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ABSTRACT The air gap, with double-sided stairstep jaggies
being two-downlink area, can be conformally imaged as circular ring.
Traditionally this procedure executes approximately with the help of
Carter factors. Cross sections of the stator and rotor cores also have
the form of rings.

The rotating magnetic field in the locations of conductors (in slots,
windows between poles) can be presented by the sum of potential
and some adding (easily calculated) fields. The localisation of an adding
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field in the location of conductors requires arrangement on a part
of boundary of each slot (at the bottom or in the wedge part) infinitely
thin current layers, the joint currents of them are equal to full currents
of slots.

Usage of scalar magnetic potentials (SMP) of current layers allows
to receive the analytical solution of Dirichlet problem for circular rings
of three mentioned environments (air gap, magnetic stator core and
rotor) assuming its magnetic permeabilities are constant.

For the sake of greater generality of the problem we assume that
the core of the rotor is performed from massive steel. The selection of
this material does the mathematical model more universal, as at transition
to high enough values of magnetic permeability and resistivity the
massive environment gains properties of laminated steel.

SMP of current layers of stator windings and rotor are submitted
by Fourier series.

The parameters of an electromagnetic field in a solid rotor (radial
and tangential component of flux density, current density and power
loss) are obtained on the basis of the analytical solution of Bessel
differential equation for a vector magnetic potential by a method of
variables separation and are submitted by appropriate Bessel and
Kelvin functions.

With reference to an asynchronous motor with a solid rotor the
performance data are calculated and compared with the test results.
The changes of magnetic permeability in steel of a rotor are taken
into account by splitting it on concentric rings, in each of which the
permeability is constant.

1. FORMULATION

The rotating magnetic field in the locations of conductors (in slots,
windows between poles) can be presented by the sum of potential ﬁp and

some adding H, (easily calculated) magnetic fields. The localisation of adding

field in the location of conductors requires arrangement on a part of each slot
boundary (at the bottom or in the wedge part) infinitely thin current layers with a
line density H, the joint currents of its are equal to full currents of slots.

The scalar magnetic potential (SMP) of a current layer j-ro of a slot will
be defined by expression

[
O(1)= 1], - [ 1,
0
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where
Iy — full current of a slot,
[ — variable of integration on slot boundary, read out from edges of
a current layer,
j
°r  — projection of vector of a adding field to a direction of integration.

At summation SMP of current layers of all slots

Uz(l): ZUJ(Z)

we will receive resultant relation, the geometrical site of which is dictated by
convenience of calculation of magnetic field. For example, it is possible to
suppose the field is fixed on a circle of an air gap passing on stator teeth edges.

In the beginning for simplification of a problem we neglect stairstep
jaggies of stator and rotor cores (it is considered they are smooth; in
subsequent, at refinement of the solution we shall come to conformal mapping
of an air gap with bilateral stairstep jaggies on a circular ring)” and we assume
the length of the machine infinitely large (edge effects missed).

For the sake of greater generality we assume that the rotor of the
machine is performed from massive steel. The selection of this material does a
mathematical model by more universal, as at transition to high enough values of
magnetic permeability and resistivity on an axis z the massive environment
gains properties of laminated steel core.

The cross section of the machine is shown in Fig. 1. By digits 1, 2 and 3
are marked accordingly: the massive ferromagnetic rotor, air gap, stator core,
magnetic permeability which in the beginning is considered as infinitely large.

Usage SMP of current layers allows receiving the analytical solution the
Dirichlet problem for circular rings of three mentioned environments at constancy
of its magnetic permeabilities.

Y As a first approximation for estimated value of a smooth air gap it is possible to accept value
of a geometrical air gap 6 (distance between circles passing on heads of fingers of a stator
and a rotor), multiplied on air gap factor (Carter factor).
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Fig. 1. Cross section of an electric machine with a solid rotor

2. CALCULATION OF A MAGNETIC FIELD
IN AN AIR GAP

On the stator core surface with the bolded arcs are shown current layers
of phase 4 slots. Their scalar magnetic potential (SMP) can be presented by

a trigonometric series

U, ,(.0)= 0 cos no

n=1

where
a? = F¥ cos ot
FO-_2 o I
! T np
where
I, — amplitude of a phase current of frequency o;

w,k,, — number of orbits and winding factor of a phase;
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p — number of pairs of poles of a statoric winding,
7 — a ngular coordinate of a view point in a magnetic field (¢ = po,,,

here ¢, — angular coordinate of the same view point, but in
mechanical (geometrical) coordinate system).

Summarising (1) with SMP two other phases

U,, rz, Z A cos(mt—2gjcosn((p—2§j (4)
n=1

U, rz, ZFW(Z cos(wt+2gj cosn((p+2§j (5)
n=1

we have

n

»(r, 0 %Z“F(2 cos(wt Fnp) < éZ:F(z)e j(“’ﬁ”‘”)@%ZF(z)eﬁw

n=1

where
the upper sign corresponding to harmonics numbers

n=6k+1 (k=0,1,2,...,n=1,7,13,..)

the lower sign — n=6k -1 (k=1,2,3,.,n=511,17,..) ."

