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Abstract: The 15-winding and 3-column autotransformer supplying an 18-pulse rectifier 
circuit was developed. Presented methods can be used also for the autotransformers of 
other topologies supplying different kinds of converters. Presented methods make it pos-
sible to exactly calculate main and leakage inductances of the multi-winding autotrans-
former. The presented analysis of the eigenvalues and eigenvectors of the inductance 
matrix makes it possible to identify the influence nature of individual modes on the 
inductance matrix, and to compare the calculation results obtained using the presented 
methods. Frequency dependence of autotransformer parameters was shown. Also modes 
of the impedance matrix of the multi-winding autotransformer was investigated, this 
made it possible to identify the influence nature of individual modes on the inductance 
matrix. Using presented methods one can exactly calculate main and leakage inductances 
of the autotransformer. Thanks to this, one can design in optimal way autotransformers 
for supplying, for example, rectifier circuits, THD coefficients. The results of the measu-
rements and simulations were also shortly presented at the end of the article. 
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1. Introduction 
 
 Impedance matrix of the autotransformer was calculated with the use of the 3D finite 
elements method at mono-harmonic voltage supply [1-3]. Eddy current losses in winding 
copper as well as in core iron were taken into account, what made it possible to study leakage 
inductances versus pulsation. Mono-harmonic calculations were performed assuming linearity 
of the magnetic core. 
 

2. Impedance matrix of the autotransformer 
at the mono-harmonic voltage supply 

 For the assumed vector of winding supply voltages, the corresponding winding current 
vector was calculated, and the results were placed in relevant columns of [U] and [I ]  matrices:  
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where: [Z ] – impedance matrix of the autotransformer; [W ], [D ] – eigenvectors and eigen-
values of matrix [Z ] 
 In the presented method the inverse matrix of [Z ] is calculated. Therefore small leakage 
inductances are calculated more accurately due to numerical reasons. 
 It is impossible to create the FEM model which could consider in a direct way the 
magnetic core lamination, because of the practical reasons. However, eddy current losses can 
be considered in mono-harmonic analysis by introducing complex tensor of the magnetic 
permeability μ̂

t
 and electric conductivity .γ̂

t
 Figure 1 is the base of introduction of those para-

meters for core sheets. 
 

 
Fig. 1. a) The magnetic core sheet with eddy currents, b) magnetic flux and eddy current density in the 

core sheet (direction z) 
 
Magnetic permeability μ̂

t
and electric conductivity γ̂

t
tensors are shown in formulas: 
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 Considering the structure the core sheet, the magnetic complex permeability μ̂ from the 
formula (3) was responsible for eddy currents in x, y directions from figure 1a. In z direction, 
the eddy current was the result of electric conductivity in x, y directions in electric conducti-
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vity tensor γ̂
t

from formula (2). Considering the structure of winding area, only the magnetic 
permeability tensor μ̂

t
was taken into account. 

 The following system of equations was solved in FEM 3D calculations: 

  

( )( ) ( )

( ) ( )

( )

( )

( )( ) ( ) ( )
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

⋅=⋅=⋅=

==+⋅+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

⋅+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=

=+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−=

∫ ∫ ∫

∑
=

−

V V V

ojojojj

jj
o
jjj

oi
o
i

fazil

i

VdBTVdATVdAT

njU
td
idLqR

td
d

td
dgrad

td
Addiv

Tq
td

dgrad
td
Ad

J
td

dgrad
td
AdA

rrrrrr

K

r
t

r
r

t

K
r

r
trt

rotrot

,,2,1,

0

rot

rotrot

_

1

1

ψ

ψ

ϕγ

ϕγ

ϕγμ

.

 (4) 

 The third equation is the voltage equation for the windings, where the stream ψj was 
counted in a way given in the last equation. Vector J

r
is the winding current density. To 

identify the position of the winding i the vector oiT
r

 was introduced, where density of its coils 
is shown by equation ).(rot oiT

r
 In presented method the proximity effect was simulated.  

 
3. Eigenvalues and eigenvectors of inductance matrix [Z] 

of autotransformer versus frequency 

 Eigenvectors of inductance matrix of the autotransformer show weak variability due to 
pulsation. Therefore, they can be considered as a spatial transformation matrix between the co-
ordinates of the system: the current flow in autotransformer windings, and coupled fluxes in 
these windings. 
 

Fig. 2. Scalar products of eigenvectors with 
vectors computed at lower pulsations 
– narrow range of variability around 1 
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 First two rows of the Table 1 present the eigenvalues of the impedance matrix (real and 
imaginary part). Below there are eigenvectors placed in columns, related to these values, re-
spectively. These eigenvectors are divided into six groups. First one (gł ) consists of two 
vectors related to the main magnetic flux, the third vector (group a) is related to the zero com-
ponent of the magnetic flux. Following four three-vectors groups (b, c, d, e) are related to the 
leakage magnetic flux. Vectors in these groups are characterized by similar acting and close 
values of eigenvalues related to them. Vectors from group b acts similarly on each magnetic 
column and thus is similar in a way to the zero component vector, while vectors from groups 
c, d and e are concentrated each on one column only. 
 

