance Tomography can use
Boundary Element Method (BEM) for forward problem solution [7]. On the area
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of human female breast cancers investigations it is only possible to make
measurements on the skin. The boundary surface between breast and chest
remains unavailable for detectors placement. It is also difficult to set precise
boundary condition on that surface. A typical simple BEM solution is to extend
the boundary element mesh outside the zone of interest and to truncate it at
a large distance away so that the new boundary does not influence the results.
Such solution generates a large number of additional boundary elements and
in case that truncation occurs too near can introduce an unknown error. A more
effective method is to incorporate infinite boundary elements [3, 5] into con-
ventional BEM analysis. Infinite elements usage was at first adopted in wave
propagation and geotechnical problems [4]. In our case it is to estimate the
differences between models and to consider if model with implemented infinite
elements offers similar accuracy like these with extended area.

2. THEORY

There are two main lines of infinite elements development. mapped
infinite elements where the element is transformed from finite to infinite domain
and decay functions infinite elements which uses special decay functions in
conjunction with ordinary boundary element interpolation functions [7].

Both types offers similar accuracy. For present investigations decay
function infinite elements based on standard eight nodes quadrilateral iso-
parametsic boundary elements where chosen (Figure 1). Of course final mesh
will consists of both ordinary and infinite boundary elements.

The basis interpolation functions N; (index i corresponds to element
nodes i =0...7) for ordinary quadrilateral boundary elements are given by the
following formulas (1):

N, (E77) = —(L- E)A-n)L+ E+n) /4,
N, (£,7) = 1= E2)(L-17)/2,

N, (1) = ~(L+ E)L-n)A-E+77)1 4,

N (&,7) = (L+E)L-1%)/2,

N, (E.7) = ~(A+ E)L+m)A-E =)/ 4, @)
Ns(£,7) = (- &%) A+n)/2,

N (E77) = —(L- )L+ )L+ E-n)/ 4,

N, (E7) = (L-E)L-n?)/2.
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The Basic idea of the decay infinite elements is that the ordinary basis
interpolation functions N; (1) are multiplied by a decay functions D; (3). That
combination ensures that the behavior of the element, results that field variable
tends to its value at infinity. Basis interpolation functions for the decay infinite
elements are then constructed as:

M; (¢,77) = N (&,/7)D; ($.77). 2)

Infinite basis interpolation functions M; (2) must be unity at its own
node. That means that decay functions D; also have to be equal to one at its
own node and tends to far field value at infinity. Transformation of 8 node
quadrilateral boundary element into relevant decay infinite element which
extends into infinity in one (positive) £ direction is presented on Figure la.

Decay infinite basis interpolation functions can be also developed for
both ¢ and # directions. Infinite element which extends into infinity in both
(positive) ¢ and # directions is presented on Figure 1b.
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Fig. 1. Transformation of standard 8 node quadrilat eral boundary element
into decay type infinite element:  a) in one & direction; b) in two ¢ and # directions

Further considerations will be related to reciprocal decay functions of the form:

D, (¢.17) =[%j , (3)

where: exponent n has to be greater than the highest power of £ encountered in
M. & is some origin point located outside the element on the opposite side to
that which extends to infinity. Its role is to avoid singularity within the element.

In case of transforming the element into infinity in both directions ¢ and #
reciprocal decay functions is written as:
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&E=& ) (n-n,)"
YIRIEILERY @
4(_4(0 =1,
where: exponent mhas to be greater than the highest power of # encountered in M.

For quadratic basis interpolation function, exponent n = 3 infinite func-
tions M; are given by the formulas:

M, (&.7) = -(L-E)A-m A+ E+n)l A1-&)I(E- &),
M, (£.7) = (1-E)A-n)/ (- &)I(E- &),

M, (&,7) = -(L+ &) A-m)A-E+n)l 41-&)I(E- &),
M, (&) =@+ HA-n?) 1 21-&)I(E-&)F,

M, (&7) = -(L+ E)A+m)A-E-n)l 41-&)I(E- &),
M, (E.7) = @- &)@+ 1 2(-&)I(E- &),

M, (&) = -(L-E)A+m A+ E-n)  4(-1-&)I(E- &),
M, (&) =A-EA-n2)12(-1-&)I(E - &)

()

For debugging purposes in case of decay type infinite basis interpolation
function the same test as for ordinary basis interpolation functions can be used.
It is to check if all basis interpolation functions sum to unity and all the
derivatives to zero. The simple test is to check if each function has unit value on
their own node and zero on the others. Infinite decay type basis interpolation
functions graphs are presented on figure 2.
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To study boundary elements which are two-dimensional structures
placed in the 3D space, first we need to define the way in which we can pass
from the X,y,z global Cartesian system to the ¢&,,{ system defined over the
element, where £ and 7 are oblique coordinates and ( is in the direction of the
normal. The transformation for a given function @ is related through the following:
0] [ox oy oy [o0]

0 | |0 0¢ 0¢ | ox
0P oXx oy 0z | 0d
an| (g an an| oy ©)
0P ox o0y 0z | 0o
0| |0 9¢ 09{ | o0z ]

where the square matrix is the Jacobian matrix (or Jacoby matrix).