On other side of air area 2 (with radius r,) current of phase 4 and the
eddy currents of ferromagnetic rotor will induce SMP in the form

Za,(ll cosn @ +b" sinn (7)

n=1

where
4 B! — unknown factors.

n’n

Y For the sake of simplicity of the analysis we assume that the stator winding has an integer of
slots on a pole and phase. In this case miss even harmonics in the formulas (2),(5),(6).
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SMP, assigned by the formulas (1) and (7), allows finding the solution the
Dirichlet problem for an annular domain 2 [1]

U, ,(r,e)= Z(r A +r" 1)cosn(p+(r”Bn +r‘"Dn)sinn(p (8)

where the factors 4,,B,,C,,D, are determined by the formulas

From expressions (8) and (9) follows the relation for radial component of
magnetic field (MF) intensity on boundary of areas 1 and 2

_ aUM(’”»(”)

5 :Lin(vlnd,(})+v2nd,(12))cosn(p+
r

r=r, "1 =1 (10)
+n (Vlnb,(ll) + v2nb,(lz))sin ne

Hy,(r,0)=

where
Vln ( 2n +7"2 )/(r22n _r1211)

Vou :_2(7'1r2)n /(rzzn _r12n)

Taking into account operation of two other stator windings phases (B and
(), the formulas (7) and (10) can be given in the form

EYcos(otFne)-FYsin(0tFno) @%i )

1 o)t+n<p

MS

3
Uz(mcp)=5

Il
—

n

Qéiﬂ(l T
2n:l

(11)
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3 = - (2) j(wﬂnq))
H2r 7"1, n( 1n n +V2an )e <
2r1 e
} 12
- 3 3 ( 5 (1) '(z>) Fjno "2
-~ n VlnFn +V2I’1Fn €
2r1 n=1
where
6'11(11) :Fn(}) cosat, b,(ll) :Fn(lz) sinwt,

EV = £+ i)

From the formula (11) we can receive expression for tangential component
of MF intensity

H, ,(r,0)=—- OUlrn0) _, 37

+ n EV@m10) oy 4 3§ ) rine
I’i@(p 271 n=1

271 n=1

(13)

3. CALCULATION OF A MAGNETIC FIELD
IN A FERROMAGNETIC ROTOR

We draw attention now to the ferromagnetic rotor — environment 1, rotating
with speed Q (in a direction of a first harmonic MF). Assuming = const” and
entering a vector magnetic potential

/’llﬁl =rot Zl

we have from the first Maxwell equation, written in fixed coordinate system

Below this condition will concern only to rather thin elementary concentric annular domains,
into which will be divided the massive ferromagnetic cylinder of a rotor. On boundaries of
these rings the magnetic permeability will change jumps. Inside rings the environment will be
linear, i.e. its parameters ¢ and y are saved invariable. The monotone change of these

parameters will be watched at infinitely large number of elementary concentric rings.
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rot rot A; = u 9, (14)

where
_ _ 04, 1 _
51 :]/El =7/[—qradU1—6—tl+[v1 I'OtAI:Ij (15)

is a current density in steel rotor (here v, — running speed of a view point of the

ferromagnetic environment).

From the vector analysis it is known

rot rot 4; = qrad divA4, — V24

Selecting for calibration of the vector potential the Culomb condition
div4, =0
And neglecting strength of an electrical (Culomb) field inside the steel array
qradU; =0

from an equation (14) we shall have

V4, +py(—aAl +[v1 E]ij
ot
At harmonically varying MF it is fair
VPA-jouyd-pyQrB,e.=0 (16)

As considered MF is two-dimensional parallel, thus in cylindrical coordinate
system

I‘Otz Zl :BIZ = —
r{ or op
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From here follows

4, = Al(p =0, Zl =4d.e,
_ 0A roA 0A
I'OtrAl :Blr :l 2 - lo :l & D
r{ op oz r o@
t Z B aAlz aAlr aAlz (17)
Ol = P1p = or oz | or
Therefore equation (16) can be written
a2"412 1 a"éllz 1 62/112 Qa/llz . A 0
—_ _ - —_— w =
ort r or pr 9g? SArY H7 A o)

We shall solve it by a method of variables separation, supposing

4. =R(r)®(no) (19)
And, if to select

®(np)=e™"*

then after the substitution (19) in (18) we receive an ordinary differential
equation

r 'R gr)+r dRr) +(-n*+K282)R(r)=0
dr dr
where
K =—jouy
g =OFPRN_ gy,
where

S1 =1- pgy . . . .
@ — slip of a rotor for first harmonic of a magnetic field;

The upper sign (-) corresponds to values n =6k +1 (k=0,1,..;n=1,7,13,...);
The lower sign (+) —to n=6k—-1(k=1,2.3,..;n=511,17,...).
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Its solution is known [2]

r):i::q" n(kf r)+ C,,Y, (k@r) (20)

where
J, (k\/gr), Y(k\/gr) — cylindrical Bessel functions of n order, accordingly

of the first and second kind;

¢,,,C,, —arbitrary constants.

1n>

Taking into account, that ¥,(0)= oo, it is necessary to accept C,, =0. In

outcome we shall have
4. =30 T kS, )i 21)
n=1

where the constants C,, will be retrieved from boundary conditions of a problem.

Using (17) we have

:-T—%i 1an(/c\/Sinr)ejrj""’ (22)
n=1
B, = kXS, C, TS, et 3)

n=1
where
Ji(x)=0J,/0x.

On boundary of areas 1 and 2 (r =) we have

Blr :BZr9 Hm :H2¢ (24)

To draw attention to the equations (12) and (13) for H,, and H, ,, from

2¢°
equations (24) we shall receive a set of equations for finding of unknowns C,,

and £V

$jCln (k\/7 ) (Vln (l)+v2nF(2)l
—ﬂil@qn J,’l(k\/grl)ziinﬁ}(l)
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Its solution will be

3711k Vs, nF( :

Cun = 2u,n S, 7 £ 200 v, koS 7 T, kS, ) (25)

0 _ £

T kR ®
Ho ’”1 k\/71”1 (krrl) Vo,

Considering known equalities

275 (x) =1 (x)= 1 (x). }

N 27
207, (x)= [ 1 () 4+ T )] @)
it is possible to give the formulas (25), (26) in form
3.] Ml 2n n F( )
In 5 ' (28)
k 7"1 Vln[ ln n— l(k Sn r1)+a2n']n+l(k Sn rl)J