Table 1. Eigenvalues and corresponding to them eigenvectors (with an accuracy to the factor ±1) 
of the autotransformer impedance matrix [Z], (for frequency lower than 4 kHz), A, B, C are denotations 

of  autotransformer columns 

 
 

4. Autotransformer equivalent circuit 

 Autotransformer equivalent circuit using LR ladder networks for modeling frequency de-
pendencies of autotransformer parameters was built. The eddy current losses in the magnetic 
core were simulated by the windings, placed on each column, shorted through the ladder cir-
cuits. The frequency dependence of the autotransformer leakage parameters was also simula-
ted in calculations by means of ladder networks supplied by current system after transforma-
tion by frequency invariable eigenvectors matrix. Also the magnetic hysteresis losses were in-
cluded in simulations [4-6]. Optimization methods were used for calculating the length of the 
magnetic columns of the ladder network in Figure 4. Figure 5 presents comparison of the fre-
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quency dependency of the eigenvalues related to main magnetic flux computed in mono-har-
monic calculations with the same eigenvalues calculated from the synthesized equivalent circuit. 
 

 
Fig. 3. Three-column equivalent circuit of the autotransformer simulating eddy current losses 

in the magnetic core by impedances Za and Zb 
 

Fig. 4. Cauer’s four-segment ladder circuit 

 

 
Fig. 5. Eigenvalues (1 and 2 solid line) related to main magnetic flux (real and imaginary parts), 

calculated from matrix [Z] according to formula (1) and from the synthesized equivalent circuit in figure 
5 – marked 1s i 2s (dots) 
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5. Measurement and simulation results 
 
5.1. The arrangement order of the autotransformer windings at the core column 
 The way of arrangement of the autotransformer windings in the window affects the values 
of leakage inductances of those windings. The simulation of the examined 18-pulse rectifier 
circuit was made for the various arrangement orders of the autotransformer windings on the 
core column. The summary of simulation results is presented in Figures 6 and 7. 
 As one can see, for various combinations of the windings arrangement, the THD of the 
converter mains currents was obtained in the range of 4 to 8%, in addition the number of 
“bad” arrangements is comparable with the number of “good” arrangements. So, the problem 
of the windings arrangement order appears to be essential. Figure 7 confirms that fact. 
 The proper order of arrangement of the windings on the autotransformer core can reduce 
THD coefficient of the converter mains currents. 
 

 
Fig. 6. The histogram of the mains currents THD coefficient obtained for various arrangements of the 

autotransformer windings and for small inductance of the power grid 
 

 

Fig. 7. Mains currents of the converter obtained using leakage inductances calculated for three different 
orders of arrangement of the windings on the autotransformer 
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5.2. Experimental model 
 Developed methods and results were used to design 50 kW autotransformer for 18-pulse 
rectifier circuit. Figure 8 presents the picture of the autotransformer prototype at the measure-
ment station.  
 

Fig. 8. Autotransformer prototype 
at the measurement station 

 
 A number of simulations were carried out. The eigenvalues numbered 6 and 5 from the 
Table 1 are worth of notice. Their enlargement makes THD coefficient getting worse even 
much more than the enlargement of zero component (eigenvalue at number 3). Eigenvectors 
of these values shows, that in order to suppress them, the windings of the triangle should be 
placed in outermost places at the core columns. 

 

 
Fig. 9. a) p1 – measurements and s1 – simulations of the load voltage from the load current; similarly p2 

and s2 but with additional mains chokes 0.3 mH; b) THD coefficient of the mains currents: p1, 
s1 – measurements and simulations without mains chokes, p2, s2 with mains chokes 0.3 mH 

  
 Figures 9a and 9b present results of the measurements and simulations of the external 
characteristics and THD coefficient of the mains currents with and without mains chokes 0.3 
mH versus load current. 

 
6. Conclusion 

 The autotransformer leakage inductance calculation methods of different degree of comp-
lexity was presented and compared. The zero component related eigenvalue of the leakage in-
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ductance matrix is not calculated correctly in 2D methods. However after applying adequate 
correction, leakage inductances obtained with these methods can be used for converter simu-
lations. The mono-harmonic calculations showed that the leakage inductances of the auto-
transformer remain constant for frequencies up to 4 kHz. This justifies the use of these in-
ductances obtained in static calculations in the AC/DC converter simulations. The method of 
equivalent circuit creation of the autotransformer that uses LR ladder networks for modeling 
frequency dependencies of its parameters was presented. 
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