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Modeling of the primary microwave freeze-drying
of granular solids using a fi xed grid approach

Introduction
Freeze-drying is a sophisticated method of dehydration used to obtain 

the highest quality preserved biological materials, pharmaceuticals and 
foodstuffs. It is carried out in three stages: pre-freezing, sublimation 
drying under vacuum (primary drying), and residual water desorption 
(secondary drying). 

Application of microwave energy in the process accelerates consi-
derably the rate of drying. However, it carries also the risk of corona 
discharge and non-uniform heating.

The modeling of the microwave freeze-drying requires taking into 
account both energy and mass transfer, volumetric generation of heat 
source in the sample as well as the existence of the moving boundary 
(sublimation ice front) – the interface separating the dried and the fro-
zen material regions.

In numerical modeling of the process, the moving boundary problem 
must be solved. The two fi xed grid approaches are proposed in this pa-
per: the variable time step method and Landau’s transformation. The 
simulations are performed for Sorbonorit 4 activated carbon, which is 
a representative of a granular dielectric containing internal porosity.

Mathematical modeling
The one-dimensional mathematical model of coupled heat and mass 

transfer in microwave freeze-dried material is developed [1] (Fig. 1). 
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where steady capacity of internal heat source Qvi  
is defi ned as [2]: 

 Q K T E 2
v i ii = ^ h  for i = I, II.  (3)

Dissipation coeffi cient K Ti i^ h is simplifi ed by linear relation:
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where coeffi cients 1 i
n

 
and 2 i

n
 
are determined experimentally on the ba-

sis of calorimetric procedure [3].
In the dried region, diffusion of water vapor is governed by:
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The mass fl ux density fallows Fick’s law, and the effective diffusivity 
DeII  

is combination of the Knudsen and molecular diffusivity [4].
The energy and mass balance at the sublimation front can be expres-

sed as:
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The displacement of the interface position is depended on the rate of 
sublimation:
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Initial and boundary conditions 
The formulated model is solved together with the following initial 

conditions:
initial moving boundary position: –

 X t L= - d^ h  (8)

initial temperature profi les: –

 ,0T x TI ini=^ h ,      for   0 x X# #  (9)
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initial concentration profi le: –
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The following boundary conditions are assumed:
at the bottom boundary of the material: –
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at the exposed material surface: –
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 C t CL vc=^ h  (14)
at the moving front: –

 C t f Ts s=^ ^h h (15)

Fig. 1. Physical model of the primary microwave freeze-drying

The following assumptions are made to simplify the model:
initial arbitrary position of moving boundary  – Xini is assumed;
ice front retreats uniformly during the process as a result of sublima- –
tion and diffusion of water vapors from the interface toward exposed 
surface; 
in the frozen layer I heat is transferred by conduction whereas both  –
conduction and convection take place in the dried layer II;
the electric fi eld strength in the dried material is uniform in the whole  –
sample. 

Governing equations
Heat transfer in the frozen and dried regions of the material is gover-

ned by:
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Landau’s transformation method 
Landau’s transformation immobilizes mathematically position of the 

sublimation front by the following defi nitions of dimensionless position 
coordinates in the frozen and dried region:

 x X t
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I =
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^ h

 (17)

Substitution of above defi nitions into model equations results in com-
plex relations which, after the discretization by Crank-Nicolson scheme, 
become nonlinear and must be solved iteratively. In this paper Mathcad 
software was used to overcome calculation diffi culties. Obtained typical 
temperature and water concentration profi les in material are presented 
in fi g. 3.

Methods of model solution 
The formulated mathematical model of the microwave freeze-drying 

was solved numerically for process parameters and material properties 
collected in tab. 1.

Fig. 2. Material temperatures and water vapor concentrations vs. dimensionless position 
coordinates in selected process times – VTS method

Fig. 3. Material temperatures and water vapor concentrations vs. dimensionless posi-
tion coordinates in selected process times – Landau’s transformation

Tab. 1. Thermophysical properties of the drying system

Material thickness L 0.01 m Initial ice front position 0.0097 m

Elec. fi eld strength E 1000 V/m Total pressure P 100 Pa
Ambient temp. TVC 20oC Initial temperature Tini -20oC

Heat trans. coeff. IIa 3 20 W/(m2K) Bed porosity 0.71 m3/m3

Avg. moist. cont. Weq 0.05 kg/kg Eq. moisture content Wini 1.63 kg/kg
Layer parameter Frozen layer i = I Dried layer i = II

Thermal diffusivity aei
1.54 m2/s (100 Pa) 0.30 m2/s (100 Pa)

Thermal conductivity keI
1.60 W/mK (100 Pa) 0.094 W/mK (100 Pa)

Parameter in Eq. (4) 1 i
n 0.00090 W/(KmV2) 0.00079 W/(KmV2)

Parameter in Eq. (4) 2 i
n 0.41148 W/(mV2) 0.30905 W/(mV2)

Density ei
t 1048 kg/m3 400 kg/m3

Variable Time Step (VTS) method 
The variable time step method is a spatial fi xed grid approach used 

in this work together with the implicit fi nite-difference Crank-Nicolson 
scheme. Utilization of this method means, that in each step of compu-
tations the sublimation ice front should move exactly one grid space 
from the previous location. In order to determine the adequate time step 
corresponding to this movement, the following simultaneous heat and 
mass balance at the moving boundary must be fulfi lled:
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The individual terms in Eq. (16) correspond to heat fl ux densities 
transferred from the frozen and dried material regions, heat fl ux utilized 
by sublimation and heat required to raise the temperature of interface 
node from previous time step to current one.

Since the fi nite difference schemes of Eqs. (1)-(2), (5)-(7) together 
with the initial and boundary conditions (8)-(15) constitute the linear 
equations set, it can be easily solved by the tridiagonal algorithm. In 
each calculation step, value of the actual time step tT  is determined 
iteratively by bisection method as a root of Eq. (16).

The simulations results of microwave freeze-drying of Sorbonorit 4 
using the VTS approach are shown in fi g. 2.

Small number of numerical nodes, i.e. 20 per region was suffi cient 
to obtain results comparable with those in the VTS approach. However, 
calculations lasted much longer and it can be shorten by increasing the 
time step periodically [5].

Conclusions
In the modeling of the microwave freeze-drying, moving boundary 

problem must be solved. Fixed grid approaches are used to simplify 
numerical solutions. Landau’s transformation immobilizes ice front po-
sition but results in mathematically complex form which is diffi cult to 
solve. The variable time step is an alternative approach which seems too 
be the most effective method. One-dimensional model is accurate eno-
ugh to describe the microwave freeze-drying of slabs when temperature 
dependent dielectric properties of material are taken into account.
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