; (2)

-() _
K Hy (kfﬂ)”nﬂ(krﬁ) Vin @
Ho Va, (k ) J i1 (k\/7r1) Vaon

where

a, S DU o RS (s

Hy
n ’ 2n

MO Vln MO Vln

After a substitution of expression (28) for a factor C,, in the formulas

(22), (23) for radial and tangential components of a magnetic flux density in the
steel cylinder we shall have

By ivu nF lJn 1(k\/7r)+']n+1(k\/7 )J o (30)
S Vi ay, J, (k\/in’ﬁ )+a2n 11+1(k\/7r1)

lr

n
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B

¢

:12 JM] i Vau nEz(Z)[Jn—l(k\/Sinr)_']nﬂ(k\/sinr)] ejrj""’ 31
I = SR N IR NG I

On other side of an air gap (in the environment 2) — on a circle r=r, —
— we have according to the formulas (8), (11), (12), (29)

3 3

. 3 = - 5n’]n7('é nr)_aan+('A nl") Fjn
B, (r,,0)= /:o valnFn(z) 1 1 qu 1 2 | ]yq 1) Fing (32)

2 n=l aln']n—l(.] 2Qnr1)+a2n']n+l(.] 2an1)

> 3 . S ; Fjn

B, (ry,p) = 2203 nfr 27 (33)

2 n=l

where

The obtained formulas were used with reference to an asynchronous
motor (AM) with a solid rotor executed on the basis mass-produced three-phase

AM type 4A200M 2Y 3, with the following data:
Py, =37 kW;  n,=2943 rpm; U, =220V; [, =70A; M, =120,06 Nm;

cosp=089; 7=090; z =36; g=6; W=60; R=0,0652Q (0,0207 rel.u.);
w=314radls; y=0,5-10’ (Q’m)’1; =97 mm; r,=979 mm; &=09 mm;
[ =130 mm:; material of rotor — steel 3.

In Figs. 2-3 the peak values of the first and seventh harmonics of a magnetic

flux density on a surface of a solid rotor in a function of slip for the given motor,
calculated on the formulas (30), (31)", are shown at u=pu, =100y, and

u=u, =var (here u, - magnetic permeability of steel on a rotor surface).

) Cylindrical, Bessel functions of the first kinds with complex arguments:

kS, r=+-jouys, rzanej3”/4 =xej3”/4,Sn >0
kyS, r= 1/ja)/v[]/|Sn| r= qn,,.ejff/4 _ xejﬂ/4’ S, <0
where

q, =\JouylS,|. x=q,r

expresses through Kelvin functions:
J, (xej3”/4 ): (ber,x + jbei, x)

J, (xej”/4 )= (ber, x — jbei, x)cos m
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Fig. 2. Amplitude values of radial (a) and tangential (b) components of first
harmonic of a magnetic flux density on a solid rotor surface in function of the rotor

slip concerning a first harmonic of a magnetic field (Curve 1: x =, =1004;

-2: 1 = u, accordingly to magnetisation curve of steel 3)

4. CURRENT DENSITY IN A FERROMAGNETIC ROTOR

In accordance with expressions (15), (16) complex amplitudes of a current
density in a rotor will be

o). =—joy 4, —yQrB, (34)

After a substitution in (34) formulas (21) and (22) accordingly for 4,, and
B,, we shall have

812 :_jycoi S, Cln J, (k\/gr)eﬂmp
n=1

Taking into account expressions (27), (28) we shall have

M’Yi Von [ n— 1(k\/7r)+‘]n+1(k\/7 )J +Jntp
n=1 Vi aln n—1 (krrl )+a2n n+l(k\/7rl )

5, ==

r
n
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Fig. 3. Amplitude values of the seventh harmonics - radial (a) and tangential
(b) components of a magnetic flux density on the solid rotor surface in a function of
slip concerning the first harmonic of a magnetic field at =z, =1004,

Subsequently, our interest will be the square of the module of current density
for n harmonic. From last formula, skiping indexes 1z, we have

2
. 2n V,, .
2=8n 5::[3_71 ’ Fn(z)] ouysS, x

2.1 vy,

X I
ol b )|

5, 1)
e s e e s )

1n In

(35)

Cylindrical functions with considered complex argument

kS, r=y-jouys, r=;""q,r

where

q, =\ OpYS,

expresses through Kelvin functions
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1,(7*% g, r)=ber, (g, r)+ jbei, (g,7)=b, e'”

n

where

o - _ arctq 2 (.7)
bn - \/bern (qn I")+b€ln (q" I") ’ ﬂn ~arctq ber,, (qn I")

In outcome the formula for a square of a module of a current density (35)
will receive a form

where

2
Dn (qu rl ): alzn bj—l (QI’I rl )+ (Zﬂ bn+1 (er rl )] + 2aibn—l (qn r] )er—l (Qn rl ) cos (ﬂn+l - ﬂn—l )

n a,

n

From obtained formulas in Figs. 4-5 are shown the main and higher

harmonics amplitudes of the current density on the solid rotor surface in
function of rotor slip.

8lmax’ 12 x10

A/vwm?

10

L S ' /

0.5 1 S, 15

Fig. 4. Amplitude of a first harmonic of a current density
on a solid rotor surface in function of slip (curve 1:
u=pu,=100uy; - 2: p=u, is on a magnetization curve
of steel 3)
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Fig. 5. Amplitudes of fifth (a) and seventh (b) harmonics of a current density on the
solid rotor surface in function of slip at x =1, =100,

5. LOSSES IN A FERROMAGNETIC ROTOR

The losses in the steel cylinder from » harmonic of eddy currents in
accordance with (36) are

l r12ﬂ:. . lrl .
Pn:z—yu 8n8nrdrd(p:n7.([6n8nrdr:

(37)

n

2

3n Vs ~(2) TCl(DHSn 2 .2

=|— —F"7 | ——= | \ber; (q, r)+bei (g, r))<rdr
(rl Vln ] Dn (qn 7"1)'([( ( ) ( ))

where [ — active length of the rotor.