Transformation of this type allows us to describe differentials of surface
in the Cartesian system in terms of the curvilinear coordinates. A differential
of area will be given by:

or or

X

o =ndéon = o0& an

080n =,/n{ +n? +nZaon, (7)

where:

n =0y 0z 0yoz
*T9Edn ands

_0Xx 0z O0X 0z

YT 9Edn onaf

n _0x dy _ox oy

“ 0fan onoé

This mapping introduces the Jacobian J proportional to the magnitude
of the area of the mapped boundary element. The first derivatives of the
mapped interpolation functions with respect to the ¢ for infinite element are
given by:
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The boundary integral equation containing both finite (surface covered
by ordinary boundary elements) and infinite boundary elements (surface
covered by infinite decay function boundary elements) after discretization will
take the form:

c(r)¢i(r)+i:k;]i]z¢(r)l\l () Q 3= mocan +
+zzjj¢(r M, () Q 3l =)y e pyocan =

ij"q’“ N, (&mG(r —r " @ mogan + -
+ZZH"’“’“ M, (EmG(r -r ™ (Emdc@n

For singularity treatment as one of the most effective, regularization
method [7] was used. The advantage of using that method is that the calculation
schema remains unchanged for infinite elements.

3. MODELS

Four simple theoretical models of human breast were investigated. For
all models one placement of the light source was presented — located near the
bottom of the hemisphere model. First model presented on Figure 3 corres-
ponds to the pure hemisphere. Second model was extended by adding a cylin-
der in the bottom (Fig. 4). The intention of it was to avoid possible errors on the
bottom of the hemisphere. The next one develop that idea by adding the
cylinder with identical height but bigger diameter (Fig. 5). It is to eliminate the
errors near the basis circumference. All models were constructed from 1536
second order eight nodes quadrilateral boundary elements and 4610 nodes.
Half of the elements covers hemisphere.

Governing equation for the problem is diffusion approximation of the
transport equation [7] (Helmholtz — assuming scattering and absorption are
homogeneous):

Dzdb(r,w)—kzdb(r,w):—w, Or OQIT, (11)
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where @ stands for photon density, k= %—j% complex wave number,
c

D = [3(1, + )| "[mm™] diffusion coefficient, 1, is reduced scattering coefficient,
M, is an absorbing coefficient, ¢ speed of light in the medium, q, is a source of

light (number of photons per volume unit emitted by concentrated light source
located in position r with modulation frequency «).
Generally in Diffusive Optical Tomography distribution of g, and y are

investigated.
There are Robin boundary conditions on surfaces [2, 8, 10]:

oo(r,w)

=0, OrQr. (12)
on

®(r,w)+2aD

with different coefficients for breast tissue and for skeletal muscles on the basis
[2, 8, 10] imposed. In analysed example the following breast tissue properties
were taken [2, 10]: g, =0.025[mm™], . = 2[mm™],a =1, f =100MHz.

Last open boundary model consists from 768 standard boundary ele-
ments and 64 infinite decay type elements based on eight nodes second order
guadrilateral boundary elements [5, 9]. The number of nodes is reduced to 2561
nodes in that case (Fig. 6).

Decay function infinite basis approximation functions [5] were used for
element transformation like presented on Figure 1. Relevant boundary integral
equation for surfaces covered by standard and infinite elements can be written
as:

rIw)

c:(r)cp(r)+j O(r )dQ +

+Qjana—nr|“’q>(r)dQ jGQ v, )22 (r)dQ+ (13)

00

+J'GQr—r'|,cu)a¢(r)dQ ZQS Glrs-r| @)

Q

00

where Qg is the magnitude of the concentrated source (q, =Q0(rs)) and ng
is a number of these sources, @ stands for the photon density and G is the
fundamental solution for the diffusion equation [2, 8, 10]. In 3D space for the
diffusion equation the fundamental solution is [7]:

(14)
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The normal derivative of the Green function in a direction n can be

written:
(15)
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Fig. 4. Extended model with additional
part of chest, hemisphere with cylinder