The integral in this expression is named as Lommel one. His value is
known [3]. Finally

2
P - OrnlousS, |V Fn(Z) .
2Dn (qn 7"1) Vl

) [bern+l (qn rl )bein—l (qn 7"1 )_ bern—l (qn 7"1 )beinH (qn rl )]

n

(38)
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Using this formula the losses in a solid rotor from main and higher
harmonics of an eddy current in a function of slip were calculated. The graphs of
these relations are shown in Figs. 6-7.

lﬁ x10
kBT
12+

0,5 1 1,5

Fig. 6. Losses in a solid rotor from a first harmonic
of eddy current in a function of slip (curve 1:
H=pu,=100y,; 2 - pu=yu, is on a magnetisation
curve of steel 3)
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Fig. 7. Losses in a solid rotor from a fifth (a) and seventh (b) harmonics of an eddy
current in a function of slip at =, =100,

The depth of penetration in the steel array » of a harmonics of a magnetic
field can be defined according to the formula

A, =+/2/S,0uy (39)
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The graph A, = A,(S,) for a first harmonic of a magnetic field is presented
in Fig. 8.

0 0,1 0,2 0,3 0,4 0,5

Fig. 8. Depth of penetration in the steel array of
a rotor of a first harmonic magnetic fields in
a function of slip (curve 1: y =, =100p,;-2: u=pu,

is on a magnetization curve of steel 3)

6. THE ELECTROMAGNETIC TORQUE
CALCULATION OF PERFORMANCE DATA

As is known, the area density of electromagnetic forces which are
operational in a tangent direction to a cylindrical surface of rotor will be equal [4]

Thw ::(BZr]yéw )

r=r+¢

where
£ >0 — small constant;
r — radius of a circle flanking to a rotor.

On this circle (at ¢ —» 0) radial component of a magnetic flux density
(Bzr) and tangential component of the magnetic fields intensity (Hzf) will be

equal

2r n9¢) :Ezlinmx cos QDI4-ngD) (40)
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rl, inmax r1 cos(a)t+n(p+72[j (41)
n=1
where
n 3 ’ul Vzn nF"(z) Jn 1(.]3/2 qn r1)+ Jn+1 (j3/2qn ]"1)
B, s (rl)__ X 372 372 =
2 7"1 Vln aln Jn—l (J qn 7"1 )+ a2n Jn+1 (] qn rl)
Brnmax (rl )eja’ ’

3 jvan B g (72, n)-7,. 07, n)
): T3 372 32 =
2 7"1 Vln aln Jn— (] qn rl )+ a2n Jn+1 (.] qn rl)
) (rl)ej(a(pnwm

In accordance with the theory of tensions for the electromagnetic torque
of an electric machine will be fair the expression

2z

2r
M :rl2l_[Tn(p d¢:r12IJ.Bzr(rla(D)tz(p(’”p?)d(P:
0 0

2

l iBrmax (pmax(l)jcos (wt$ngp+arn)x

n=1 m=1 0

xcos(a)t+m(p+ ta, jdgo b8 lZZBrmaX r)H (pmax(l)sin(am—aw)

n=l m=1

8

(42)

With the help of this formula the electromagnetic torques from first and
higher harmonics of a magnetic field in a function of slip for the mentioned
above tested asynchronous motor with a solid rotor were determined. The
outcomes of calculations are adduced in Fig. 9-10.

Being repelled the formula (32) for radial component of a magnetic flux
density it is easy to define the stator current of the asynchronous machine with
a solid rotor.
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For amplitude of a first harmonic of radial component of a magnetic flux
density it is fair

3nu
(n) 0 (2) ja,
B2r -5 lnFn Gne
r,
M,,
Hwm

200+

100

0,5 1 1.5

Fig. 9. The electromagnetic torque of a first
harmonic of a magnetic field in a function of slip
S, (curve 1: pu=p,=100p,; - 2: pu=p, is on
magnetisation curve of steel 3)

where

NI +N;
N;+N;’
here:
N, =a,ber,_, (an1)+ a,,ber,,, (anl)
N2 = 51nbei (anl)+ 52nb€i2 (anl)
N3 = alnbern—l(anl)—i_ a2n bern+1(an1)
N4 = aln bein—l (Qnrl)+ a2n bein+l (anl)
q, =~S, 01y

a, = ﬂln _ﬁZn
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B, =arctqN, /N,
B,, =arctqN, /N,

F@ = —(2«/5 / ﬂnp)wkwnl

As the magnetic flux of » harmonics of one pole is equal

b, =2 By
w n

[T

then for an effective value of EMF vector of n harmonic of stator winding we
have

E, =—jx/\2)fivk,, &, =—j 0, G, Ie™

where

steel 3)

Fig. 10. The electromagnetic torque of
fifth (a), seventh (b) and eleventh (c)
harmonics of magnetic field in a function

of slip Sy (curve 1: u=p,=100y,; - 2:
H“=u, is on a magnetisation curve of
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Considering an equilibrium equation of voltages in one phase of a stator
winding circuit

U=-E+1Z,

where
E=YE,

let's have finally for a stator current

U

\/(Rl —ZQnGn sinanj +[X01 +ZQnGn cosa, j

n

I =

2

and his phase angle

X, +ZQnGn cosa,

R, - Z 0.G, sina,

@ = —arctq

The calculation of a stator current defined, as visible, in a function of rotor
slip S, allows to find according to the offered above formulas all performance
data of the asynchronous machine with a solid rotor.

The first harmonic of a magnetic flux density displaces on a surface of
a rotor, having amplitude

B = JBEL P+ (B ()P (43)

As the amplitudes of the nearest higher harmonics (5-th and 7-th) of flux
density are much less the first one, the magnetic permeability of a surface of
a rotor u=u, can be determined on a level of an effective value of a first
harmonic of flux density [5].

On a large part of pole pitch of a rotor surface the magnetic permeability
is close to minimum value
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1=, = o = S (Bren (7)) (44)

appropriate to effective value of a first harmonic of a magnetic flux density on
the rotor surface (43). Therefore, as a first approximation, the magnetic
permeability of the rotor surface can be determined by expression (44).

It is more logical to determine the permeability x, as average value of
acurve u, = u,(a):

1%
He = Hecp = ;J‘#e (CZ)dOl (45)
0

At this stage the magnetic

permeability of whole rotor mass M
will be assumed also as identical Ho [
and equal u, — as magnetic 250
permeability of a rotor surface. 200
Below it will be considered more _
accurate calculation of perme- L50rt- ]
ability using splitting the cylinder 100 L
of a rotor into concentric annular K
The nature of change 0. i . IR

u, = u,... functions of a rotor slip o 01 02 03 04 05

's shown in Fig. 11. Here curve 2 Fig. 11. Minimum value of relative magnetic
is obtained with the help of permeability on a surface of the steel array of

a magnetisation curve of steel 3 a rotor in a function of his_ slip (curve 1:

and amplitude of a first harmonic of H e“‘_i“/ #o = 1005 2: flewy /11y i ON @ magnet-
. . ization curve of steel 3)

a magnetic flux density calculated

on the formulas (40), (41), (43).

In Fig.12 are shown computational and experimental [6] relations of the
torque (a) and a stator current (b) from slip for an asynchronous motor with
a solid rotor from steel 3, made on the basis mass-produced electric motor
AO2-81-2 of power 40 kW with synchronous speed 3000 rpom. The curves were
calculated taking into account the frontal effect of eddy currents short circuiting
of a rotor by reduction the electrical conductivity y of rotor material on followed
factor [7]

k, =142t/
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Fig. 12. The electromagnetic torque (a) and current of a stator (b) in a function of slip
of an asynchronous motor with a smooth solid rotor from steel 3, made on the basis

of asynchronous machine AO2-81-2 (curve 1 corresponds to y = 6-10° /Kﬂ (Om-m)™'; curve - 2:

7=5-10°/k, (Om-m)"'; curve- 3: y=4-10°/x, (Om-m)"; x,=2,5; o - experimental points

The overstating of the calculated torque values as compared to experimental
ones (approximately to 14 %) at this stage of calculation is due to neglecting the
magnetic voltage in the stator core (it is assumed y; = ).

In summary we shall mark, that analytical and numerical methods of
calculation of asynchronous machines with a solid rotor many activities are
dedicated. The analytical approaches, naturally, are connected to those or
diverse assumptions. Let's call these of them, which are assumed in this study:

1. the curvature of magnetic cores and air gap is neglected (the
electromagnetic phenomena are considered in rectangular coordinate
system) [6];

2. the effect of higher harmonics of magneto-motive force (MMF) on
characteristics of machines is not analysed [6, 7, 8, 9];

3. the leakage of magnetic flux in an air gap is rather neglected (magnetic
flux coming out of stator core is assumed as equal to magnetic flux
entering from an air gap to a rotor core) [7, 9] or its calculation is made
approximately [6, 8];

4. the calculation of a magnetic field in steel rotor core is made at given on
his surface waves of a magnetic flux density (B;) and electric field
strength (£, ) [6, 8];

5. the connection between EMF of a rotor and stator is on the basis of an
approximated integral representation of a Faraday law of flux density
[6, 8, 9].
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7. CALCULATION OF MAGNETIC FIELD
AT FINAL VALUE OF MAGNETIC PERMEABILITY
OF THE STATOR CORE

In the previous calculations the magnetic permeability of the stator core
(environment 3 in Fig. 1) was assumed infinitely large. In this case environment
3 did not exert influence on a magnetic field in an adjacent annular domain — air
gap. But such effect takes place in reality, when the magnetic permeability
of the core of a stator is finite.

7.1. Calculation of magnetic field at the existence
of eddy currents in the stator core

Supposing the stator core electro-conductive, the calculation of a magnetic
field in its can be made similarly to calculation of a magnetic field in a massive
steel rotor. Pursuant to the formulas (20), (22), (23) we shall have for the
environment 3

By =LY Dy, (6 1)+ Dy ¥, )™ ()
n=1
B3¢ = _ksz [Dln‘]r,z (ky )+ D, Y, (ks ’”)] e/’ (47)
n=1
where
ky=\—-jouy,, D,,,D,, - constants defined from boundary conditions.

In the environment 2 (air gap) on boundary circle with radius r=r, we
have according with the formulas (8), (11), (12)

HZr "y, ___Z” (Vzn +V1n F(z)) e /"’ (48)
2 n=l1

I_'I I" -+ ]i 2) +]nga 49

20 12,0 —_2 (49)

where
FD=F® L AF®  AEP) — adding stipulated by a magnetic field of the

stator core.
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The formulas (46)-(49) contain three unknowns of a factor D, , D AFE®

1n> = 2n> n

which are determined from three equations expressing boundary condition

Bsr(’”27¢): Ho HZr (’”2:@)

Bw (”Za(P) -1, (rz,(p)+ ou, (1’2,§0)
H3 1o

B3r(r39(p):0

From these three equations it is easy to receive expressions for unknowns
of factors

D n 3 ]/uO /,l37’l Yn (kS 7"3) (VZnF(l) +V1n Fn(Z))
"2 — Mz M+ py vy, ks N
_3 ]:uO H3n Jn (k3 r3)(v2nFn(l)+V1n Fn(2))
D2n :+5