Fig. 3. Base model of the breast
on the bottom

— hemisphere

Fig. 5. Extended model with additional Fig. 6. Open boundary hemisphere breast
part of chest, hemisphere with wider model with infinite boundary elements on
cylinder on the bottom the bottom

4. RESULTS

Values of d@/ch module and phase of the light at hemisphere circumfe-
rence cross-section for y =0 are presented on Figure 7 and 8 respectively. To
estimate the solution differences models with extended bottom part — Figure 4,
5 and 6 were compared to basic hemisphere one — Figure 3. Generally three
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extended models offers similar results, remarkably different then achieved while
using the simplest hemisphere one. It is to notice that there is a logarithmic
scale on Jd@/ch module graph 7. The medium approximation differences for

module reaches 50% and for phase oscillates mainly about 3%.
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Fig. 7. Results comparison for
differences compared to hemisphere model
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5. CONCLUSION

Generally three extended breast models (these with added additional
cylindrical part on the hemisphere basis or with infinite elements incorporated)
offers similar accuracy — Figures 7 and 8. Significantly worst results were
achieved from the pure hemisphere model. Medium differences between
hemisphere and extended models for module reaches 50% and for phase about
3%. Fifty percent differences are enough significant to extend the mesh and to
include in calculations not only the breast tissue represented by hemisphere but
also a part of chest with muscles and bones relevant to additional cylindrical
part or ring consisting of infinite elements. The advantage of using infinite
elements is to shorten the calculation time and keep the accuracy similar to
extended models. Reducing the number of mesh elements almost to 50% is
fundamental for inverse problem solution when the forward problem has to be
calculated many times. All extended models were built from the same number
of standard 8-node second order quadrilateral boundary elements. Mesh
density on the additional surface related to cylindrical part of the model was
lower then on the hemisphere surface. This is typical practical solution, as the
additional part represents the region outside the zone of interests, and is
included only to improve the accuracy. Except models mentioned above which
consists of 1536 elements and 4610 nodes, calculations were done also for
models covered by 384 elements and 1154 nodes as well as 6144 elements
and 18434 nodes. Results calculated from the simplest model build from 384
elements had little oscillations instead of smooth solution. Model with the
highest mesh density, 6144 elements, required too much memory and took too
long calculation time without significant accuracy improvement. Calculations
takes 18 seconds for 384 node models and 4 minutes and 47 seconds in case
of 4160 node models. Model with infinite elements build from 832 elements
which is relevant to standard one build from 1536 elements and 4610 nodes
required 1 minute and 24 seconds for calculations. Self made generator was
used to build presented meshes containing only quadrilateral elements and
to create open boundary models with infinite boundary elements. Application
of infinite boundary elements into Boundary Element Method approves
computational efficiency comparing to mesh truncation. The process of
incorporating infinite elements into BEM calculation scheme is quite logical.
Presented application in Optical or Electrical Impedance mammography can
be used as a screening examination in breast cancer detection but infinite
elements can be used also for other purposes.
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ZASTOSOWANIE ELEMENTOW BRZEGOWYCH
NIESKONCZONYCH Z FUNKCJAMI ZANIKU
W TOMOGRAFII OPTYCZNEJ

Maciej PANCZYK, Jan SIKORA

STRESZCZENIE Wczesne przesiewowe wykrywanie nowotworow
piersi moze by¢ wykonywane z zastosowaniem Metody Elementéw
Brzegowych i mammografii optycznej. Wymaga to okreslenia
warunkéw brzegowych. Niestety, nie ma mozliwosci umieszczenia
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detektoréw i Zrodet $wiatta na powierzchni miedzy piersig a klatkg
piersiowg. Typowym rozwigzaniem jest rozszerzenie obszaru
poszukiwania rozwigzania o fragment klatki piersiowej i utworzenie
sztucznej granicy zaniku zjawiska. Zbytnie powiekszenie siatki
skutkuje wzrostem kosztéw obliczeniowych, natomiast przyjecie
sztucznej granicy zbyt blisko obszaru zainteresowarn — powstaniem
potencjalnych bledéw. Rozwazania przeprowadzono na bazie kilku
prostych modeli piersi. Ostatni model zawiera elementy brzegowe
nieskoriczone pozwalajgce na zredukowanie rozmiaréw siatki i unik-
niecie problemu btednych warunkéw brzegowych przez utworzenie
modelu o tzw. otwartym brzegu

Stowa kluczowe: Metoda elementow brzegowych, elementy nies-
koriczone, tomografia optyczna
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