—tyn M+ vy, r kN

AF(z) . Hy k3 r N(VZnFn(l) + Vin Fn(Z))

! —psn M + gy vy, 1y ky N

where

M=J, (ks ’”2) Y, (k3 Vs)_Jn (ks ’”3) Y, (k3 ’”2)

N=J, (k3 Vz)Yn (k3 ’”3)_Jn (k3 ”3)Yn'(k3 ’”2)

7.2. Calculation of a magnetic field if neglected
eddy currents in the stator core

The magnetic field in the environment 3 (Fig. 1) can be determined on
the basis of the solution of Neumann boundary problem. In this case we

assume given the radial (normal) components of magnetic field intensity on
boundaries of area 3:
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H,, (r,0)= —Zc?,gz) cosng + gn(z) sinn g

n=I

H3rA(”3»(0): 0

Then the scalar magnetic potential in this area will be equal [1]

0

Uy, (rp)= Z(An r"+C, r‘”)cosnngr (Bn r"+D,r™" )sinngo +k (50)
n=1
where
:4“ B rn+l 5}52)
- B
n n r32n _r22n
~ sy bn(z)
- 5
n n r32n _ rz n
n+l 2n ~(2) (51)
C =_"2_171 4
n 2n 2n )\’
n+l 20 77(2)
D = n b,
n 2n 2n )\’
k - constant.

As regards the magnetic field of phase 4 is even function (Fig.1) we can
accept 52 =0. Then we have B, =D, =0.

Meaning that

~a :H,Sz) cosmt (52)

n

and summarise magnetic fields of all three phases, we have

n

H3r(r23¢):%ZH£2)COS (0)1‘?}1(0)@32]_](2) e$j"(/7 (53)

n=1 n=1

After the substitution of expressions (51) in the formula for SMP (50) we have
for an inner boundary of area 3
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Us 4(ry.0) =1, 2%552) cosng +k

n=l1
where

_(.2n 2n 2n 2n

Summarising SMP of all three phases and taking into account (52) we
shall receive

O Yoy
U, (rz,(o)zgrz ;n H,Sz)e””‘”-l—k

n=I

Then the tangential component of MF intensity for » =, will be equal

_aUz(’”za(P)
roQ

3i & Sy =
Hs, (ry.0) = igjsz Hf)e”"“’ (54)
n=1

The boundary conditions for boundary between areas 2 and 3 are
represented by two equations

HoH y, (’”2»¢):/U3H3r (7”2,(0)

oUu, (r,p
Hiy 1.0)=Hi, (5.0) - 22 220)
rog
Substituting in these the formulas (6), (48), (49), (53), (54), we shall
receive two equations for finding two unknowns H'? and £):

n

" EQ)

n

St B0y EQ) g, ZED =y g4

r r r

Solving above equations, we shall find

)4y, )
H(z):_ﬂon(‘/ann +V1n n
" p) (ﬂ3 T HoVin V3n) (59)
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~(2) _ “HoVanVin Fn(l) TH3 Fn(2)

FnZ_

(56)

My + Uy Vi, V3,

We see, that in an ideal case, when y; =0, we have

n n

HY = 0, Fn(é) = F9 or AF® =0

n

8. CONSIDERING THE CHANGE OF MAGNETIC
PERMEABILITY IN MASSIVE FERROMAGNETIC

ROTOR

The relation of magnetic
permeability to a diving depth of
a magnetic field in a body of a rotor is
easy for taking into account by splitting
his array into elementary segments
shaped of concentric rings (Fig. 13). To
each i elementary segment there will
correspond the value of magnetic
permeability equal ‘z, .

On boundaries of elementary
segments the magnetic permeability
will jump. Inside an elementary ring
the parameters of the environment

i i

u and 'y are invariable, i.e.

environment will be homogeneous
(linear), and the initial differential

Fig. 13. Elementary segments of a rotor in
the form of concentric rings with numbers
1,2,...,m

equation (18) for a vector potential in it will be linear. Therefore for such
elementary segments there is no necessity initially to consider magnetic
permeability as a continuous function of space coordinates. That it, apparently,
becomes, if number of elementary concentric rings to take infinitely large.
Pursuant to the formulas (17), (20) we shall have following expressions
for components of complex amplitude » of a harmonics of a magnetic flux

density in an elementary segment
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iBl(f) = i% n [iCIn I (ik\/g’”)"‘ 'Cy, Y, (ik\/g”)] (57)

Bl == s, L€l (S, e, v kS, ) s8)

where

i=12,..., m, "k:w/—ja) iyly

For last (m) of a segment shaped circle, it is necessary to accept

"C,, =0

The unknown factors 'C,, , 'C,, and Fn(l) with the help of the formulas (12),

(13) for elementary segments will be determined from boundary conditions (24).
For example, from boundary conditions of an air gap and outside surface
of a rotor the equations follow

'Ci, J, (lk\/grlﬁ 'c,. Y (lk\/grlﬁ (3]'#() Vi, /2)Fn(1) _

- i(3j Ho Vo /2)Fn(2) %)
' TS, 1)+ 1o YIS, 1 ) (B ey 12 7 kS, )ED =0
(60)

Let's enter into consideration vector of unknowns
T

X I[Xl xZ...X2m]

The components which one will be equal

1 1 ) ) _
Xp=Cyy X =Gy, Xx3="Cppy X4 =7Chppsnns Xy, 3 =

= (m_l)cln’ Xom-2 = (m_l)czna Xom-1~= mCln’ X2 m :F(l)

n
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Then from boundary conditions i and (i+1) of elementary segments
having a boundary circle of radius »='s;, we shall receive equations

ay X, +aXy) + a5, X000, =b (61)
Ay X) + Ay Xy + a5 5, X000, =0 (62)
Ayii12i1 X201 F Aoin2i X2 F Goii12iv1 %2001 T Gain12i40 %2142 =0 (63)
Api12.2i-1 X211 T Q211221 X2 T 2102 2101 X201 T 421422142 X2i42 =0 (64)
where
i=1,2, ..., (m1)

ay, =J, (%S, 1), ap =Y, (S, 1), ars, =F3juom, /2

ay = (kS 1), ay =V (kJS, 1), aray =3n 2 'K\S,
a2 = (NS, ), a0 ==, (RS, ), a0 =7, (84S, '5)
asinana =Y, (NS, 1) arinnn =k (K4S, )

1220 =y kY (kS n), @120 == 't Ok, (VK S, )

2422142 ==t (Hl)kYn' ((Hl)k\/g i”l)’

, 1
a2m—1,2m = 0’ a2m,2m = 0’ Yn (Z) = E[Yn—l (Z)_ Yn+1 (Z)]

The unknown constants of rings will be determined from a vector-matrix
equation

Ax=Db (65)
where

by =+(3jugvy, [2)ERD: by =0, k=2,3,...2m
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The matrix A has following frame

ajyap 0 0 0 0 0. 0 0 0 ay o
dr1 arp 0 0 0 0 O.. 0 0 0 a3 om
ay; ayp azy a4 0 0 0. 0 0 0 0
aqp agp g3 dagq 0 0 0. 0 0 0 0
[A]=|0 0 asy asqassasg 0... 0 0 0 0
0 0 agy agq ags agg 0. 0 0 0 0

0 0 0 0 0 0 0.0, 12, 3%m 12m2 2m12m1 O
0 0 0 0 0 0 0.0y72,3 %9pom2 Dmomi ©

The solution of a set of equations (65) allows to determine components of
complex amplitude n of a harmonics of a magnetic flux density in ring segments
of a rotor according to the formulas (57), (68). Therefore, there are modules of
amplitudes of a first harmonic of flux density in these segments

B, =B+ BT

on which ones (turning towards their effective values [5]) with the help
of a magnetisation curve of a rotor material — the magnetic permeability i
of a segment “z;, will be determined.

If to enter the denotations

ialn = Reicln’ ibln :‘]micln }

ia2n = ReiCZn’ inn = Jmi 2n>s (66)

her,x = zkeinx, hei, x = —zkernx,
7T 7T (67)

where

x =o' 7S, i=12,m, Oy =g (68)
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it is possible to give amplitude values of radial and tangential harmonics of flux
density on outside boundaries of annular domains of a rotor with radiuses ("*l)rl
(i=1,2,...,m) in form

j n 2 2
‘B = 0, 'C,+'D, (69)
By = (70)
where expression for functions C, and D, depend on the sign of slip S, .
1) S,>0
'C,(x)=""C,(x)=—"a,, bei, x—'b,, "ber,x+'a,, (—ibernx+ihernx)-kib2n (i beinx—iheinx)
(71)
"D, (x)=""D,(x)="a,, ber,x—'b,, "bei x+'a,, (—ibeinx+iheinx)—ib2n (i bernx—ihernx)
(72)
°C (x)="C,(x)=a,, (i ber, x—'ber,, x+' bei,z_lx—ibei,1+1x)+
+'b,, (—"beinflx—i-" bein+1x+ibern71x—ibermx)-kiazn (—i bei, ,x+'bei,  x+'hei x-— (73)

i . i i i i i i i i
—'hei ,x+'ber,  x—'ber,,, x—"her,  x+ her,mx)+ b,, (— ber, x+'ber , x+'her, x—

~'her x—ibein_lx+ibein+1x+ihein_1x—ihein+1x)

n+l

“D,(x)="*D,(x)=a,, (—ibern_lx+ibern+lx+ibein_lx—ibein+lx)+

+'b,, (i beinflx—"bein+1x+ibern71x—"bern+1x)-»-ia2n (ibeinflx—’.beinﬂx—’-heinflx—i-"heinﬂx +
+'ber, ,x—'ber,,, x—"her, ,x+'her, +1x)+"b2n (i ber, ,x—"ber, ., x—"her, ,x+'her,, x—

- ibein_1x+ibein+1x+ihein_lx—[hein+1x)

(74)

" Bessel cylindrical functions of the second kinds with complex arguments

k\/S_nr = - jouyS,r=q,re>* = x4 S >0
k\/gr:,/ja),uﬂSnV: g, re’™* = xe’™* 8 <0
where g, =,/ja)y7/|Sn|

are expressed through Kelvin functions:

Y, (xe-i3”/4)= —zkernx—beinx + j(—zkeinx%rbernx)
7 7

Y, (xej”/4 ) = {2 ker,x —bei,x — ](2 kei, x + bernxﬂ cos 7.
/s /s
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2) S <0

n

'C,(x)="C,(x)="a,, bei,x—'b,, " ber, x+'a,, (i bernx+ihernx)-kib2n (i beinx+ihei,1x) (75)

"D, (x)="D,(x)="a,, ber,x+'b,, 'bei, x—"a,, (i beinx+iheinx)-kib2n (i bernx+ihernx)

n

(76)

°C (x)="0C,(x)=a,, (i belgz_lx—ibern+lx+ibei,1_1x—ibei,1+lx)+
+'b,, (i bei,Hx—ibeinﬂx—’.ber,Hx—i—iber,mx)-k"az,1 (—ibeinflx—i-’-beinﬂx—’.hein71x+"hein+1x +
+'ber, ,x—'ber,, x+'her, ,x—"her, +1x)+"b2n (i ber, ,x—"ber, ., x+her, ,x—"her,, x +
+ [bein_lx—[bein+1x+[hein_1x—ihein+1x)
(77)

“D,(x)="¢D,(x)="a,, (i bern_lx—ibern+1x—ibein_1x+ibein+lx)+

+'b,, (i bei,Hx—"bein+1x+ibern71x—"bern+1x)-w-ia2n (—ibein71x+"bein+lx—"heinflx—i-’-heinﬂx -
~'ber, ,x+'ber,, x~"her, ,x+her, +1x)-#ib2n (i ber, ,x—"ber,  x+her, ,x—"her,, x —

- ibein_1x+ibein+1x—[hein_1x+ihein+1x)

(78)

The expressions (57), (58) rather easily allow to calculate a two-layer
rotor [10] (first layer — massive cylinder from alloy of iron and copper, the
second layer — the laminated core from electric machine’s steel) or to take into
account availability of the coopering of the solid rotor surface enriching
performance data of an asynchronous motor [6, 8]. In this case for one or
several first concentric rings it is necessary to accept

i

#Ziﬂe =pym'y = Y Cu(Al)

If there are homogeneous concentric ring elementary segments the
formulas (35), (38) for a current density and losses in a rotor will be other.
Pursuant to initial expression (34) for a current density and, considering the
formula (57) for radial component n of a harmonics of a magnetic flux density
for i of a ring, we shall have for complex amplitude of a current density in it

§0) = jiyes, ', (S C, Y, (A7) (79)
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According to denotations above introduced in (66)-(68), (71), (72), (75), (76)
it is fair

jliCann ("k\/zr)-kicann (ik\/gr)]:irCn (x)+ Jj J”Dn (x)

where

x=+o'y'y,S, r="q,r; the sign (+) corresponds to S, >0; the sign (-)— S, <0.

Therefore, for a module of amplitude » of a harmonics of a current density in
i ring we have

50—ty @S, ¥ C2(1q,r D2 ('q,r) (80)

The losses in a rotor from » harmonic of a current density should be found
according to the formula

P = ﬂlnM (oS, Z J‘[WC2 +rDz( r)]rdr (81)

0 7/1

In Figs. 14-16 some parameters of a magnetic field of ring concentric
segments of a solid rotor in a function of slips calculated on the formulas (65),
(69), (70) are presented.

i (1

Fig. 14. Amplitude of a first harmonic
of radial component of a magnetic _ —
flux density on outer boundaries ; £ n/T ]/’15

of ring concentric segments (m = 12) Y e s s s s | o
of a solid rotor as a function of slip 0 : 4 6 8 10
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Fig. 15. Amplitude of a first harmonic of radial
component of a magnetic flux density on outer
boundaries of ring concentric segments (m = 4) of
a solid rotor as a function of slip
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Fig.16. Magnetic permeability of concentric ring
segments (m = 12) of a solid rotor in a function of
slip
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ANALITYCZNE PODEJSCIE DO OBLICZANIA
MASZYN ELEKTRYCZNYCH W OPARCIU O ROZWIAZANIE
PROBLEMOW BRZEGOWYCH DOMEN PIERSCIENIOWYCH

METODA ROZDZIAtU ZMIENNYCH FOURIERA

A.A. AFANASJEV, A.G. BABAK, A.V. NIKOLAEV

STRESZCZENIE Szczelina powietrzna obustronnie uzebiona,
bedgca obszarem przejscia, moze by¢ konformalnie odwzorowana
Jjako pierscieni kotowy; tradycyjnie te procedure przeprowadza sie
w przyblizeniu przy pomocy wspotczynnikéw Cartera. Przekroje po-
przeczne rdzeni stojana i wirnika majg rowniez ksztaftt pierscieni.
Wirujgce pole magnetyczne w obszarach przewodow (w ztobkach,
w oknach miedzy biequnami) moze by¢ przedstawione przez sume
pdl potencjatu i pewnego dodatkowego (tatwego do obliczenia) pola.

Y All in Russian
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Umieszczenie dodatkowego pola w miejscu, gdzie sg przewody
wymaga rozmieszczenia w brzegowej czesci ztobka (w czesci przy
dnie lub klinie) nieskonczenie cienkich warstw pradu tak, aby faczne
prady byty rowne petnym pradom ztobkow.

Uzycie skalarnych magnetycznych potencjatow (SMP) warstw
pradu pozwala otrzymac analityczne rozwigzanie problemu Dirichleta
dla kotowych pierscieni wspomnianych trzech obszarow (szczelina
powietrzna, rdzenn magnetyczny stojana i wirnika) przy zaftozeniu,
Ze przenikalnoSci magnetyczne sq stafe.

Dla uzyskania lepszego uogélnienia problemu zaktadamy, Ze rdzen
wirnika jest wykonany z litej stali. Wybranie tego materiatu czyni
model matematyczny bardziej uniwersalnym, gdyz przy przejsciu do
wysokich wartoSci przenikalno$ci magnetycznej i rezystywnosci, ma-
teriat lity uzyskuje wtasnosci stali blachowane.

SMP warstw pradu uzwojen statora i wirnika przedstawia sie za
pomocg szeregoéw Fouriera.

Parametry pola elektromagnetycznego w litym wirniku (promie-
niowa i styczna sktadowa indukcji, gesto$¢ pradu i straty mocy)
otrzymuje sie na podstawie analitycznego rozwigzania rdznicz-
kowych rownan Bessela dla wektorowego potencjatu magnetycznego
metodq rozdziatu zmiennych i przedstawia sie je przez odpowiednie
funkcje Bessela i Kelvina.

Obliczone dane dla silnika asynchronicznego z litym wirnikiemi
poréwnano z wynikami prob. Zmiany przenikalnosci magnetycznej
w stali wirnika uwzgledniono przez podzielenie go na wspoétosiowe
pierScienie o statej przenikalnosci w kazdym z nich.



